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PLANE GEOMETRY 


TEACHERS’ EDITION 


INTRODUCTION 
Exercise 1. Page 8 


1. From a given point on a given straight line required to draw a — 
perpendicuiar to the line. 

Let AB be the given line and P be the “IS 
given point. H 

It is required to draw from P a line per- 
pendicular to AB. : 

With P as a center and any convenient Weis tesen Bite e 
radius draw arcs cutting AB at X and Y. xP Yi 

With X as a center and XY as a radius draw a circle, and with Y 
as a center and the same radius draw another circle, and call one 
intersection of the circles C. 

With a straightedge draw a line from P to C, and this will be the 
perpendicular required. 


2. From a given point outside a given straight line required to let fall 
a perpendicular to the line. P 

Let AB be the given straight line and P be 
the given point. 

It is required to draw from P a line perpen- F . 
dicular to AB. Ax 

With Pasa center and any convenient radius 
draw an arc cutting AB at X and Y. 

With XY asa center and any convenient radius Shee 
draw a circle, and with Y as a center and the cor 
same radius draw another circle, and call one intersection of the 
circles C. 

With a straightedge draw a straight line from P to C, and this will 
be the perpendicular required. 


1 
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3. Required to draw a triangle having two sides each equal to a given line. 


Let / be the given line. y 
It is required to draw a triangle having two 
sides each equal to J. C 


With any center, as C, and a radius equal to 
1 draw an are. 
Join any two points on the arc, as A and B, 
with each other and with C by straight lines. Ae 
Then ABC is the triangle required. Ve Z 


4. Required to draw a triangle having its three sides each equal to a 
given line. 

Let AB be the given line. 

It is required to draw a triangle having its three sides each equal 
to AB. 

With A as a center and AB as a radius draw a 
circle, and with B asa center and the same radius 
draw another circle. 

Join either intersection of the circles with A 
and B by straight lines. 

Then ABC is the triangle required. A e 

In such cases draw the arcs only long enough to show the point of 
intersection. 


5. Required to draw a triangle having its sides equal respectively to 
three given lines. 

Let the three lines be 1, m, and n. 

It is required to draw a triangle having its sides equal to 1, m, and 
n respectively. 

Upon any line mark off with the 
compasses a line-segment AB equal 
to l. 

With A as a center and masa ra- 
dius draw a circle ; with B as a cen- 
ter and n as a radius draw a circle. 


Draw AC and BO. U 
Then ABC is the required tri- m 
angle. n 


6. From a given point on a given line required to draw a line making 
an angle equal to a given angle. 
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Let P be the given point on the given line PQ, and let angle AOB 
be the given angle. 

It is required to draw from P a line ne with PQ an angle equal 
to the angle A OB. 
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With O as a center and any radius draw an arc cutting AO at C 
and BO at D. 

With P asa center and OC as a radius draw an are cutting PQ at M. 

With M as a center and the straight line joining C and D as a radius 
draw an arc cutting the one just drawn at NV, and draw PN. 

Then angle MPN is the required angle. 


7. Required to bisect a given straight line. 


~t- 

Let AB be the given line. “ais 

It is required to bisect AB. | 

With A as a center and any convenient radius 
draw a circle, and with B as a center and the same { 
radius draw a circle. A: iM B 

Call the two intersections of the circles XY and Y. H 

Draw the straight line XY. 

Then XY bisects the line AB at the point of inter- ste 
section M. “~~ 


8. Required to bisect a given angle. 


Let AOB be the given angle. 

It is required to bisect angle AOB. 

With O as a center and any convenient radius draw an arc cutting 
OA at X and OB at Y. 

With X as a center and any convenient 
radius draw a circle, and with Y as a center 
and the same radius draw a circle, and call 
one point of intersection of the circles P. 

Draw the straight line OP. 

Then OP is the required bisector. 
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9. By the use of compasses and ruler draw the following figures: 


Fic. 1. Draw a circle with any point as a cen- 
ter and 3 in. as a radius. 

Through the center draw a horizontal diameter. 

From each end of the diameter as a center and 
3 in. as a radius draw arcs cutting the circle in four 
points. ; 

Connect by straight lines the six consecutive points 
thus obtained on the circle. 

Fig. 2. Draw a circle with any point as a center and 3 in. as a 
radius. 

With any point of the circle as a center and 
2 in. as a radius draw arcs cutting the circle in 
two points. 

With each of these points as a center and jin. = 
as a radius draw an arc cutting the circle. 

Connect by a straight line the two points last 
found, and each of these and the first point chosen. 

Fig. 8. Draw a circle with any point as a center and 3 in. as a 


Iden 


radius. es 
Through the center draw a horizontal diameter. i" i 
With each end of this diameter as a center and a 

convenient radius draw an arc. 
Draw a straight line from the intersection of these 

arcs through the center of the circle, intersecting the 

circle in two points. 
Draw straight lines connecting the four consecu- 

tive points found on the circle. Fie. 3 


10. By the use of compasses and ruler draw the following figures: 


Fig. 1. Draw a circle with any point as a center and i in. as a 
radius. 

Through the center draw a horizontal diam- 
eter. 

With each end of this diameter as a center 
and a convenient radius draw an arc. 

Draw a straight line through the intersection 
of these arcs and through the center of the circie. 

With each end of the horizontal diameter as 
a center and } in. as a center draw two arcs 
intersecting the circle. 


TEACHERS’ EDITION 5s 


Place a straightedge on each of these two pairs of points and mark 
a vertical line intersecting the horizontal diameter. 

With each of these two points as a center and } in. asa radius draw 
a circle. 

In a similar manner bisect each half of the vertical diameter and 
draw the other two circles shown. 

Fic. 2. With any point as a center and 4 in. asa radius draw a circle. 

With any point of the circle, as the highest point, as a center and 
din. as a radius draw an arc cutting the circle 
in two points. 

With each of these two points as a center 
and the same radius draw an arc cutting the 
circle in the point first chosen and in a new 
point. 

With each of these two new points as a cen- 
ter and the same radius draw an are cutting 
the circle in the points first found and in a ee 
new point opposite the point first chosen. 

With this new point as a center and the same radius draw an arc 
cutting the circle in the two points found in drawing the first pair 
of arcs. 


11. By the use of compasses and ruler draw the following figures : 

Fie. 1. Draw a circle with any point as a center and 4 in. as a 
radius. 

From the center draw any radius, as the radius to the highest point 
of the circle. 

With this point of the circle as a center and 
iin. as a radius draw an arc intersecting the 
circle. 

With each of these points as a center and 
the same radius draw an arc intersecting the 
circle. 

With one of the points last found as a center 
and the same radius draw an are intersecting 
the circle. 

For convenience call the point on the circle first chosen the first 
point and the other points, in rotation clockwise, the second, third, 
and so on. 

From the center draw a radius to the third point and another radius 
to the fifth point. 


\ 
\ 
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Lay a straightedge on the second and fourth points and mark with 
a short line the point where it cuts the radius to the third point. 

With this point as a center and } in. as a radius draw a circle. 

Similarly, lay a straightedge on the second and sixth points and 
on the fourth and sixth points, and draw the two circles. 

Erase that part of each of the three small circles that is not shown 
in the figure. 

Fie. 2. Draw acircle with any point as a center and 4 in. as a radius. 

With any point of the circle, as the highest point, as a center and 
1 in. as a radius draw an arc cutting the cir- 
cle in two points. 

With each of these two points as a center 
and the same radius draw an are cutting the 
circle in the point first chosen and in a new 
point. 

With each of these two new points as a 
center and the same radius draw an arc 
cutting the circle in the points first found 
and in a new point. 

With this new point as a center and the 
same radius draw an arc cutting the circle in the two points found 
in drawing the first pair of arcs. 

Name the point on the circle first chosen the first point and the 
other points, in rotation clockwise, the second, third, fourth, fifth, 
and sixth. 

With the first point as a center and the distance from the first to 
the third point as a radius draw an arc cutting the circle in the third 
and fifth points. 

With the third point as a center and the same radius draw an arc 
cutting the circle in the fifth and first points. 

With the fifth point as a center and the same radius draw an arc 
cutting the circle in the first and third points. 

Erase that part of each arc that is not shown in the figure. 


12. By the use of compasses and ruler draw the following figures: 


Fie. 1. Draw a circle with any point as a center and din. asa radius. 

Through the center of the circle draw a horizontal diameter. 

With each end of this diameter as a center and a convenient radius 
draw an arc. 

Draw a straight line through the intersection of these arcs and 
through the center of the circle. 
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Draw a straight line from the first to the second of these points 
on the circle, another from the second to the third, another from 
the third to the fourth, and another from the fourth to the first. 

With the highest of these points as a 
center and a convenient radius draw an arc. 

With the right-hand point of these four 
points as a center and the same radius draw 
an arc intersecting the arc first drawn. 

Draw a straight line from the point of 
intersection of these arcs to the center, 
cutting the circle. 

This point of the circle is the mid-point 
of that part of the circle between the first 
and second points. We.1 

In a similar manner find the mid-points 
of that part of the circle between the second and third points; the 
mid-point of that part of the circle between the third and fourth 
points; and of that part of the circle between the fourth and first 
points. 

With the first point of the circle as a center and a radius equal to 
the distance from that point to the second mid-point draw an arc 
cutting the circle in the second and third mid-points. 

With the same radius draw an arc with the second point of the circle 
asa center, cutting the circle in the third and fourth mid-points. With 
the same radius draw an arc with the third point of the circle as a 
center, cutting the circle in the fourth and 
first mid-points. With the same radius draw 
an are with the fourth point of the circle 
as a radius, cutting the circle in the first 
and second mid-points. 

Fic. 2. With any point as a center and 
4 in. as a radius draw a circle. 

Through the center of the circle draw a 
horizontal diameter. 

With the right-hand end of this diameter 
as a center and a convenient radius draw 
an arc. 

With the left-hand end of the diameter as a center and the same 
radius draw an arc intersecting the first arc. 

Through the intersection of these arcs and the center of the circle 
draw a straight line intersecting the circle in two points. 


Hire. 2 
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With the upper point of this diameter as a center and a convenient 
radius draw an arc. 

With the right-hand end of the horizontal diameter as a center and 
the same radius draw an arc intersecting the first arc. 

Draw a straight line from the intersection of these arcs to the center 
of the circle, intersecting the circle in two points. 

In a similar manner draw a straight line intersecting the circle be- 
tween the upper end of the vertical diameter and the left-hand end 
of the horizontal diameter, and between this and the lower end of 
the vertical diameter. 

Beginning with the upper end of the ver- 
tical diameter, call these eight points of the 
circle, in order clockwise, the first, second, 
third, . . ., eighth point. 

With the second point as a center and 
4 in. as a radius draw an arc intersecting 
the circle in two points. 

With the fourth point as a center and 
4 in. as a radius draw an arc intersecting 
the circle in two points. 

With the sixth point as a center and 
4 in, as a radius draw an arc intersecting the circle in two points. 

With the eighth point as a center and 4 in. as a radius draw an are 
intersecting the circle in two points. 

With the center of the circle as a center and 5, in. as a radius draw a 
circle and erase such portions of this circle as are not shown in the figure. 


Fie. 2 


13. By the use of compasses and ruler draw the following figures : 


Fic. 1. With any point as a center and jin. asa radius draw a circle. 
With any point of the circle as a center and 
Zin. as a radius draw an arc cutting the circle. 
With that point of intersection as a cen- 
ter and the same radius draw an arc cutting 
the circle again, and so on for six times in 
succession. 
The circle is thus divided into six equal parts. 
With the center of the circle as a center and 
7s in. as a radius draw a circle. Breet 
With each of the six points found on the 
larger circle as a center and 4 in. as a radius draw an arc lying 
wholly within the smaller circle. 
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Fic. 2. With any point as a center and } in. as a radius draw a 
circle. 
With the same point as a center and 3 in. as (24 
a radius draw a circle. Jn SON 
With the same point as a center and 3% in. as 


a radius draw a circle. 
With any point of the middle circle as a cen- 


ter and } in. as a radius draw an arc cutting MY \/ 
each circle in two points. UN 


With each of the two points of intersection 
; : if Fie. 2 

of this are with the middle circle as a center 
and the same radius draw an arc cutting each circle in two points. 

With each of the two points of intersection of these arcs with 
the middle circle as a center and the same radius draw an arc 
cutting each circle in two points. These two arcs intersect on the 
middle circle. 

With that point as a center and the same radius draw an are cutting 
each circle in two points. 

Erase that part of each arc that lies between the middle circle and 
the smallest circle. 


14. Draw a triangle of which each side is 1} in. 


Draw a straight line AB 1} in. long. 

With A as acenter and AB as a radius draw a 
circle, and with B as a center and AB as a radius 
draw another circle. 

Call one point of intersection of these circles C. 

Draw BC and CA. Am B 

Then ABC is the triangle required. 


15. Draw two lines bisecting each other at right angles. 


Draw a straight line AB of any convenient a 
length. 

With A as a center and a convenient radius 
draw a circle, and with B as a center and the same 
radius draw another circle. 

Call the points of intersection of the two circles M 
C and D. 

Draw CD intersecting AB at M. 

Then AB and CD are two lines bisecting each 
other at right angles at the point M. D 
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16. Bisect each of the four right angles formed by two lines bisecting 
each other at right angles. 

Let AB and CD be two straight lines bisecting each other at right 
angles at the point O. 

It is required to bisect each of the four right angles BOC, COA, 
AOD, and DOB. 

With O as a center and any convenient 
radius draw a circle cutting OB, OC, OA, 
and OD in the points W, X, Y, and Z 
respectively. 

With W and X as centers and the same 
radius draw circles and call one point of 
intersection P. 

Similarly, with X and Y as centers, with 
Y and Z as centers, and with Z and W as 
centers. Call these points of intersection Q, R, and S respectively. 

Draw OP, OQ, OR, and OS. 

Then OP, OQ, OR, and OS are the required bisectors of the angles 
BOC, COA, AOD, and DOB respectively, 


17. Draw a line 14 in. long and divide it into eighths of an inch, using 
the ruler. Then with the compasses draw this figure. 


Draw a line 14 in. long and divide it into twelve eighths of an 
inch. 
With the second point of division, counting from the left, as a 
center and + in. as a radius draw 
half a circle above the line. 
With the fourth point of division, 
counting from the left, as a center 
and 4 in. as a radius draw half a 
circle above the line. 
With the sixth point of division, 
counting from the left, as a center 
and $ in. as a radius draw a circle. 
With the eighth point of division, 
counting from the left, as a center 
and 4 in. as a radius draw half a 
circle below the line. 
With the tenth point of division, counting from the left, as a 
center and } in. as a radius draw half a circle below the line, 
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18. In planning a Gothic window this drawing is needed. The are 
BC is drawn with A as a center and AB as a radius. The small 
arches are described with A, D, and B as centers and AD as a ra- 
dius. The center P is found by taking A and B as centers and AE 
as a radius. How may the points D, E, and F be found? Draw 
the figure. 


Draw the straight line 4B 1 in. long. 

Bisect AB at D, following the method of 
Ex. 7. 

Bisect AD at F and DB at E, following 


she method of Ex. 7. \ 
With A as a center and AB as a radius \/ 


draw the arc BC, and with B as a center 
and the same radius draw the are AC, interr 4 F D EK B 
secting the first arc at C. 

With A as a center and AD as a radius draw an arc, with B as 
a center and the same radius draw an arc, and with D as a center 
and the same radius draw two arcs intersecting the two ares first 
drawn. 

With A as a center and AE as a radius draw an arc, and with B as 
a center and the same radius draw an arc intersecting the arc first 
drawn at P. 

With P as a center and AF as a radius draw a circle. 


Cc 
EN 


19. Draw a triangle of which each side is 1 in. Bisect each side, and 
with the points of bisection as centers and 
with radii 4 in. long draw three circles. 


Using the method of Ex. 4, draw a 
triangle ABC having its three sides 
each equal to 1 in. 

Using the method of Ex. 7, bisect 
the lines AB, BC, and CA in the 
points M, N, and P respectively. 

With the points of bisection, M, N, 
and P, as centers and radii equal to 
i in. draw three circles. 


6 


A 


20. A baseball diamond is a square 90 ft. on a side. Draw the plan, 
using a scale of ts in. to a foot. Locate the pitcher 60 ft. from the home 
plate. 
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. On the plan each side of the square will be represented by a line 
90 x =, in., or 53 in. long. 

Draw a line AB 53 in. long. 

Prolong BA through A to a point H, making AH equal to BA. 

Using the method of Ex. 1, draw AF perpendicular to HB at the 
point A. 

With A as a center and a radius equal to AB draw a circle cut 
ting AF at D. 

Then AD = AB. 

Similarly, prolong AB through B to a point G, making BG equa 
to AB; draw BH perpendicular to AB at the point B, and witl 


B as a center and a F. H 
radius equal to BA 7K “s 
draw a circle cutting ry a 
BH at C. 

Then BC=AB. 

Draw CD. 


Then ABCD is the 
square required. 
Draw AC, 1 Ee ieee A Bo ee é 
With A as a center and a radius equal to 2 of AB, or 2 of 53 in 
or 3$ in., draw a circle cutting AC at P. 
Then P represents the pitcher 60 ft. from A. 


21. A man travels from A directly east 1 mi. to B. He then turns an 
travels directly north 13 mi. to C. Draw the plan and find by measure 
meni the distance AC to the nearest quarter of a mile. Use a scal 
of 4 in. to a mile. Y 

On the scale the distance AB will be rep- 
resented by a line 4 in. long. 

Draw a straight line AB } in. long and 
prolong AB to a convenient point XxX. 

Using the method of Ex. 1,:draw a line 
BY perpendicular to AB at the point B. 

The distance BC will be Eepionen en. by a: 
line } in. long. 


A 


B : 
With B as a center and a Paine Badal to jin. draw 2, circle: inter 
secting BY ata ae C. 
; Draw AC. ; usa 
. By measurement we find. AC to bet in. ‘Jong, - . ioe BASED Gules 
Therefore the distance AC is 1 + 4, or 2 mi. ia 
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22. A double tennis court is 78 ft. long and 36 ft. wide. The net is 
placed 39 ft. from each end and the service lines 18 ft. from each end. 
Draw the plan, using a scale of 7; in. to a foot, making the right angles 
as shown in Ex. 1. The accuracy of the construction may be tested by 
measuring the diagonals, which should be equal. 


On the scale the length of the tennis court, 78 ft., will be repre- 
sented by a line 47 in. long, and the width of the tennis court will be 
represented by a line 23 in. long. 

Draw a straight line AB 23 in. long. 

Using the method of Ex. 1, draw 
the lines BY and AX perpendicu- 
far to AB at the points B and A 
respectively. 

With A as a center and a radius 
equal to 4% in. draw a circle cutting 
AX ata point D; and with Basa 
center and the same radius draw a 
circle cutting BY ata point C. 

Draw CD. ; 

Then ABCD represents the whole tennis court, 78 ft. long and 
386 ft. wide. 

Bisect AD and BC in the points # and F, using the method of 
Ex. 7. 

Since the service lines are 18 ft. from each end, they will be repre- 
sented by lines 1} in. from each end. 

With A and D as centers and radii equal to 11 in. draw circles 
cutting AD at H and S respectively; and with B and C as cen- 
ters and radii equal to 11 in. draw circles cutting BC at K and R 
respectively. 

Then ABCD with the lines HK, HF, and SB is the plan required. 

Since the distances AC and BD are equal, that test shows the plan 
to be accurately drawn. 


23. At the entrance to New York harbor is a gun having a range of 
12 mi. Draw a line inclosing the range of fire, using a 
scale of zz in. to a mile. ~ 
Let G represent the position of the gun. 
Since the gun will fire in every possible direction G 
and 12 mi. is represented on the plan by a distance 
of 12 x ;, in., or $in., the line required is the circle 
drawn with G as a center and a radius of ? in. 


\ 
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24. Two forts are placed on opposite sides of a harbor entrance, 13 mi. 
apart. Each has a gun having a range of 10 mi. Draw a plan showing 
the area exposed to the fire of both guns, using a scale of x in. to a mile. 


On the plan a distance of 13 mi. is represented by a line 43 in. long, 
and a distance of 10 mi. is represented by a 
length of 3 in. 

Draw a line AB 43 in. long. 

Then A represents the position of one gun 
and B the position of the other. 

With A and B as centers and radii equal to 
$ in. draw circles which represent the area exposed to the fire of 
each gun. : 

The area exposed to the fire of both guns is the area common to 
the two circles and is shown in the plan by the shaded part. 


25. Two forts, A and B, are placed on opposite sides of a harbor 
entrance, 16 mi. apart. On an island in the harbor, 12 mi. from A and 
11 mi. from B, isa fort C. The fort A has a gun with a range of 12 mi., 
fort B one with a range of 11 mi., and fort C one with a range of 10 mi. 
Draw a plan of the entrance to the harbor, showing the area exposed to 
the fire of each gun. 

Using a scale of +; in. to a mile, 16 mi. 
will be represented on the plan by 1 in., 
12 mi. by 2 in., 11 mi. by 43 in., and 10 mi. 
by 2 in. 

Draw a straight line AB 1 in. long. 

Then A represents the fort A and B rep- 
resents the fort B. 

With A as a center and a radius equal to 8 in. draw a circle, and 
with B as a center and 44 in. as a radius draw another circle. 

Then these circles represent the area exposed to the fire of the 
guns at fort A and fort B, and the point of intersection, C, of these 
circles represents the fort C. 

With C as a center and a radius equal to 3 in. draw a circle. 

This circle represents the area exposed to the fire of the gun at fort C. 


26. A horse, tied by a rope 25 ft. long at the corner of a lot 50 ft. 
square, grazes over as much of the lot as possible. The next day he is 
tied at the next corner, the third day at the third corner, and the fourth 
day at the fourth corner. Draw a plan showing the area over which he 
has grazed during the four days, using a scale of 4 in, to 5 ft. 
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On the plan a distance of 50 ft. will be represented by a line 12 in. 
long, and a distance of 25 ft. by a line $ in. long. 

Using the method shown in Ex. 20, draw the square ABCD, 1} in. 
on a side. D R C 


With A as a center and a radius 
equal to 3 in. draw a circle cutting 
AB at a point Pand AD at a point S. 
With B as a center and the same 
radius draw a circle cutting AB at g Q 
the point P and BC at a point Q. 

With C as a center and the same 
radius draw a circle cutting BC at the 
point Q@ and CD at a point R. 

With D as a center and the same 4 2 B 
radius draw a circle cutting CD at the point R and AD at the point S. 

Then the figures APS, BPQ, CRQ, and DSR represent the area 
over which the horse has grazed. 


27. A gardener laid out a flower bed on the following plan: He made a 
triangle ABO, 16 ft. on a side, and then bisected two of the angles. From 
the point of intersection of the bisectors, P, he drew perpendiculars to the 
three sides of the triangle, PX, PY, and PZ. Then he drew a circle with 
P as a center and PX asa 
radius, and found that it 
just fitted in the triangle. 
Draw the plan, using a 
scale of 4 in. to a foot. 

On the plan a distance 
of 16 ft. will be repre- 
sented by a line 4 in. long. 

Draw a triangle ABC 
with each side 4 in., using 
the method of Ex. 4. 

Bisect the angles A, B, 
and C by the lines AQ, 
BR, and CS, using the 
method of Ex. 8. 

Let X, Y, and Z be the points in which the bisectors meet AB, BC, 
and CA respectively. 

With P, the point of intersection of the bisectors, as a center and 
a radius equal to PX draw a circle. ‘ 
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Exercise 2. Page 15 


1. Estimate which is the longer line, AB or XY, and how much longer. 
Then test your estimate by measuring with the compasses or with a piece 


of paper carefully marked. y ‘ 
XX 
The line AB appears to be considerably the 
longer. ees 


On measuring the lines AB and XY it is 4 
found that the two lines are exactly the same length. 


2. Estimate which is the longer line, AB or CD, and how much 
longer. Then test your estimate by measuring as 


in Ee. 1. 4 + P 
The line CD appears to be considerably the 

longer. 
On measuring the lines AB and CD it is 

found that the two lines are exactly the same 

length. D 


3. Look at this figure and state whether AB and CD are both straight 
lines. If one is nat straight, which one is it? Test your answer by using 
a ruler or the folded Hae of a 
piece of paper. 

The line AB appears to be a 
curve line and the line CD 
appears to be a straight line. 

On placing a straight ruler on 
AB and CD it is found that 
AB is straight and that CD is curved with the concave side toward 
the bottom of the page. 


4. Look at this figure and state whether AB and CD are the same 
distance apart at A and C as at B and D. Then test your answer 
as in Ex. 1. 


The straight lines AB and CD appear to NE 
be nearer together at B and D than at A NN 
and C, CRRQQOQWN 


On measuring the distances AC and BD 
it is found that the lines AB and CD are the same distance apart at 
A and C as at B and D. 
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5. Look at this figure and state whether AB will, if prolonged, lie on 
CD. Also state whether WX will, if prolonged, lie on YZ. Then test 
your answer by laying a ruler along the lines. 

On looking at the figures it appears that oc Awe 
AB, if prolonged, will lie on CD, and q * 
that WX, if prolonged, will not e a 


lieon YZ. Pe eee ne 


On laying a straight ruleron AB 77x Vy Z 
and WX it is found that AB, if pro- 
longed, will not lieon CD, and that W_X, if prolonged, will lie on YZ. 


6. Look at this figure and state which of the three lower lines is 
AB prolonged. Then test your answer by lay- A 
ing a ruler along AB. 

SSS 
the middle line of the three lower lines is 
AB prolonged. 


On placing a straight ruler on AB it is found that the upper- 
most of the three lower lines is AB prolonged. 


& 


On looking at the figure it appears that 


Exercise 3. Page 19 


1. Find the complement of 72°; of 65° 30’; of 22° 20’ 15”. 

The complement of 72° = 90° — 72°= 18°. Ans. 

The complement of 65° 30’ = 90° — 65° 30’ = 24° 30’. Ans. 

The complement of 22° 20’ 15” = 90°— 22° 20’ 15” = 67°39’ 45”. Ans. 


2. What is the supplement of 45°? of 120°? of 145° 5’? of 22° 20’ 15” ? 
The supplement of 45° = 180°— 45° = 185°. Ans. 

The supplement of 120° = 180°— 120° = 60°. Ans. 

The supplement of 145° 5’ = 180° — 145° 5’ = 34° 55’. Ans. 

The supplement of 22° 20’ 15” = 180°— 22° 20’ 15” = 157° 39’ 45”. Ans. 


3. What is the conjugate of 240°? of 280°? of 312° 10’ 40” ? 

The conjugate of 240° = 360° — 240° = 120°. Ans. 

The conjugate of 280° = 360° — 280° = 80°. Ans. 

The conjugate of 312° 10’ 40” = 360°— 312° 10’ 40” = 47° 49’ 20”. Ans, 


4. The complement of a certain angle x is2x. How many degrees are 
there in a ? ; 
v+ 22 = 90°. 2a 
Soi 900. ie 
end — Use Ss 
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5. The complement of a certain angle « is 83x. How many Qegrees 
are there in x? 
x£+32= 90°. 
4% = 90°. 
Sei Lato — 222 30%. Ans. 


6. What is the angle of which the complement is four times the angle 
ttself ? 
Let x = the number of degrees in the angle. 


x+4e2= 90. 
Sa— 90; 
a LO. 18°. Ans. 


7. The supplement of a certain angle x is 5%. How many degrees 
are there in %? 


x+ 5x2 =180°. 
6x2 = 180°. Baa 
2 WS Ble, ALS 


8. The supplement of a certain angle x is 14x. How many degrees 
are there in x? 


x+14% =180°. 
15% = 180°. 
P= IP, As. 


9. What is the angle of which the swpplement equals half of the angle 
itself ? 
Let « = the number of degrees in the required angle. 


x 
wy Ae 180. 
22 -- x = 360. 
30 = 360: 
Soi 120: 120°. Ans. 


10. How many degrees in an angle that equals its own complement ? 
in one that equals its own supplement ? 


_Let « = the number of degrees in the required angle. 


Lira — 90% x+a2=180. 
27 90) 270 = 180; 
nO 4D, soni 00> 


45°; 90°. Ans, 
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11. The conjugate of a certain angle x is 2a. How many degrees are 


there in x? 
x + 2% = 360°. 2 
3x2 + 2x7 = 1080°. 
5x2 = 1080°. Ly 
ei ZGoeeANss 


12. The conjugate of a certain angle x ist“. How many degrees are 


there in x? Ot t= 8607. 
22 +2= 720°. 
og = 720° 

o. @ = 240° Ans. 


13. How many degrees in an angle that equals a third of its own con- 
jugate? in one that equals its own conjugate ? 


Let x = the number of degrees in the required angle. 
860 — x = the number of degrees in the conjugate. 
x = +(360 — 2). x = 360 — x. 
38x = 360 — a. 2x = 360. 
“. 4% = 360. Gh Ges RSD), 
2 B= 90% 90°; 180°. Ans. 


14. Find two angles, x and y, such that their sum is 90° and their 
difference is 10°. 


e+ y = 90°. (1) 
x—y =10°. (2) 
Add (1) and (2), 2” = 100°. 
Gomi OU. 
Subtract (2) from (1), Pa] SUP 
sewy = 402. 50°; 40°. Ans. 


15. Find two complementary angles such that their difference is 30°. 


Let x = the number of degrees in one angle, 
and y = the number of degrees in the other angle. 
x+y = 90. (1) 
c—y = 30. (2) 
Add (1) and (2), 2% = 120. 
25 Hira, 
Subtract (2) from (1), 2y = 60. 


wh ape 30: 60°; 30°. Ans, 
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16. Find two supplementary angles such that one is 20° greater than 
the other. 
Let x = the number of degrees in the smaller angle. 
Then «+ 20 =the number of degrees in the larger angle. 
x+ (x + 20) = 180. 


2160: 
Ae ey 
z+ 20 =100. 80°; 100°. Ans. 


17. The angles x and y are conjugate angles, and their difference is a 
straight angle. How many degrees are there in each? 


x+y = 860°. (1) 
x— y = 180°. (2) 
Add (1) and (2), 2a@ = 540°. 
Bs = PD 
Subtract (2) from (1), = USs 
5 SU 270°; 90°. Ans: 


18. The angles x and y are conjugate angles, and their difference is 
zero. How many degrees are there in each? 


x+y = 860°. (1) 

z—y=0. (2) 
Add (1) and (2), 22 — 360°. 
coe nels (a 

Se Op Sat 180°; 180°. Ans. 


19. Of two complementary angles one is four fifths of the other. How 
many degrees are there in each ? 


Let 4x = the number of degrees in one angle. 
Then x = the number of degrees in the other angle. 
4zx4+a2= 90. 
47+ 52 = 450. 
9x = 450. 
£5 SSX. 
4x = 40. 40°; 50°. Ans. 


20. Of two supplementary angles one is five times the other. How 
many degrees are there in each? 


Let 5x = the number of degrees in one angle. 
Then x = the number of degrees in the other angle. 
5a + x2 = 180. 

Gx = 180) 


“. © = 80,and5a=150. 150°; 30°. Ans 
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21. How many degrees are there in the smaller angle formed by the 
hands of a clock at 5 o’clock ? 


At 5 o’clock the hour hand points at 5 and the minute hand points 
at 12. 

Hence the number of degrees in the smaller angle is ~ of 360, 
or 160. 150°. Ans. 


22. How many degrees are there in the smaller angle formed by the 
hands of a clock at 10 o’clock ? 


At 10 o’clock the hour hand points at 10 and the minute hand 
points at 12. 
Hence the number of degrees in the smaller angle is 2, of 360, 


or 60. 60°. Ans. 
23. In this figure, if angle AOB is 38°, how many degrees in angle 
BOC? How many in angle COD? How many B 
in angle DOA? 
Angle BOC = 180° — 38° = 142°. Ans. C a -4 
Angle COD = 180° — 142° = 38°, Ans. 
Angle DOA = 180° — 88° = 142°. Ans. D 


24. In the same figure, if angle A OB is equal to a third of angle BOC, 
how many degrees in each of the four angles ? 


Angle AOB + angle BOC = 180°. 
Angle AOB + 3 x angle AOB = 180°. 
4x angle AOB = 180°. 
-, angle AOB = 45°. Ans. 
Angle BOC = 180° — 45° = 135°. Ans. 
Angle COD = 180° — 135° = 45°. Ans. 
Angle DOA = 180° — 45° = 135°. Ans. 


25. In the angles of this figure, if w= 2x, how many degrees in each ? 
How many degrees in y? How many degrees in z? 


w+a2= 180°. 

20 +2 = 180°. 
S802, EN 
Tei COSMAS. wx 


w = 180° — # = 180° — 60° = 120°. Ans. 
z = 180° — w = 180° — 120° = 60°. Ans. 
y = 180° — xz = 180° — 60° = 120°. Ans, 
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26. Find the angle whose complement decreased by 30° equals the 
angle itself. 


Let x = the number of degrees in the required angle. 
Then 90 — x = its complement. 
(90 —v)— 80=¢. 
2a = 60. 
*. & = 80. 30°. Ans. 
27. Find the angle whose complement divided by 2 equals the angle itself. 
Let x = the number of degrees in the required angle. 
Then 90 — x = its complement. 
90 — x 
= 
2 
90—xv7= 22. 
38z = 90. 
S3 = GD 80°. Ans. 


28. Draw a figure to show that if two adjacent angles have their 
exterior sides in the same straight line, their sum is a straight angle. 
Let BOA and COB be two adjacent angles B 


whose exterior sides AO and OC are in the same 
straight line. 


Then angle BOA + angle COB = 180°. A 0 c 


29. Draw a figure to show that the sum of all the angles on the same 
side of a straight line, at a given point, is equal a 
to two right angles. D 

Let O be a point on the straight line 4B, z (6) 
and OC, OD, OE, OF be lines drawn from 
the point O and all on the same sideof AB. p 

Now angle AOC + angle COB = 180°. 

But angle COB= angle COD+ angle DOE + angle HOF + angle FOB. 

Hence the sum of all the angles is 180°, or 2 right angles. 


O A 


30. Draw afigure to show that the complements of equal angles are equal. 

Let angle AOC be a right angle, and let C 
angle COD = angle AOB. B 

If accurately drawn, it will be seen that 
angle BOD is a right angle. 

Then angle BOC is the complement of angle A 
AOB and also the complement of angle COD, 
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Exercise 4. Page 24 


1. Tf 10° + 2% = 27° 30’, find 
the value of Za. 
10° + Zz = 27° 30’. 
Sy ADS NOE 


2. If Ze 4+ 37° =i Zz + 40°, 
find the value of Zu. 
2x24 37 =i Ze + 40°. 
Z4—42Z%4 = 40° — 87°. 
LZ Sey 
SE CLI MOS 


3. If2Z27+ 2b=526, find 
the value of Za. 
2Z44+2b=52b, 
2Z2=420. 
os LE OZ0: 


4, ifZe+Za=4Za—Z2, 
Jind the value of Zu. 
Z4e+Za=4Za—Z4. 
DAT Oa 
Bea See 


5. Find the value of Zz in the 
equation Zz + 13° = 39°. 


Zz + 13° = 389°. 
Zx = 89° — 18°. 
ie P26 A 


6. Find the value of Zax in the 
equation Zx% —17°= 46°. 


Ze — Ao 46°, 
LE = 46° 17°: 
Gs LAD NOBSt 


7. Find the value of Zx in the 
equation 22% = Zu + 23°. 


DZ Ze toe 
DLE — Lig Doe, 
Ry Lee = IE”. 


8. Find the value of Zz in the 
equation 5Zx%=22Z%+4+ 21°. 
VA AY == AVLG) A DAE 
20 — 2 42ar= 21° 
B Zap = WO, 
Sy VLA 1 


9. Find the value of Za in the 
equation 4Zx%=42Z4 +4 70°. 


AZE=1 Ze + 10°. 
4Zx—}2Z2=70°. 


1 Za = 70. 
i Za = 10°. 
w Zn = 20°, 


10. Find the value of Zx in the 
equation Zz = 0.7 Zu + 33°. 
Li = ONL = ob. 
Z22—0.7 22 = 88°. 
N33 Ze = SEES 
econ Za LOS 


11. Find the value of Zx in the 
equation Zx = 0.122% + 18°. 


Zin Zot Lee. 
Lie) Wr So, 
(OO) Zap The, 
iy LAL IRIE 


12. Find the value of Zx in the 
equation $¢Z%=4 Za + 24°, 
8 £2 =4 Za + 22° 
8$Z2¢0=2 22 + 10°. 
8Zx2—22Zx=10°. 
aw == 102: 


24 


13. 


14, 


15. 


16. 


bef 


18. 
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Find the value of 2x in the equation 4 Za = 0.122% + 14°. 


4Ze2=0.12Ze@ + 14°. 

0.82% =0.1Z2% + 14°. 
0.827 —0.1 227 = 14°. 
ON Ziti Ace 
Ho hie OLY. 


Find the value of Zz in the equation 2 Zz =} Zz + 2°. 
222% =4 20 + 2°. 
$Z2—4224=2°. 
NEE mmr 
Ae 2286 MOE 


Find the value of Zax in the equation 12 Z% +17°=9Zza@ 4+ 32° 


VZV — OZ ae 32°, 
12 Z% —9 Zax = 32°—17°. 
S Zvi 152. 
A Phar SF, 


Find the value of Zax in the equation 5 Z% — 22°30° = 22x 4+ 11° 
52a — 22° 80°22 a 11°: 
62a —2 22 = 22° 30% + 11°. 
Brea) —= Bb Gui 
o, “de c= al We 


Find the value of Z x in the equation 51°20’— 2 Zx~=65°V4+324, 
51° 20°— 22% =5° 14322. 
820242224 =51° 20-6 1’ 
Al Za = 46° 19’. 
UN Zeke ISIS? GEC 
wv. Lu = 12° 87 54,8”. 


Find the value of Z«x in the equation 
73° 21’ 4% — Ze% = 3° 3 1274 4 Za, 
13° 21’ 4” — Za = 3° 8 12” + 42%. 
4244 2% = 78° 21’ 4” — 3° 3’ 12”, 
YA (AY AU GP 
2% = 14° 8’ 842”, 
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19. If x + 20°=y and y — 5°= 22, what is the value of x and of y? 


t+ 20° = y, 
Y —) 5° = Dias 
From (2), y=22+4 5°. 
Substitute in (1), % + 20°= 2% + 5°. 
Cs te tae 
Substitute in (8), y = 30° + 5° 
a OPS, 
20. Find the value of x and of y in this set of equations: 
a+y = 46°, 
x—y = 35°. 
Add (1) and (2), 2x = 80°. 
40>, 
Subtract (2) from (1), AY at OS 
Ma YO. 
21. Find the value of x and of y in this set of equations: 
z—8y=0°, 
zr+8y= 80° 
Add (1) and (2), FAG = XO 
Sh fi ee ed 
Subtract (1) from (2), 16y = 80°. 
ry=asOes 


22. Find the value of x and of y in this set of equations: 


24+ y = 64°, 
8a —y = 88°. 
Add (1) and (2), tele. 
ore O04", 


Multiply (1) by 3, 62 + 3y = 192°. 
Multiply (2) by 2, 62 —2y = 176°. 


Subtract (4) from (3), Dy el Ges 
oy = 8 12’. 
23. Find the value of x and of y in this set of equations: 
a+ 2y= 219, 
2 + By = 26° 15’, 
Subtract (1) from (2), y = 5° 18’. 


Substitute the value of y in (1), 
& + 10° 30’ = 21°. 
eae — Oe 30G 


(1) 
(2) 
(8) 


(1) 
(2) 


(1) 
(2) 


(1) 
(2) 


(3) 
(4) 


(1) 
(2} 
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24. Find the value of x and of y in this set of equations: 


+ y = 9° 20’ 15”, (1) 
Qa — y = 12° 25’ 15”, (2) 
Add (1) and (2), 3a = 21° 45/ 30”. 


o Ghee US les MY, 
Substitute the value of « in (1), 
7° 15’ 10” + y = 9° 20’ 15”. 
ei =PA O00. 


25. Find the value of x and of y in this set of equations: 


C—Y = 5 5%, (1) 
3a + 4y = 14° 50’ 50”. (2) 
Multiply (1) by 3, 38a —3y = 15 15”. (3) 
Subtract (3) from (2), Ty = 14° 35’ 35”. 
SSP BG 
Multiply (1) by 4, 4a —4y = 2 20”. (4) 
Add (2) and (4), Hae SS USS NE OG 


eer On Oes 


26. If x <10° and y =7° 80’, what can be said as to the value of 


r+y? 


th 
or 


If ¢ < 10° and y = 7° 307, 
en ety <10°+ 7° 30, 
@+ty <17° 30’. 
27. In Ex. 26, what can be said as to the value of x — y ? 
If 2 <10° and y = 7° 30, 


then x—y<10°— 7° 30’, 


cr 


wT—y < 2° 30’. 
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Exercise 5. Page 28 


1. In this figure, if Za = 58°, how many degrees are there in Zy? in 


Z£utinlz? Zu —180°— Za. § 43 
. Z@ = 180° -— 58° = 127°, ya 
Zy =Za. § 60 z 
£5 A= 8S, 
Vb Gb Med § 60 
2 (API 
2. In Ex. 1, if Za were increased to 89°, what would then be the size 
of 42, y, and z? Za = 180°— Za. § 48 
Ati OOre—tOO> =O bee 
Ly =Za. § 60 
w Zy = 89°. 
LA § 60 
fee agian No! 
3. In the square ABCD, prove that AC = BD. oe Cc 
Given the square ABCD, with the lines AC and Se 
BD drawn. 
To prove that AC = BD. oo 
Proof. In the A ABC and BAD, 
AB=AB, Iden. 4 B 
AD = BG, § 65 
and ZOBA =ZBAD. § 56 
.. A ABC is congruent to A BAD. § 68 
oA Ci BD py, S67. Q.E.D. . 


4. If ABCD is a square and P is the mid-point 
of AB, prove that PC = PD. 
Given the square A BCD, P the mid-point of AB, 
and the lines PC and PD drawn. 
To prove that PC = PD. A 12 B 
27 
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Proof. In the A PBC and PAD, D Cc 
BO= AD: § 65 
PB PAS Given 
and SEB Oi ZA, § 56 
-. A PBC is congruent to A PAD. § 68 
SCD byes. QED, 4 = “ 


5. How many degrees in an angle that equals one fourth of its compie- 
.ment ? one tenth of its convplement ? 


Let x = the number of degrees in the required angle. 


x= 1(90— 2). 
42 = 90— cz. 
oe = 90. 
5 Gh SRS 
Let x = the number of degrees in the required angle. 
x = 75 (90 — 2). 
10z = 90 —«z. 
ern O0: 
. ©= 84°. 18°; 82,°. Ans. 


6. How many degrees in an angle that equals twice its supplement ? 
one third of its supplement ? 
Let « = the number of degrees in the required angle. 


x = 2(180— 2). 
; 2 = 360 — 2a. 
sy SLI 
SGP 
Let « = the number of degrees in the required angle. 

x =4(180— 2). 

382 =180—7z. 

4z¢ = 180. 

Gs Gia 120°; 45°. Ans. 


7. In the square ABCD the points P, Q, R, S bisect the consecutive 
sides. Prove that PQ = QR = RS = SP. 

Given the square ABCD, P, Q, R, S the mid-points of the sides 
AB, BC, CD, DA, and the lines PQ, QR, RS, SP drawn. 

To prove that PQ = QR =RS = SP. 
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Proof. BO = DA, § 65 
neo SAS: Ax.4. 7 — 3 —9 
In the A PBQ and PAS, B «| 
2B PAs Given g Q 
BO -As, 
and Z QBP = ZPAS. § 56 AS ve 
-. APBQ is congruent to APAS. §68 A 1 B 
». PQ=PS. § 67 


In similar manner we may prove that A PBQ, RCQ, RDS, and PAS 


are congruent. 
«. PQ= QR =RS =SP, by § 67. Q.B.D. 


8. In the square ABCD the point P bisects CD, and BM is made 
equal to AN, as shown in this figure. Prove that PM = PN. 

Given the square ABCD, P the mid-point of CD, and BM equal 
to AN. 


To prove that Vig =e NS - a ¢ 
Proof. BO-— AD: § 65 
BM = AN. Given 
+ BO —BM=AD—AN, Ax, 2 N M 
or CM = DN. 
In the A PCM and PDN, 4 1 
IAC! =i IO) Given 
CM = DN, 
and LPUM= AND Ps § 56 
.. A PCM is congruent to A PDN. § 68 
5, JEN = 1PINS Nyy SiOUs Q.E.D. 


9. Prove that to determine the distance AB across a pond one may 
sight from A across a post P, place a stake at A’ making PA’ = AP, 
then sight along BP making PB’ = BP, and finally measure A’B’. 


Given the lines AA’ and BB’ intersecting at P, with PA’ = PA 


andl Be = EB. (a= 
To prove that PAN EAI te ‘Cy A 
SF 


Proof. In the A ABP and A’B’P, 


TAG ea Given 

PB PB Given 
and ZAPB=ZA’PB’. §60 4’ B' 
.. A ABP is congruent to A A’B’P. § 68 


ePAt b= AD ae DVeN) Oke Q. E. D, . 
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Exercise 6. Page 31 


1. In the square ABCD the point P bisects CD, and PQ and PR are 
drawn so that ZQPC = 80° and ZRPQ=120°. Prove that PQ= PR. 

Given the square ABCD, P the mid-point of CD, P bs 
and PQ and PR drawn so that Z QPC = 30° and D Pax 


ZRPQ = 1202. R Q 
To prove that POKER. 
Proof. Since ZOR C= 307, Given 
and ZBEO= 1202, Given 4 2 
aD) PR 302% § 43 
In the A PCQ and PDR, 
ZOPC = 4D PR. Ax. 8 
JEXC) aes EID) Given 
and SEN XOKD ee G21) NE § 56 
-. APCQ is congruent to A PDR, § 72 
ey IPOs IMEI OES Olle Q.E.D. 


2. In this figure prove that if CM bisects Z ACB and is also perpen- 
dicular to AB, the triangle ABC is isosceles. 


Given the A ABC, with CM bisecting Z ACB and also L to AB. 


To prove that CAS—=B Cr Cc 
Proof. In the AAMC and BMC, 
ZACM=Z MCB, Given 
CM = CM, Iden. 
and ZCMA=ZBMC. S56 4° wean 
«. A AMC is congruent to A BMC. § 72 
ay CAL BC. by S616 Q.E.D. 


3. In the triangle ABC, AC = BC and CM bisects the angle C. Prove 
that CM bisects the base AB. 


Given the A ABO, with AC = BC, and CM bisecting Z C (see Fig. 


of Ex, 2). 
To prove that AM = BM. 
Proof. In the A AMC and BMC, 
AC BCE Given 
ZACM = ZAMCB, Given 
and CM=CM. Iden. 
.. A AMC is congruent to A BMC. § 68 


.. AM= BM, by § 67. Q.E.D 
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4. The triangle ABC has ZA equal to ZB. The point P bisects AB, 
and the lines PM and PN are drawn so that ZBPM= Z NPA. Prove 
that BM = AN. 


Given the A ABC, with 2A = ZB, P the mid-point of AB, and 
lines PM and PN drawn so that ZBPM=ZNPA. 
To prove that BM=AN. 4 


Proof. In the APBM and PAN, N, 
aie, Given 
PB = PAG Given 
and ZBPM=ZNPA. Given 4 P 
.. A PBM is congruent to A PAN. § 72 
- BM=AN, by § 67. Q.E.D. 


B 


5. The triangle ABC has ZA=ZB. The lines AP and BQ are so 
drawn that Z BAP=ZQBA. Prove that AP = BQ. 

Given the AABC, with ZA = ZB, and the lines AP and BQ 
drawn so that 2 BAP=Z QBA. 


To prove that Ae — BQ: Cc 
Proof. In the A ABP and ABQ, 
LBaZA, Given [A DP 
PA Biz AUB. Iden. 
and MLSNI =A (A ovale Given 4 B 
.. AABP is congruent to AABQ. § 72 
a. AUP ae) lon SOG Q.E.D. 


6. Wishing to measure the distance across a river, some boys sighted 
trom A to a point P. They then turned and measured AB at right 
angles to AP. They placed a stake at O, halfway from A to B, and 
drew a perpendicular to AB at B. They placed a stake at C, on this 
perpendicular, and in line with O and P. They then found the width 
by measuring BC. Prove that they were right. 


Given the line AB with O its mid-point, AP and BC 1 to AB, and 
the point C in line with the points P and O. 
To prove that BC = AP. 
Proof. In the AOBC and OAP, 
Z OBC = ZOAP, § 56 
OB = OA, Given 
and ZCOB=Z POA. § 60 
.. A OBC is congruent to AOAP. § 72 
«. BC = AP, by § 67. Q.5.D. 
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Exercise 7. Page 33 


1. With the figure of Prop. IV, if AC = BC and CD bisects 2 C, 
prove that CD is 1 to AB. 

Given the isosceles A ABC, with AC=BC and CD bisecting 
ZACB. Cc 

To prove that CDis 1 to AB. 


Proof. In the AADC and BDC, 


INO) —IeLOP Given ' 
ZACD =ZDCB, Given 
and CDEIOD, Iden. 
.. AADC is congruent to A BDC § 68 
ea OC DAR? DCs § 67 
«. 2CDA and BDC are tt. A. § 26 
.. CD is 1 to AB, by § 27. Q.E.D. 


2. In the adjacent figure AC = BC. Prove that Zm=Zn. 


Given the A ABC, with AC = BC, and CA and CB produced 
below AB. 


To prove that Lin ZN. 
Proof. Now Z4m+ZA=-=ast. Z, § 48 
and Lata Oost § 43 
« Zm+ZA=Zn4+ZB. Post.6 4 B 
Since AC = BC, Given /, Ae 
eae t/5135 § 74 


to CSU WS10y Wy AO 2 ESIDSIDS 


3. In the following figure AC = BC and AD=BD, Prove that 
ZCBD=ZDAC. C 


Given the A ABC and ABD, with AC = BC and 
ALD) 
To prove that ZCBD=ZDAC. 


A B 
Proof. ZCBA=ZBAC, § 74 
and ZLABD=ZDAB. § 74 D 
“. ZCBA+4ZABD=Z BAC + ZDAB, Ax, I 


or ZOBD=ZADAGE Q. E. D. 
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4. In the figure of Ex.8 prove that if a line is drawn from C to D, 
the A DBC is congruent to the A DAC. 


Cc 
Given the A ABC and ABD, with AC = BC 
and AD = BD, and the line CD drawn. 
To prove that A DBC is congruent to A DAC. 
Proof. In the A DBC and DAC, oe 1 
1 Oi tAl) Given 
ZCBD=ZDAC, Ex. 8 4 
and ~ DBR AD: Iden. 
«. A DBC is congruent to A DAC, by § 68. Q.E.D. 


5. Two isosceles triangles, ABC and ABD, are constructed on the 
same side of the common base AB. Prove that ZCBD=ZDAC. 


Given the isosceles A ABC and ABD, with AC = BC and AD = BD, 


constructed on the same side of the common base AB. Cc 
To prove that ZCBD=ZDAC. 
Proof. Ze DAT = Za BAC, § 74 
and ZA Bi Ata Z)BA-D), § 74 
-. ZCBA—ZDBA=ZBAC—ZBAD, Ax.2 f{ 3 
or LAC BD =A DAG. Q.E.D. 


6. In the figure of Ex. 5 prove that a line drawn through C and D 
bisects ZADB. 


Given the isosceles A ABC and ABD, with AC = BC and AD = BD, 
constructed on the same side of the common base AB, and the line 
CD drawn, which intersects AB at M. 


To prove that ZADM=Z MDB. i 
Proof. In the AADC and BDC, 
AD = BD; Given 
ZDAC = Z 0 BD, Hx Omey 7 RB 
and ING IEOL Given 
. A ADC is congruent to A BDC. § 68 
0, ZECHOVN Sa VZ TEN OG. § 67 
Now ZCDA+ZADM=ast.Z, 
and ZBDC + ZMDB=a st. Z. § 43 
ZODA + ZADM=ZBDC + Z MDB. Ax. § 
Since Ze DAZ BDC, Proved 


-. ZADM = Z MDB. Ax. 2 
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7. In this figure (representing some supports to a roof) AC = BC 
and AP = BQ. Prove that PC = QC. Also prove that Z MPC = ZCQM. 


Given the line AC = BC and AP = BQ. 
To prove that 1 EXOK AO 


and that ZMPC=ZCQM. 
Proof. In the A APC and BQC, 
AC = BC; Given A 
ZPAC=ZCBQ, §74 
and AP= BO. 


-. AAPC is congruent to A BQC. 
fe 12O = OO, lop SOUc 
Again, since A APC is congruent to A BQC, 
6 PE OUBIN se ZZ IKK 
ZMPC+ZCPA=18t.Z, 
ZBQC + ZCQM=1st. Z. 
ZMPC+2ZCPA=ZBQC+4+ ZCQM, 
Be PANIC == ACO NOyf P0557 


Now 
and 


8. In this figure, if AC = BC, AP = BQ, and PM = 


CM is 1 to PQ. (See Fig. of Ex. 7.) 
Given AC = BC, AP = BQ, and PM = QM. 


To prove that CM is 1 to PQ. 
Proof. Since LljZries Jaap 
and PM = QM, 
« AP+ PM=BQ+ QM, 
or AM = BM. 
In the AAMC and BMC, 
A Cle B Or 
ZMAC=ZCBM, 
and AM = BM. 


.. AAMC is congruent to A BMC. 
.. ZOMA =Z BMC. 
.. ACMA and BMC are rt. 4. 
.. CM is 1 to PQ, by § 27. 


§ 67 


§ 43 
AXES) 
Q.E.D. 


QM, prove that 


Given 
Given 
AX. I 


Given 
§ 74 


§ 68 
§ 67 
§ 26 


Q.E.D, 


9. In this fiqure P, Q, and R are mid-points of the sides of the equi- 
lateral triangie ABC. Prove that PQR is an equilateral triangle. 

Given the equilateral A ABC, with P, Q, R the mid-points of AB, 
BC, CA respectively, and with the lines PQ, QR, RP drawn. 


To prove that A PQR is equilateral. 
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Proof. In the A APR and PBQ, 


AP = PB, Given a 
LL TaN eye 1B §74 pp Q 
and Ai BO} Ax. 4 
.. A APR is congruent to A PBQ. § 68 
REPO. Cin ae 
In similar manner 
A APR is congruent to A RQC, 
and Jane (AM in § 67 
ty Pe IE MeO Re Ax. 8 
«. APQE is equilateral, by § 62. Q.E.D. 


Exercise 8. Page 37 
1. Prove that a line from the vertex to the mid-point of the base of an 
isosceles triangle cuts the triangle into two congruent triangles. 


Given the isosceles A ABC, with AC = BC, and with CM drawn 
from the vertex C to M, the mid-point of AB. Cc 
To prove that A AMC is congruent to A BMC. 


Proof. In the 4 AMC and BMC, 


AiO = BC. Given 

AM = BM, Given 4 ar? 

CM =CM. Iden. 
.. A AMC is congruent to A BMC, by § 80. Q.E.D. 


2. Three iron rods are hinged at the extremities, as 
shown in this figure. Is the figure rigid? Why? 

The figure is rigid, since we cannot push any angle 
in toward, nor pull it away from, the center. 


3. Four iron rods are hinged, as shown in this figure. Is the figure 
rigid? If not, where would you put in the fifth rod to make it rigid ? 
Prove that this would accomplish the result. 


\ 


The figure is not rigid, since we may increase or i) 
decrease the size of any one of the four angles by 
pushing in or pulling out the angle. (ee 
() 


To make the figure rigid a fifth rod should be put 
in between either pair of opposite angles. Then the question would 
resolve itself into Ex. 2. 
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4. If two isosceles triangles are constructed on opposite sides of the 
same base, prove by Prop. VI and § 58 that the line through the vertices 
bisects the vertical angles. 


Let ABC and ABD be isosceles A, with AC = BC and AD = BD, 
and with the line CD drawn. 
To prove that LIM GND = ZINC ey 


and that ZCDA=ZBDC. 
Proof. In the A ADC and BDC, 
AC= BC, Given 4 
AD BD, Given 
and OD CD Iden. 


«. A ADC is congruent to A BDC. 
we PAs OND as AID ON 35 
and ZCDA=ZBDC, by § 67. Q.E.D. 


5. In this figure AB= AD and CB=CD. Prove that AC bisects 
ZBAD and Z DCB. 


D 
Given AB = AD and CB = CD. 
To prove that CAD ZaB AO, 4 C 
and that a) GAG — V/A CBs 
Proof. In the A ACD and ACB, B 
AD=AB, Given 
; cA OEP AIG. Iden. 
and CDi= CB: Given 
.. A ACD is congruent to A ACB. § 80 
ee AOLAD = Za BAG), 
and Ld) CAGE OB Dyas Oils Q.E.D. 


6. In § 31, Ex. 8, it was shown how to bisect-an angle, this being the 
Jigure used. Draw PX and PY, and prove by Prop. VI that PO bisects 
ZAOB. 


Given the ZAOB, with OX = OY, PX = PY, 
and PX and PY drawn. 


To prove that LAOR=Z FOB: 

Proof. In the AOXP and OYP, 
OZXGE Oe 
TENE IONE 


and OP OP: 
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-. AOXP is congruent to AOYP. § 80 
As ARGOIE == HZ IPO § 67 
That is, YE INOIP = ZIOOIE. QE. D. 


7. In a triangle ABC it is known that AC =BC. If ZA and ZB 
are both bisected by lines meeting at P, prove that A ABP is isosceles. 


Given the A ABC, with AC = BC, and AP and BP bisecting the 


4A and B respectively. C 
To prove that A ABP is isosceles. 
Proof. Since Cl AC Given 
pe Al— 2D, § 74 
But BAT =e An 
and ZPBRA=4ZB. Given 4 B 
333 ZA IBM SZ IPI IAL Ax. 8 
.. A ABP is isosceles, by § 76. Q.E.D. 


8. In this figure it is known that Zm = Zn. Prove that AC = BC. 


Given AC and BC intersecting at C, and AB drawn so that 
Ei = hie 


To prove that ING 186 
Proof. LR LO BAT a st.Z, 
and Ziel rasta § 43 
2 2n +4 OBA =Am- Z BAC. Bost. 6 
But ES ths JATIN Given 
sn, Hh, Gl bss) SS 18AO’ Ax. 2 
B,C IHOh loys) iho. Q.E.D. 


9. From the vertices A and B of an equilateral triangle lines are 
drawn to the mid-points of the opposite sides. Prove that these two lines 


are equal. C 
Given the equilateral A ABC, with P and Q the mid- 
points of BC and CA respectively. Q ie 
To prove that Abs Qs 
Proof. In the A ABP and ABQ, A le 
PAbsT—=VArLs. Iden. 
BP = AQ) Ax. 4 
and ZAR BiAg=—=V BAI! § 74 
. A ABP is congruent to A ABQ. § 68 


fo Je 0 Oi byaSs0 is Q. E. D. 
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Exercise 9. Page 44 


1. ABCD is a square and M is the mid-point of AB. With M as a 
center an arc is drawn, cutting BC at P and AD at Q. Prove that 
A MBP is congruent to A MAQ, and write the general statement of this 
theorem without using letters as is done here. 

Given the square ABCD, with M the mid-point of AB and with 
MP = MQ. 

To prove that A MBP is congruent to AMAQ. 


Proof. The 4PBMand MAQarert.4. §65 &% < 
In the rt.4 MBP and MAQ, ez 
MP MOY Given 
and MB = MA. Given a 


.. A MBP is congruent to A MAQ, by § 89. Q. E.D. 

A general statement of this theorem reads as follows: 

If an arc is drawn, with the mid-point of one side of a square as a 
center, cutting the sides perpendicular to that side, then the triangles 
cut off by the lines drawn from the mid-point to the points of inter- 
section of the arc with the sides are congruent. 


2. Draw a figure similar to that of Ex. 1, but take a radius such that 
the are cuts BC produced at a point above C, and AD above D. Then 
prove that A MBP is congruent to AMAQ. 

Given the square ABCD, with M the mid-point of AB, and with 
the arc PQ drawn with M as a center cutting BC and AD produced 
in the points P and Q respectively. 


To prove that A MBP is congruent to A MAQ. i & 
Proof. The 4PBM and MAQarert.4. §65 ? 2 
In the rt.& MBP and MAQ, 
Mir — Mis Given 4 Srammee 
and MB=MA. Given 
-. A MBP is congruent to A MAQ, by § 89. Q. E. D. 


3. Prove that if from the point P the perpendiculars PM, PN to the 
sides of an angle AOB are equal, the point P lies on the bisector of the 
angle AOB. Write the general statement of this theorem without using 
letters as is done here. 

Given the Z AOB, P a point within the angle, and PM and PN 
equal perpendiculars to OA and OB respectively. 

To prove that P lies on the bisector of Z AOB, 
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Proof. Draw OP. 
Inthert,\OMPandONP, OP= OP, Iden. B 
and PVE PING Given N 
.. A OMP is congruent to AONP. § 89 beats 
2 WIP ZION. §67 4 Fea 


That is, OP is the bisector of ZAOB.  q.8.. 

A general statement of this theorem reads as follows: 

If the perpendiculars from a point within an angle upon the sides 
of tke angle are equal, then the given point lies on the bisector of 
the given angle. 


4. Prove that if the perpendiculars from the mid-point M of the base AB 
of a triangle ABC to the sides of the triangle are equal, then ZA = ZB. 
What then follows as to the sides AC and BC? Write the general state- 
ment of this theorem without referring to a special figure. 


Given M the mid-point of the base AB of the A ABC, and the Js 
MP and MQ upon the sides BC and CA equal. 


To prove that ZL Sal eA IBS. x 
Proof. The 4 MPB and AQM are rt.4. Given 
In thert. AMBP and MAQ, MP = MQ, Given Q P 
and MB= MA. Given 
.. A MBP is congruent to A MAQ. g§s9 4 mM 
2, AAIBS Ale yp S Olle Q.E.D. 


It follows that the sides AC and BC are equal by § 76. 

A general statement of this theorem reads as follows : 

If the perpendiculars from the mid-point of the base of a triangle 
to the other two sides are equal, then the base angles of the triangle 
are equal and the triangle is isosceles. 


5. Prove that if the perpendiculars from the extremities of the base of 
a triangle to the other two sides are equal, the triangle ts isosceles. 


Given the A ABC and the equal Js AP and BQ upon the sides BC 


and CA respectively. C 
To prove that A ABC is isosceles. 
Proof. The 4APBand AQB are rt.4. Given 
Inthert.A ABPand BAQ, AB= AB, Iden. ‘e 
and AP = BQ. Given 4 8 
.. A ABP is congruent to A BAQ. § 89 
ee BAZ BAO: § 67 
oOA= BC. § 76 


.. A ABC is isosceles, by § 62. Q. E. D. 
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6. Suppose OY L to OX. With O as a center an arc is drawn cutting 
OX at A and OY at B. Then with A as a center an arc is drawn cut- 
ting OY at P, and with B as a center and the same radius an arc is 
drawn cutting OX at Q. Prove that OP = OQ. 


Given OY | to OX, OA = OB, and AP = BQ. 


To prove that OP=700; 
Proof. In the rt. A OAP and OBQ, 
OA = 0B, and AR= Be; Given P, 


«. A OAP is congruent to AOBQ. § 89 
nO Pa OOEDyaS Gime Oaks 


Exercise 10. Page 52 


1. Show that if we place a draftsman’s triangle against a ruler and 
draw AC, and move the triangle along as shown in the figure and draw 
A’C’, then AC is Il to A’C’. 

Given A’B’= AB and in the same straight 
line with AB, and BC = B’C’, and both to 
the line of AB and A’B’. 

To prove that AC is |] to A’C’. 


Proof. In the rt. A ABC and A’B’C’, 


cA. Bi PAC Bin Given 

and BCR Bice Given 
.. A ABC is congruent to A A’B’C’. § 90 

A PAIEIANC! SIIB OOM § 67 

. AC is |l to A’C’, by § 108. Q.E.D. 


2. In the next figure Zx = 60°. How many degrees in each of the 
other seven angles? 


Given Zz = 60°. a/b 
MA b= (OV § 60 C/a 


Ze=A1800— 2.0 = 1202 § 43 e/e 
Zg = 180°— Za = 120°. §43 F/I 


VL Gem (ees OAV. § 102 

Av T1608 § 102 
Mos Me ifs (OUR § 102 
Zia 20 ae § 102 


3. In the next figure, representing two pairs of parallel lines, certain 
angles are equal. State these equalities in this form: a=c=g=e= 
0=---, and give the reason in each case. 


TEACHERS’ EDITION 41 


a=c. § 60 e=™mM. § 102 
im § 102 =o; § 100 
C—O; § 100 Tine § 106 
Cw: § 102 =O; § 102 
em ip § 100 =i § 60 
Cte. § 106 =e § 102 
C=ip § 102 C= 0: § 100 
Cs § 106 = is § 106 
CWE § 102 c= 0. § 102 
C=. § 60 m=0. § 60 
poule =O Clms Jimt Pima TO OAS (1) 
Dad § 60 i= § 102 
Dias § 102 Sy § 106 
‘p= Ip § 100 =, § 100 
Dey § 102 v— aD: § 102 
Da § 106 a § 60 
=f, § 106 Mpa Py § 102 
d=h § 102 Hip § 100 
d=7 § 100 L=n, § 106 
C= § 102 l=, § 102 
jy § 60 ip Foy § 60 ; 
Fi Uf a] a nip LG, fo! (2) 


4. In the figure of Ex. 3 state ten pairs of angles that are supplemen- 
tary; thus: a+ h=180° and d + e = 180°. 

Any angle of (1) in Ex. 3 will be supplementary to any angle of (2). 
By choosing those that are not adjacent, 48 pairs satisfying the given 
condition may be obtained. 

5. In the triangle ABC, AC= BC and DE is drawn parallel to AB. 
Prove that CD=CE. Write a general statement of the theorem. 


Given the A ABC, with AC = BC and DE || to AB. C 
To prove that CD= CE. 
Proof. Since ACE BE, Given py E 
oe SALON Bd SO § 74 
Now ZO DE ACB Ar A B 
and ZEDC=ZBAC, § 102 
- ZCHED=ZEDC. Ax. 8 
2 (ON WON OS (hak Q.E.D. 


A general statement of this theorem reads as follows: 
A line drawn parallel to the base of an isosceles triangle cuts off 
equal segments from the equal sides of the triangle. 
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6. In the next figure AB is parallel to CD, and Z APQ is half of 


ZQPB. How many degrees in the various angles ? x 

Given the ll lines ABand CDand ZAPQ=12ZQPB. Pp 

Now ZAPQ + ZQPB = 180°. g43 4 B 
 ZAPQ + 2ZAPQ=180°. Ax. 9 D 
3IZAPO = 1802: Q 
«. ZAPQ = 60°. ¢ 

Z. BibeXa— Ai 602. § 60 
2D ORF 22a @)— 1602: § 100 
ZCQY =ZAPQ= 60°. § 102 
Z QPB = 180°— ZAPQ =120°. § 43 
eX Ag) Bi 20) 5 § 60 
ZPQC =ZXPA = 120°. § 102 
ZYQD =ZPQC = 120°. § 60 

7. If ZY QD = 185°, how many degrees in the various angles ? 
AOD abe Given 
ZA IPOXG) = Z VOID NG. § 60 
ZAQRB=ZYOD= M1352; § 102 
ZX Asa Noes § 60 
ZCQY =180°— ZYQD = 48°. § 43 
LD VAC ONG Abe: § 60 
LAE Oia COW 452. § 102 
LB PXG— ZAP. 4 02, § 60 
8. Let ZDQP=xand ZYQD=y. Thenif y—x=100°, find the value 
ofrandy. /DQP+ZYQD = 180°. § 43 
2 OY = 180% AX. 9 
But y —x = 100°. Given 

1 Zig 28028 
Y= 140°: 


*, & = 180°— 140° = 40°. 
9. Let ZCQY =e and ZXPA=y. Thenifx=1y, find the value 


of x and y. ZCQY = ZAPQ. § 102 
ZAPQ+2ZXPA = 180°. § 43 
et i 807. Ax. 9 
$Y + y = 180°. Ax.9 
y+ 5y = 900°. 
By = 900°. 
y= 150°, 


“2 =} of 150° = 30°, 
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10. In the next figure « = 72° and « = zy. It is required to know if 
the lines are parallel, and why. 


If 4p == (2 ayael ao = 2, 

then 1 Ol 2c a 80. y/- 
The top right-hand angle = 180°— y = 72°. § 43 
Since Cio Given BY 


*, & = the top right-hand angle. Ax. 8 
Therefore the lines are parallel, by § 108. 


11. In the figure of Ex. 10 suppose x = 73° and y — x = 82°. It is 
required to know if the lines are parallel, and why. 


If x = 738° and y — x = 32°, 
then y — 73° = 32°, 
and Ga 1052. 


Therefore the top right-hand angle = 180° — y = 75°. 
Therefore that angle and x are not equal. 
Hence the lines are not parallel. § 108 


12. The three angles of a triangle are x, y, and z. Find the value of z 
b) 
, = oO = to) 
Given t= 1Oe ny =" 302) © + y +2 = 180°. § 107 
10° + 30°+ z= 180°. 
Zz = 180° — 10°— 30°. 
Beem 425 
13. The three angles of a triangle are x, y, and z. Find the value of z, 
. — te) = 
given x = 20°, y = 20°. a+ y +2 = 180°. § 107 
20° + 20° + z= 180°. 
z = 180° — 20° — 20°. 
BS. 


14. The three angles of a triangle arex, y, and z. Find the value of z, 
MS — Ti OOM ae = 180°, § 107 
75° + 50° + z = 180°. 
z = 180° — 75° — 50°. 
oO Ons 
15. The three angles of a triangle arex, y, and z. Find the value of z, 
NG OO its 180°, § 107 
38° + 76° + z= 180°. 
z = 180° — 38° — 76°. 
= OO 
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16. The three angles of a triangle area, y, andz. Find the value of z, 
given © = 49°, y = 92°. pik y 4p SO § 107 
49° + 92° 4+ z= 180°. 
Z = 180° — 49° — 92°. 
Bp SO 


17. The three angles of a triangle arex, y, and z. Find the value of z, 
given & = 87, y = 48%. 4 x = 180°. § 107 
87° + 48° 4+ z= 180°. 
z = 180° — 37° — 48°. 
5 fs 


18. The three angles of a triangle arex, y, andz. Find the value of z, 


given & = 63°, y = 29°. +y+2= 180°. § 107 
63° + 29° + z = 180°. 
z = 180° — 68° — 29°. 
5 St 


19. The three angles of a triangle arex, y, andz. Find the value of z, 
given x = 75° 29’, y = 68° 41’. 
x+ty+z2=180°. § 107 
75° 29’ + 68° 41’ + z = 180°. 
z = 180° — 75° 29’ — 68° 41’. 
ae SO 100% 


20. The three angles of a triangle are x, y, and z. Find the value of z, 
given & = 82° 33’, y = 75° 48’. 
ety+z2=180°. § 107 
82° 83’ + 75° 48’ + z = 180°. 
z = 180° — 82° 33’ — 75° 48’. 
ae Soe 


21. The three angles of a triangle are x, y, and z. Find the value of z, 
given x = 69° 58’, y = 82° 49’. 
c+y+z2=180°. § 107 
69° 58’ + 82° 49’ + z = 180°. 
z = 180° — 69° 58’ — 82° 49’, 
Cee 21S" 


22. In a certain right triangle one angle is 37°. What is the size of 
the other acute angle ? 
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Since in a right triangle one angle is 90°, the sum of the other twe 
angles must also be 90°. § 107 
Therefore the required acute angle = 90° — 37° = 53°. 


23. In a certain right triangle one angle is 36°41’. What is the size 
of the other acute angle ? 

The required acute angle = 90° — 36° 41’ = 58° 19’. 

24. Ina certain right triangle one angle is 29° 48’ 56”. What is the 
size of the other acute angle? 

The required acute angle = 90° — 29° 48’ 56” = 60° 11’ 4”. 


25. In acertain right triangle one acute angle is two thirds of the other- 
How many degrees are there in each ? 


Let x = the number of degrees in the smaller acute angle. 
Then 90 — « = the number of degrees in the larger. 
x= 2(90—2). 
38e = 180 — 2a. 
5a = 180. 
Sp 
90 — «a = 54. 86°; 54°. Ans. 


26. In a certain right triangle one acute angle is twice as large as the 
other. How many degrees are there in each ? 

Let «=the number of degrees in the smaller acute angle. 

Then 2% = the number of degrees in the larger. 


xr+2x2=90. 
3% = 90. 
Teao0s 

2a = 60: 80°; 60°. Ans. 


27. Ina certain right triangle the acute angles are 2% and 5a. Find 
the value of « and the size of each angle. 


24+ 5x2 = 90. 

ie = 90% 
5 Ay = 

Then 2x = 253, 
and 5a = 64}. 


255° = 25° 49’ 519”; 
643° = 64° 17’ 84”. 
25° 42’ 518”; 64° 27 84”. Ans. 
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28. In a certain triangle one angle is twice as large as another and 
three times as large as the third. How many degrees are there in each ? 


Let x = the number of degrees in the largest angle. 
Then : = the number of degrees in the second angle, 
and : = the number of degrees in the smallest angle. 
te Lee 
e+-+-= 180. 107 
a 9 ar 3 § 
62+ 32+ 2x2 = 1080. 
11a = 1080. 
x = 9877; 
Then * = 49,4, 
2 
d ~ = 82,8 
je 3 CATT’ - 984%,°; 49°; 8248,°. Ans. 


29. In a certain isosceles triangle one angle is twice another angle. 
How many degrees in each of the three angles ? 
Let x = the number of degrees in one of the equal angles. 
Then 180 — 2% = the number of degrees in the vertical angle. 
If the base angles are the larger, 
x = 2(180 — 22). 


x = 860 — 42. 
5x = 360. 
OS Gia 1045 


180 — 2% = 180 — 144 = 36. 
If the vertical angle is the largest, 


180 — 24% = 2%. 
4% = 180. 
5 ip Sy, 


180 — 2” = 180 — 90 = 90. 
72°, 72°, 36°; or 45°, 45°, 90°. Ans. 


30. In this figure what single angle equals a +c? To the sum of what 
angles is gq equal? alsor? From these relations find the number of degrees 


mptadtr Za+Zc=Zp. $111 
Zq=Za+Zb. § 111 q 
Zr § 111 Ves 
s Zp +Zq+Zr=2Za+ 2204 2Z2¢ 
=2(Za+2Zb+4 Ze) T 
= 2 x 180° 


= 860°. 
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31. Prove Prop. XIX by first drawing a parallel to AB through C, 
instead of drawing BY. 


Cc 
mae R-----¥ 
Given the triangle ABC. Zs 
To prove that 7A42B+4+ZACB=2r1rt.Z. 


Proof. Suppose XY drawn through C || to AB. A B 
Then © ZXCA+ZACB+ ZBCY = 21t. A. § 34 
But Ze GAl = Z Al 
and LIAO ave Ty § 100 
we LALA CB EZ Bi= 2 tta Ze. Ax. 9 
That is, ZA4+ZB4ZACB= 2rt. 4, Q.E.D. 


Exercise 11. Page 54 


State in what cases it is possible to form triangles with rods of the 
following lengths, and give the reason: 

Aee2in, Sunes Ine 

It is possible to form a triangle with rods 2 in., 8in., and 4 in. long, 
since the sum of any pair of rods is greater than the third rod, and the 
difference between any two rods is less than the third rod. § 112 


2. 3 in., 4in., 7 in. 
Since 7 in. = 3 in. + 4 in., it is not possible to form a triangle with 
rods 3 in., 4 in., 7 in. long. § 112 


3. 6in., 7in., 9 in. 

It is possible to form a triangle with rods 6 in., 7 in., and 9 in. long, 
since the sum of any pair of rods is greater than the third rod, and the 
difference between any two rods is less than the third rod. § 112 


4. 7in., 10 in., 20 in. 
Since 20 in. >7 in. + 10in., it is not possible to form a triangle with 
rods 7 in., 10 in., 20 in, long. § 112 


5. 8in., 94 in., 18 in. 
Since 18 in. > 8 in. + 94 in., it is not possible to form a triangle with 
rods 8 in., 94 in., 18 in. long. § 112 


6. 93 in., 10} in., 12} in. 

It is possible to form a triangle with rods 9§ in., 10} in., and 124 in. 
long, since the sum of any pair of rods is greater than the third rod, and 
the difference between any two rods is less than the third rod. § 112 
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7. In this figure prove that AB+ BC>AD+ DC. 

Given the A ABC, with CD drawn from C to D, 
any point of AB. 

To prove that AB+ BC>AD+ DC. 


Proof. Now DB + BC>DC. g112 
Add AD to each member, i 
then AD+DB+ BC>AD+ DC, 
or AB+ BC>AD+ DO, by Ax. 9. 


DB 
Ax. 6 


Q. E. D. 


8. How many degrees are there in each angle of an equiangular 


triangle? Prove it. 
There are 60° in each Z. 
Given the equiangular A ABC. 


To prove that VI \ wai HE 155 == VIO VE 
Proof. ZA AZBEIZAC= 180% “§ 107 4 

But VE TAN em ha) Bi LAO 

AD (opeke ch Jil OGL al ani eh le 

3A = 180°. 

Be, JE IN GUS, 

Similarly Zao O0 2. 


Exercise 12. Page 70 


Q. E. D. 


1. What is the sum of the angles of (a) a pentagon? (b) a hexagon? 
(c) a heptagon? (d) an octagon? (e) a decagon? (f) a dodecagon? 


(g) a polygon of 24 sides? 

The sum of the A of a polygon = (n — 2) 2 rt. A. 
(a) The sum of the A of a pentagon 

= (5—2)2rt.4=38 x 2rt.4=6 rt.A4. 
(b) The sum of the 4 of a hexagon 

= (6— 2)2rt. 4=4x 2rt.4=8rt.A. 
(c) The sum of the A of a heptagon 

=(7—2)2rt.4=5 x 2rt.4=101rt.A. 
(d) The sum of the 4 of an octagon 

= (8 — 2) 2rt. 4=6 x 2rt.4=12 rt.A. 
(e) The sum of the A of a decagon 

= (10 — 2) 2rt. 4=8 x 2rt.4=16 rt.A4, 
(f) The sum of the A of a dodecagon 


= (12 — 2) 2 rt. 4=10 x 2 rt. 4= 20 rt. A. 


(g) The sum of the 4 of a polygon of 24 sides 


= (24 — 2) 2 rt. 4= 22 x 2rt.4=441t.4, 


§ 143 


TEACHERS’ EDITION 49 


2. What is the size of each angle of (a) a regular pentagon? (b) a 
regular hecagon? (c) a regular octagon? (da) a regular decagon? (e) a 
regular polygon of 32 sides? 


Each Z of a regular polygon of n sides = —— rt. 4. § 145 


(a) Each Z of a regular pentagon 
2(5 — 
_ 25 Meas serpeat 
5 5 
(b) Each Z of a regular hexagon 
OD ae = % 00 190 
64 6 
(c) Each Z of a regular octagon 


=O) ta ast x 90° = 135°, 


x00 : of 90° = 108°. 


(d) Each Z of a regular decagon 


=—9) rt. 6 = 2%8 y o9° = 1449, 
(e) Each Z of a regular polygon of 32 sides 
— fo} 
ae 00? 108 eae, 
32 32 4 


3. How many sides has a regular polygon, each angle of which is 13 


right angles? 2(n — 2) 
Oe kes et 145 
i= § 
Tn=8n—16. 
PS ey, 


4. How many sides has a regular polygon, each angle of which is 13 


right angles ? a 2(n — 2) 
ao. § 145 
10n = 14n — 28. 
4n = 28. 
2 US le L310 


5. How many sides has a regular polygon, each angle of which is 108° ? 


108 = se) x 90. § 145 
108 n = 180n — 360. 
72n = 360. 


A= 5. Ans.. 
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6. How many sides has a regular polygon, each angle of which is 140° ? 


149 = 2 —*) x 90. § 145 
ea 
n 
In=9n—18. 
Zia Se 
.n=9. Ans. 


7. How many sides has a regular polygon, each angle of which is 156° ? 
156 = 2@— 7) x 99, § 145 


(eee. 15, 
n 
13n = 15n — 380. 
2n = 30. 
.*n=15. Ans. 


8. Four of the angles of a pentagon are 120°, 80°, 90°, and 100° 
respectively. Find the fifth angle. 
The sum of the A of a pentagon 
=(5—2)2rt.4=8x 2rt.4=6rt.4=6 x 90° = 540°. § 148 
.. the fifth Z required 
= 540° — (120° + 80° + 90° + 100°) = 540° — 390° = 150°. 
9. Five of the angles of a hexagon are 100°, 120°, 130°, 150°, and 90° 
respectively. Find the sixth angle. 
The sum of the A of a hexagon 
=(6— 2) 21. A2=4 x 2 ra = 8 A= 8 x 90° = 72008) 8 1438 
.. the sixth Z required 
= 720° — (100° + 120° + 180° 4+ 150° + 90°) = 720° — 590° = 180°. 


10. The angles of a quadrilateral are x, 2%, 2%, and 82. How many 
degrees are there in each? 


e+2e74+2e74+82=4rt.a. § 144 
Oi Sos eh SK IU 
of) = 215. 
Then Drs 9028 
and 82 = 135°: 45°, 90°, 90°, 185°. Ans. 


11. The angles of a quadrilateral are so related that the second is twice 
the first, the third three times the first, and the fourth four times the first. 
How many degrees in each ? 
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Let «x = the number of degrees in the first angle. 
Then 2%, 3%, 4x = the number of degrees in the second, third, and 
cop anele 7 en Sa ae 080. § 144 
102% = 360. 
Ad Sato}, 
Then 2% = 72, 
3x = 108, 
and 4% =144. 36°, 72°, 108°, 144°. Ans. 


12. The angles of a hexagon are x, a 342, 224, 22, and x How 
many degrees are there in each? 


The sum of the A of hk SoReal eon he § 148 
e+ 240+ 8i74+ 207422742 =8 x 90°. 


WS PAO ES 
sO, 
Then PGS = MSD, SP = Ie 
and iy = WAN. 


60°, 150°, 210°, 120°, 120°, 60°. Ans. 


13. The sum of two angles of a triangle is 100° and their difference is 40°. 
How many degrees are there in each of the three angles of the triangle ? 


Let x = the number of degrees in the first angle, 
and y = the number of degrees in the second angle. 
x+y =100. (1) 
x—y=40. (2) 
Add (1) and (2), 20 = 140; 
5 tea AUY 
Subtract (2) from (1), 2y = 60. 
Y= 30. 


180 — (« + y) = 180 — (70 + 30) = 180 — 100 = 80. 
70°, 30°, 80°. Ans. 


Exercise 13. Page 72 


1. Anexterior angle of a triangle is 130° and one of the opposite inte- 
rior angles is 52°. Find the number of degrees in each angle of the triangle. 
An exterior angle of a triangle is equal to the sum of the two 
opposite interior angles. § 111 
.. the second opposite interior Z = 180° — 52° = 78°. 
The third Z of the A= 180° — 130° = 50°, 52°, 78°, 50°. Ans, 
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2. Two consecutive angles of a rectangle are bisected by lines meeting 
at P. How many degrees in the angle P ? 

Given the [J ABCD, with PA and PB bisecting two consecu- 
tive 4 A and B. 


Now ABAD and CBA are rt. A. §119 p Cc 

But LZ BAe DAD: 
and ZL PBA A ZOBA Given aS 
0 OBA = BAe Abe: A B 


~. ZP = 180° — (45° + 45°) 
= 180° — 90° = 90°. 
3. Two angles of an equilateral triangle are bisected by lines meeting 
at P. How many degrees in the angle P ? 
Given the equilateral A ABC, with AP and BP bisecting the 4 A 
and B respectively. 
ZA+ZB42ZC=180°. § 107 
But Th, Ie = JA DBS =e Vk Ch § 68 
ie ole 2 IB = VAG NTIS, 
BVA IEINME = PAIGE INS ee! 
But ZBAP+2ZPBA+4+2ZP=180°. §107 4 
. 80° + 80° + Z P = 180°. Ax.9 
PE IE — WAV 
4. The two base angles of an isosceles triangle are bisected by lines 
meeting at P. The vertical angle of the triangle is 30°. How many 
degrees in the angle P? 
Given the isosceles A ABC, with AC = BC, ZC = 80°, and PA 
and PB bisecting the 4 A and B respectively. 


by 


Now ZA+2Z2B4+2ZC=180°. § 107 C 
But AG aa § 74 
and LE = 007. Given 
50 ZA bt ZA S02 en BOC, Ax.9 
22 A= 1502. 
Os PEAS ES A B 
Sy PAs SG 
SpA tae Bi Age= Sh oe Ax.4 
But ZBAP+ ZPBA+2ZP= 180°. § 107 
. 874° + 374° 4+ ZP=180°. 
By ZIP Sa MY 


5. The vertical angle of an isosceles triangle is 40°. This and one of 
the base angles are bisected by lines meeting at P. How many degrees in 
the angle P? 


TEACHERS’ EDITION 53 


Given the isosceles A ABC, with AC = BC, ZC = 40°, and PA 
and PC bisecting the 4 A and C respectively. 
Now ZA+2ZB42Z0=180. § 107 


But fetes Me, 1B. § 74 t 
and LaCi= 402% Given 
« ZA+ ZA + 40° = 180°. Ax.9 
Ze AVA 025 
3 GAIN i (UO: A B 
Dy ZI EIN Of BH) , 
and ZZ IN GY Os GVO Ax.4 
But ZLPAC-] AA CP. --ZP = 180°. § 107 
sw od> + 20° + Z P = 180°. 
50 HE IE = NES, 


6. One exterior angle of a parallelogram is one eighth of the sum of the 
four exterior angles. How many degrees in each angle of the parallelogram ? 
The sum of the exterior 4 of the polygon = 360°. § 146 
*, one exterior Z = } of 860° = 45°. 
-, its interior Z = 180° — 45° = 135°. 
Since any two consecutive 4 of a parallelogram are supple- 


mentary, § 124 
.. the 4 are 185°, 45°, 135°, and 45°. 


7. How many degrees in each exterior angle of a regular hexagon ? 
of a regular octagon ? 

The sum of the exterior A of a polygon = 360°. § 146 

-. each exterior Z of a regular hexagon = } of 360°= 60°; and 
each exterior Z of a regular octagon = } of 360° = 45°. 


8. In a right triangle one acute angle is twice the other. How many 
degrees in each exterior angle of the triangle ? 


ZA+2ZC =90 


and LEO SIE IN Cc 
BLA 2A. = O02; 
SALIN aT 

ZA = 80°. A 2 
peat =="000% 


Since each exterior Z is the supplement of its interior Z, 
the exterior ZA = 180° — 30° = 150°, 
the exterior Z B = 180° — 90° = 90°, 
the exterior Z C = 180° — 60° = 120°. 
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9. Make out a table showing the number of degrees in each interior 
angle and each exterior angle of regular polygons of three, four, five, ---, 
ten sides. 

The sum of the exterior angles of a polygon is 360° and each 
interior angle is the supplement of its exterior angle. 
Hence the following table: 


vere EAcH Ext, Z Eacu Int. Z 

3 360° + 3=120° 180° — 120° = 60° 
4 360°+ 4= 90° 180°— 90° = 90° 
5 860° + 5= 72° 180°— 72° =108° 
6 360° 6= 60° 180°— 60° =120° 
a 860°+ T= 513° 180°— 518° = 128¢° 
8 360°+ 8= 46° 180°— 45° =135° 
9 360°= 9= 40° 180°— 40° =140° 

10 360° + 10= 36° 180°— 386° —144° 


10. If the diagonals of a quadrilateral bisect each other, the figure is 
a parallelogram. 
Given the quadrilateral ABCD, with the diagonals AC and BD 
bisecting each other at O. 
To prove that ABCD isa Zl. rss 
Proof. In the 4 ABO and CDO, ey 
MNO = CO), Given aes 


ZAOB=ZCOD, §60 


and BODO: Given 
.. AABO is congruent to A CDO. § 68 

a AB = OD: § 67 

Also ZBAO=ZDCO. § 67 
.. AB is || to DC. § 101 

-. ABCD isa ZC, by § 180. Q.E.D. 


11. In this parallelogram ABCD, AP = CR, and BQ = DS. Prove 
that PQES is also a parallelogram. 

Given the (7 ABCD, with the quadrilateral PQRS inclosed, and 
AP equal to CR and BQ equal to DS. 


To prove that PQRS is a LC). 
Proof. Since B CsA: § 125 
and BQ = DS. Given 


». QC = AS. Ax.2 
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Inthe AAPSandCRQ, QC = AS, 
AP=OCOR, Given D R 


and ZA=ZC. §124 ae 
.. A APS is congruent to ACRQ. §68 5 
: 5% JES S188), $970 4. ae B 
Again, AWS = OID SAS 
and PE es (OMe Given 
3 JRE = 11D). Ax. 2 
Inthe APBQand RDS, PB= RD, 
ZB=ZD, § 124 
and BQ = DS. Given 
«. A PBQ is congruent to A RDS. § 68 
oe Ol RS: 
-. PQRS is a O/, by § 129. Q. B.D. 


12. If the mid-points of the sides of a parallelogram are connected in 
order, the resulting figure is also a parallelogram. 


Given the (/ ABCD, with P, Q, R, S the mid-points of the sides 
AB, BC, CD, DA respectively. 


To prove that PQRS isa LQ. 
Proof. Since AB=CDand BO=DA, §125 IESE 
-. AP =CRand QC=SA. Ax.4 


A 12 B 
IntheAAPSandCRQ, AP=CR, 


LA=ZLC, § 124 
and OCE Sian 
.. A APS is congruent to ACRQ. § 68 
$5 PE = Os § 67 
Similarly A PBQ is congruent to A RDS, 
and 1EXA) Tansy. 
.. PQRS is a OC, by § 129. Q.E.D. 


Exercise 14. Page 73 


1. State without proof the locus in a plane of a point 2 in. from a 
fixed point O. 
The required locus is the circle described with O as a center and a 
radius equal to 2 in. 


2. State without proof the locus in a plane of the tip of the minute 
hand of a watch. 

The required locus is the circle described with the pivot of the two 

hands as a center and a radius equal to the length of the minute hand. 
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3. State without proof the locus in a plane of the center of the hub of a 
carriage wheel moving straight ahead on a level road. 

The required locus is the straight line parallel to the ground at a 
height above the ground equal to the radius of the wheel. 


4. State without proof the locus in a plane of a point 1 in. from each 
of two parallel lines that are 2 in. apart. 

The required locus is the line parallel to the two given parallel lines 
and at a distance of 1 in. from each of them. 


5. State without proof the locus in a plane of a point on this page and 
1 in. from the edge. 

The required locus is the straight line drawn on the page, drawn 
parallel to the edge at a distance of 1 in. from the edge. 


6. State without proof the locus in a plane of the point of a round lead 
pencil as it rolls along a desk. 

The required locus is the straight line parallel to the top of the desk 
at a distance above the desk equal to the radius of the pencil. 


7. State without proof the locus in a plane of the tips of a pair of 
shears as they open, provided the fulcrum (bolt or screw) remains always 
fixed in one position. 

The required locus is the circle described with the fulcrum as a 
center and with a radius equal to the distance from the fulcrum to 
the tips of the shears. 


8. State without proof the locus in a plane of the center of a circle that 
rolls around another circle, always just touching it. 

The required locus is the circle described with the center of the 
given fixed circle as a center and with a radius equal to the sum of 
the radii of the two given circles. 


Exercise 15. Page 74 


1. Without giving the proof, draw the locus of Cc 

a point } in. below the base of a given triangle 

ABC. 
Given the A ABC. A B 
The line PQ || to AB at a distance } in. below 

AB is the required locus. P--------=-----Q 
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2. Without giving the proof, draw the locus of a point } in. from a 
given line AB, 

Given the straight line AB. 

The required locus is the pair of straight lines 4-—————& 
PQ and RS; each parallel to A Band at adis- 72225222 —22_ Ss 
tance of $ in. from AB. 


3. Without giving the proof, draw the locus of a point 1 in. from a 


given point O. eee 
Given the point O. / s 
The required locus is the circle described with Oasa \ *9 H 

center and a radius equal to 1 in. Bee ea 


4. Without giving the proof, draw the locus of 
a point $ in. outside the circle described about a 
given point O with a radius 1} in. 

Given the circle described about the point 
O with a radius 1} in. 

The required locus is the circle described 
about O as a center and with a radius equal 
to 3 in. + 1} in., or 2 in. 


5. Without giving the proof, draw the locus of a point 3 in. within the 
circle described about a given point O with a radius 
1d in, 
Given the circle described about the point O 
with a radius 1} in. 
The required locus is the circle described about 
O as a center and with a radius equal to 1} in. — 4 
in., or 1 in. 


6. Without giving the proof, draw the locus of a point } in. from the 
circle described about a given point O with a 
radius 14 in. 

Given the circle described about the point 
O with a radius 13 in, 

The required locus is the pair of circles de- 
scribed about O as a center, one with a radius 
equal to 1} in. + } in., or 2 in., and the other 
with a radius equal to 1} in. — } in., or 1 in, 


-_-- =~. 


— Sy 
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7. Without giving the proof, draw the locus of a point 1 in. from each 
of two given parallel lines that are 1 in. apart. , B 

Given the two parallel lines AB and CD, 
lin. apart. 

The required locus is the straight line PQ, © 
parallel to each of the lines AB and CD, and at a distance of } in. 
from each of them. 


Exercise 16. Page 77 


1. If two triangles have two sides of the one equal respectively to two 
sides of the other, and the angles opposite two equal sides equal, the angles 
opposite the other two equal sides are equal or supplementary, and if equal 
the triangles are congruent. 

Given the AABC and A’B’C’, with AC = A’C’, BC = B’C’, and 
JAIB SAA IB, 

To prove that 4 A and C’A’B’ are equal or supplementary. 

Proof. Place A A’B’C’ on A ABC so that B’C’ shall coincide with 
BC, and 4 A’ and A shall 


C 
be on the same side of < 
28 keh he CaN 
SincewZ1B = 7 By Beas ys > 
will fall along BA, and 
A’ must fall either at A or at some other point in BA, as D, § 85 


If A’ falls at A, 
then A ABC is congruent to A A’B’C’, § 66 
and Av ZI CAAO aD VESIG ie Q.E.D. 
If A’ falls at D, 
then A DBC is congruent to A A’B’C’. § 66 
» ZBDC = ZBA'C, 
and DC = A’C’. § 67 
Since AN Gias AG, Given 
nD Cr eA e Ax. 8 
& ZA S ACID § 74 
But 4CDA and BDC are supplementary. § 43 
-. SAA and BDC are supplementary. $58 


Or AA and B’A’C’ are supplementary, by Ax. 9. One Ds 
Discussion. The triangles are congruent : 
1. If the given angles B and B’ are both right or both obtuse 
angles. 
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2. If the required angles A and A’ are both acute, both right, or 
both obtuse. 

3. If AC and A’C’ are not less than BC and B’C’ respectively. In 
case they are less, one of the above given conditions may exist, and 
then the triangles are congruent. 


2. The bisectors of the angles of a triangle are concurrent in a point 
equidistant from the sides of the triangle. 

Given AD bisecting 7A, BE bisecting Z B, and CF bisecting ZC 
of the AABC, C 

To prove that AD, BH, and CF are concurrent in 
a point equidistant from AB, BC, and AC. 


Proof. Let AD and BE intersect at O. LOrm—n 
Since O lies in AD, A 2 
-. O is equidistant from AC and AB, § 152 
Since O lies in BE, 
*. O is equidistant from AB and BC. § 152 


-. O is equidistant from AC and BC. 
But CF is the locus of a point equidistant from AC and BC. § 152 


-. O lies in the bisector CF. § 152 
-. AD, BE, and CF are concurrent in the point O equidistant from 
AB, BC, and AC. Q.E.D. 


3. The perpendicular bisectors of the sides of a triangle are concurrent 
in a point equidistant from the vertices. 


In the AABC given PP’ the 1 bisector of AB, QQ’ the L bisector 
of BC, and RR’ the 1 bisector of CA. 

To prove that PP’, QQ’, and RR’ are concurrent in a point equidis- 
tant from A, B, and C. 


Proof. Let O be the intersection of QQ’ 
and RR’. 

Since O lies in QQ’, 
O is equidistant from Band C. § Bele 

Since O lies in RR’, 
O is equidistant from C and A. § 150 

-. Ois equidistant from A and B. 
But PP’ j is the locus of a point equidistant from A and B. § 150 
-, O lies in the line PP’. 

» PP’, QY, and RR’ are concurrent in a point O equidistant from 
A, B, and C. Q.E.D 
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4. The perpendiculars from the vertices of a triangle to the opposite 
sides are concurrent. 
Given the A ABC, with AQ, BR, and CP drawn | to BO, CA, and 


AB respectively. C 7 
To prove that AQ, BR, and CP are con- ty # 
current. ose ow / 
N, / 
Proof. Through A, B, C suppose B’O’, C’A’, AN 72 
A’B’ drawn || to CB, AC, BA respectively. Be 
». C'A = BC, and AB’= BC. $127 Ar 
That is, CARPAL Ax. 8 
Then AQ is 1 to BC’. § 97 
.. AQ is the L bisector of B’C’. 
Similarly BR is the L bisector of C’A’, 
and CP is the bisector of A’D’. 
«. AQ, BR, and CP are concurrent, by Ex. 3. Q.E.D. 


5. The medians of a triangle are concurrent in a point two thirds of 
the distance from each vertex to the middle of the opposite side. 
Given the A ABC, with the medians AQ, BR, C 


and OP. 
To prove that AQ, BR, and CP are concurrent in R Q 
a point two thirds of the distance from each vertex BET 
to the middle of the opposite side. VEEN 
Proof. Let AQ and CP meet at O. 


Suppose Y is the mid-point of AO and X the mid-point of CO. 
Draw XY, YP, PQ, and QX. 


Inthe AAOC, XY is|l to CA and equal to} CA. § 136 
Inthe AABC, PQis|l to CA and equal to} CA. § 136 
a AAS) Vo) AO § 96 

and IPOS IAOF pr ASerS 
Hence YPQX isa ZC. § 180 
<a YO = OO-and XO = OP: § 131 

4, Anya") 0) = 10 Ovand Cx6 = 0! OP. Ax. 8 


Hence any median cuts off on any other median two thirds of the 
distance from the vertex to the middle of the opposite side. 

Therefore the median BR cuts off AO, two thirds of AQ. 

That is, BR passes through O. Q.E.D. 


6. The bisectors of two vertical angles are in the same straight line. 

Given the vertical 4 4 OB and COD, with OM bisecting Z AOB and 
ON bisecting 2 COD. 

To prove that OM and ON are in the same straight line, 
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Proof. ZAOB=ZCOD. § 60 B 
*ZAOM=ZCON. Ax.4 
-- ZMOB+ZCON=ZAOB, Ax.9 C—9%—A 
Now ZAOB+ ZBOC=2 rt. &. §43 WN 
. ZMOB+ZBOC4ZCON=2rt.4. Ax.9 D 
.. OM and ON are in the same straight line, by § 48. @.E.p. 


7. The bisector of one of two vertical angles bisects the other. 


Given the vertical 4 AOB and COD, with MN bisecting the ZA OB. 
(See Fig. of Ex. 6.) 


To prove that MN bisects the Z COD. 
Proof. ZCON =ZAOM, 
and ZNOD =Z MOB. § 60 
But ZAOM = Z MOB. Given 
. ZCON =Z NOD, by Ax. 8. Q.E.D. 


8. The bisectors of two supplementary adjacent angles are perpendicular 
to each other. 


Given the supplementary adjacent 4 AOB and BOC, with OM and 


ON their respective bisectors. N B 
To prove that OM is 1 to ON. \ Zs M 
Proof. ZAOB + Z BOC = 180°. Givens” BeOuEE 
But ZAOB=22Z MOB, and Z BOC =22 BON. 

-. 2ZMOB+422Z BON =180°. Ax. 9 
:. ZMOB + Z BON = 90°. Ax. 4 

That is, a ViONG= 1902; 
. OM is 1 to ON, by § 27. Q.E.D. 


9. The bisectors of the two pairs of vertical angles formed by two 
intersecting lines are perpendicular to each other. 
Given the line MN bisecting the vertical 4 AOB and COD, and the 
line PQ bisecting the vertical 4 BOC and DOA. P B 
To prove that MN is 1 to PQ. M 
Proof. Now ZDOA=ZBOC. §60 C A 
eZ OO Ara. BOR: Ax.4 N 
ZAOM=ZMOB._ Given 


S 


. ZQOA + ZAOM=2Z MOB + Z BOP, ANA 
That is, ZQOM = 2Z MOP. 
.. &QOM and MOP are rt. 4. § 26 


:. MN is 1 to PQ, by § 27. Q. E.D, 
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10. Lf the bisectors of two adjacent angles are perpendicular to each 
other, the adjacent angles are supplementary. 

Given the adjacent 4 AOB and BOO, with OM and ON their bi- 
sectors respectively, and OM 1 to ON. 


N 
To prove that ZAOB+ Z BOC = 180°. x Cu 
Proof. ZMOB + Z BON = 90°. Given ¢ . Hi 
-. 2ZMOB+22Z BON = 180°. Ax. 3 
That is, ZAOB + Z BOC = 180°, by Ax. 9. Q.E.D. 


11. Tf an angle is bisected, and if a line is drawn through the vertex 
perpendicular to the bisector, this line forms equal angles with the sides 
of the given angle. 

Given the ZAOB, with OM its bisector and XY drawn through 
O 1 to OM. 


To prove that J, NEQWA\ = EIKO 
Proof. Since AQIS JO) OIE Given 
-. A YOM and MOX are rt. A. §27 x "A Yy 


« ZYOM=ZMOX. $56 


But ZAOM = Z MOB. Given 
es ZC — 4 AONE SS ZIWOXE — Z IWMOIE. Ax, 2 
That is, Me NEO yal, == ZZ IBOXE Q.E.D. 


12. The bisector of the vertical angle of an isosceles triangle bisects 
the base and is perpendicular to the base. 


Given the isosceles AA BC, with A C= BC, and CM bisecting the 7C. 


To prove that AM = MB, and that CM is | to AB. Cc 
Proof. In the AAMC and BMC, 
ALG 3 IMO) Given 
ZACM=ZMCB, Given 
and CM = CM. iden 4 jyaeas 
*. the AAMC and BMC are congruent. § 68 
eee ALVE == VB: § 67 
and ZOMA =2Z BMC. § 67 
.. ACMA and BMC are rt. A. § 26 
pas COMETS DE Tio) alJey, |One SS 7h, Q.E.D. 


13. The perpendicular bisector of the base of an isosceles triangle 
passes through the vertex and bisects the angle at the vertex. 

Given the isosceles A ABC, with AC = BC, and DE the L bi- 
sector of AB. 

To prove that DH passes through C and bisects 2 ACB. 
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Proof. AC= BC. Given E 
.. DE passes through C. § 150 
In the rt. AADC and BDC, 
Ale = BE, Given 
and CLD = Gin Iden. 
.. the rt.& ADC and BDC are congruent. § 89 ee Rd 
-. ZACD=Z DCB, by § 67. Q.E.D. 


14. If the perpendicular bisector of the base of a triangle passes through 
the vertex, the triangle is isosceles. 

Given the A ABC, with DE, the 1 bisector of AB, passing through 
the vertex C. (See Fig. in Ex. 13.) 


To prove that A ABC is isosceles. 
Proof. Since C lies in the L bisector DE, Given 
&, ALC S70, § 150 
.. A ABC is isosceles, by § 62. Q.E.D. 


15. Any point in the bisector of the vertical angle of an isosceles 
triangle is equidistant from the extremities of the base. 

Given the isosceles A ABC, with AC = BC, and P any point in 
the bisector CD of the vertical ZC. 


To prove that PAG eae i 
Proof. In the A ADC and BDC, 
: AC = BO. Given 
ZINC IDs AE IDX OTE Given EAS 
and CD = CD. Iden ice 
.. A ADC and BDC are congruent. § 68 
Sy ALD) == IDB, § 67 
and ZC DA ABDC: 
«. CDA and BDC are rt. 4. § 26 
That is, CD is the L bisector of the base AB. 
pie Ags D ab yas LOO: Q.E.D. 


16. If two isosceles triangles are on the same base, a line passing 
through their vertices is perpendicular to the base and bisects the base. 
Given the isosceles A ABC and ABP on the same base AB, and the 
line CD drawn through the vertices C and P. (See Fig. in Ex. 15.) 
To prove that CD is 1 to AB, and that AD = DB. 
Proof. Since C is equidistant from A and B, 
and P is equidistant from A and B. Given 
.. CD is the | bisector of AB. § 151 
That is, CD is 1 to AB, and AD = DB. Q.E.D 
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17. Two angles whose sides are perpendicular each to each are either 
equal or supplementary. 
Given the 4CAB and GFD, with DF 1 to AB 
and GFI 1 to AC. es 

To prove that 7 CAB is equal to ZGFD and is 
supplementary to Z DFT. 


Proof. Draw AK 1 to AB, 
and AH sto AC: 
Then AK is || to FD, 
and - AH is || to 7G. § 95 
Os PELCND) = A TEAS, § 123 
Now LEBATBISa XG. Z. Const. 
.. Z BAH is the complement of ZHAK. 
Again, ZCAH is art. Z. Const. 
.. Z BAH is the complement of Z CAB. 
B AQHUB SAE § 58 
a GHD = ZACeAB. Ax. 8 
Now ZDFT is the supplement of Z GFD. 


«. Z DFT is the supplement of Z CAB, by § 58. Q.E.D. 


Discussion. The angles are equal if their sides extend in the same 
direction from their vertices, and are supplementary if their sides 
extend in opposite directions from their vertices. 


Exercise 17. Page 80 
1. The mid-point of the hypotenuse of a right triangle is equidistant 
from the three vertices. 


Given M the mid-point of AC, the hypotenuse of the rt. A ABC. 
To prove that M is equidistant from A, B, and C. 


Proof. Draw MN 1 to AB and draw MB. Cc 

Since MN is || to CB, § 95 
and AM = CM, Given M, 

-. MN bisects AB. § 185 

In the rt. A ANM and BNM, A B 

AN = BN, 

and MN = MN. Ider. 

“. the rt. A ANM and BNM are congruent. § 69 

on Adi) BUM § 67 

But AM=CM. Given 


«, AM = BM = CM, by Ax. 8. Q. BE. De 
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2. If one acute angle of a right triangle is double the other, the hypote- 


nuse ts double the shorter side. (6) 
In the rt. AABC, given ZA=a, and 4 
£0 =2a. Me 
To prove that AC=2 BC. re 
Proof. Draw MN || to CB, bisecting AC. 4 N B 
Draw MB. Then MN bisects AB. § 135 
Inthert.AANMand BNM, AN= BN, . 
and MN = MN. Iden. 
«. the rt. A ANM and BNM are congruent. § 69 
Sod, § 67 
Now Ep ASLO, § 111 
But Aa . §74 
Ss Yh pA ORG VAP Ax. 9 
Ra LEP LOR OT 
OMY Le OKO § 76 
AMD Cre Ax. 8 
- AM+ BM =2 BC. 
That is, AO = 2B. Q.E.D. 


3. A median of a triangle is less than half the sum of the two adjacent 
sides. 


Given UM a median of the AABC. x 
To prove that CM<4(BC +4 CA). wee 
Proof. Produce CM to P, making MP equal to 4 {7/7 B 
OM, and draw AP. x ys 
In the AMBO and MAP, MB=MA, Given Vv 
CM=MP, Hyp. si 
and ZBMC=ZAMP. § 60 
.. the A MBC and MAP are congruent, § 68 
2 BOS AP, § 67 
Now CP<AP+CA. Post. 3 
. OP<BC+4+ CA. Ax. 9 
“ 20M< BC + CA. Ax. 9 


“. CM <4(BC + CA), by Ax. 4. Q.z.p. 


4. The line which bisects two sides of a triangle is 4 
parallel to the third side, 

Given the line DE drawn thréugh D and 2, the ? ea) 
mid-points of AB and AC, sides of the AABC. 

To prove that DE is || to BC. B C 


66 BOOK I. PLANE GEOMETRY 


Proof. Suppose a line drawn from C || to BA, and suppose DEH 


produced to meet it at G. A 
In the A CGE and ADE, 
LC = AE, Given 
ZCEG =ZAED, § 60 
and AG Ci ZA § 100 
.. the ACGE and ADE are congruent. § 72 a e 
ee OG = AD. § 67 
But BD = AD. Given 
eC Game D Ax. 8 
-. BOGDisal. § 130 
-. DE is || to BC, by § 118. Q.E.D. 


5. Two isosceles triangles are congruent if a side and an angle of the 
one are equal respectively to the corresponding side and angle of the other. 

Given the isosceles A ABC and A’B’C’, with a side and an angle 
of the one equal respectively to the corre- 


sponding side and angle of the other. i G 
To prove that the A ABC and A’B’C’ 
are congruent. 
Proof. Since an angle of the one is equal pee BR’ 


to the corresponding angle of the other, 
and in each triangle two A are equal, the three & of one triangle 
are equal respectively to the three A of the other. 

.. the A ABO and A’B’C’ are congruent, by §72. a.u.v. 


6. The bisector of an exterior angle of an isosceles triangle, formed by 
producing one of the equal sides through the vertex, is parallel to the base. 

Given the isosceles A ABC, with AB equal to AC and AE bisect- 
ing the exterior ZCAD, formed by producing BA through A. 

To prove that AE is || to BC. 


Proof. ZCAD=ZCBA +ZACB. §111 
But ZCAD =2ZEAD, Given 4 fe 
and ZCBA =ZACB. § 74 
 2ZEAD =2Z0BA. Ax.9 : 
» LEAD =ZOBA. Ax. 4 
-. AE is ll to BO, by § 108. QE. D. 


7. If one of the equal sides of an isosceles triangle is produced through 
the vertex by its own length, the line joining the end of the side produced 
to the nearer end of tie base is perpendicular to the base. 
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Given the isosceles A ABC, with AC equal to BC, AC produced 
through C by its own length to D, and DB drawn. 


To prove that DB is 1 to AB. 
Proof. Now 240! = (OND). Given C 
and AC = BC, Given 
5 CUD IBC. Ax. 8 A B 
5 ZIDIEXO! SZ OUDIEX § 74 
Also ZCOBA = ZBAC. §74 
-. ZDBC + ZCBA =ZCDB+4 ZBAC. Ax.1 
That is, ZDBA =ZCDB+ZBAC. 
But ZDBA + ZCDB4 ZBAC=21t. A. § 107 
LDBA + ZDBA =2 rt. &. Woe, (8) 
£5 ZIDIGVA = 1 tin A, Ax. 4 
.. DB is 1 to AB, by § 27. Q. B.D. 


8. If the equal sides of an isosceles triangle are produced through the 
vertex so that the external segments are equal, the extremities of these 
segments are equidistant from the extremities of the base respectively. 


Given the isosceles A ABC, with AC equal to BC. Given AC pro- 
duced to D and BO produced to £ so that CD = CE. 


To prove that AEH = BD. se 
Proof. In the AACE and BCD, 
VA Oe BO), Given 
ZHCA=ZBCD, § 60 
and CE = CD. Given 
.. the AACE and BCD are congruent. § 68 
oy AAIB — 18310), Oe SOS Q.E.D. A B 


9. If the line drawn from the vertex of a triangle to the mid-point of 
the base is equal to half the base, the angle at the vertex is a right angle. 


Given the A ABC, with CM drawn to M, the mid-point of the base 


AB, and equal to4+ AB. a6 
To prove that Zo sa\ ONG Wii, PZ 
Proof. Since OM = AM, Given WAN 
TES VL IM OWE § 74 o S 
Since CM = BM, Given us 
ZARB WAM GE: § 74 
« ZA+ZB=ZACM + ZMCB. Ax. 1 
That is, ZA+ZB=ZACB. 
ZA+2ZB+ZACB=2 rt. 4. § 107 
“ZACBZACB=2 rt. &. Ax. 9 


i PEA OTE SS aA Q.E.D. 
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10. If through any point in the bisector of an angle a line is drawn 
parallel to either side of the angle, the triangle thus formed is isosceles. 


Given the point P in the bisector OQ of the Z AOB, and MW a line 
drawn through P || to OA. 
To prove that A OPM is isosceles. 


Proof. ZAOP=ZPOB._ Given Q 
ZAOP=ZMPO.  §100 yee 

ALOR —AviEO: Ax. 8 
-. MP = MO. §76 0 a 

That is, the A OPM is isosceles. Q.5.D. 


11. Through any point C in the line AB an intersecting line is drawn, 
and from any two points in this line equidistant from C perpendiculars 
are drawn to AB or AB produced. Prove that these perpendiculars are 
equal. 


Given the line HK drawn through the point 0 
in the line 4’B, and HH and KD Js drawn to AB 
from two points in HK equidistant from C. 


To prove that AES KD: 
Proof. In the rt. HEC and KDC, 
CH= Che Given 
and LECH =ZDCK. § 60 
.. the rt.& HEC and KDC are congruent. § 91 
Ree =e) by S167. Q.E.D. 


12. The lines joining the mid-points of the sides of a triangle divide 
the triangle into four congruent triangles. 


Cc 
Given the lines DH, EF, and FD joining the mid- 
points of the AABC. IX 


E 
To prove that the A ADF, FED, DBE, and FEC are 
congruent. ae 
Proof. In the A ADF and FED, 
DF = DF, Iden. 
AD= FE, 
and AF=DE. § 136 
». the A ADF and FED are congruent. § 80 


Similarly A FED is congruent to A DBE and FEC. 
.. MADF, FED, DBE, and FEC are congruent. Q.x.p. 
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Exercise 18. Page 83 


1. Given ABC and ABD, two triangles on the same base AB, and on 
the same side of it, the vertex of each triangle being outside the other tri- 
angle. Prove that if AC equals AD, then BC cannot equal BD. 


Given the A ABC and ABD, the vertex of each A be- 


ing outside the other A, and given AC = AD. Cc 
To prove that BC cannot equal BD. 
Proof. Assume that BO = BD. 3 
Then in the A ABC and ABD, - 
Ale Al De Iden. 
ING) ss ANID), Given 
and BC = BD. Hyp. 
.. the A ABC and ABD are congruent. § 80 


That is, AC and AD coincide, and C and D coincide. 
But this is contrary to the given fact that the vertex of each A 
lies outside the other A. 
«. BC cannot equal BD. Q.E. D. 


2. On the sides of the angle XOY two equa? segments, OA and OB, are 
taken. On AB a triangle APB is constructed, with AP greater than BP. 
Prove that OP cannot bisect the angle XOY. 


Given the ZXOY, with OA —OB, and AP> BP. BY 
To prove that Z XOP cannot equal Z POY. a 
Proof. Suppose that OP is the bisector of the ul 


4 XLOVE, 


Then AIO ay AONG: § 24 
In the AOAP and OBP, OA = OB, . Given 
OR= OR, Iden. 
and LOPE AION E Hyp. 
.. the AOAP and OBP are congruent. § 68 
i, VAP es EVE § 67 
But this is contrary to the given fact that AP > BP. 
.. ZXOP cannot equal Z POY. Q.E.D. 
3. From M, the mid-point of the line AB, MC 
is drawn oblique to AB. Prove that CA cannot C 
equal CB. 
Given M, the mid-point of the line AB, and 
MC drawn oblique to AB. A M B 


To prove that CA cannot equal CB. 


70 BOOK I. PLANE GEOMETRY 


Proof. Suppose that CA = CB. Cc 


MA = MB. Given 
~. MC is 1 to AB. § 151 
But this is contrary to the given fact that 4 


M B 
MC is oblique to AB. 
.. CA cannot equal CB. Q.E.D. 


4. If perpendiculars are drawn to the sides of an acute angle from a 
point within the angle, they cannot inclose a right angle or an acute angle. 
Given the acute Z XYOY, and PM and PWN Js drawn from P, a 
point within the 7 XOY, to the sides OX and 


‘ N Ya 
OY respectively. 
To prove that ZNPM cannot be right or 0 We 
acute. 
M x 
Proof. Suppose that ZNPM =1 rt. Z. 
Then Z20+4+2M+4+2Z2P4+2N=4 rt. 4, § 144 
But aie Neate Ze, Given 
and Via} am Aaa pe Hyp. 
es SHA) el TH A 
Again, suppose that 7 NPM is an acute Z. 
Then 204+ 2M+4+2ZP4+2ZN=41t.4. § 144 
But ZEN GING = Nai, ZZ Given 
and aN Ze Hyp. 


.. ZO is an obtuse angle. 
But both these conclusions are contrary to the given fact that 
ZXOY is an acute Z. 
.. ZNPM cannot be right or acute. Q.E.D. 


5. One of the equal angles of an isosceles triangle is five ninths of a 
right angle. Prove that the angle at the vertex cannot be a right angle. 


Given the isosceles A ABC, with AC = BO, and 6) 
Le Agee Le 
To prove that ZC cannot be a rt. Z. 
Proof. Assume JAG Nl ae Ze 4 B 
Now AIS LIK, § 74 
fy Adi tiny Ax. 8 
Now ZA+2ZB420=21rt.4. § 107 
Then 3 rt.2+4 $rt.2+4+1rt.Z = 2 rt. A, Ax. 9 
or 2irt.4=21rt.A. 
But this conclusion is contrary to the fact that the sum of the angles 
of a triangle is equal to 2 rt. A. § 107 


-. ZC cannot be art. Z. Q.E.D. 
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Exercise 19. Page 85 


1. If the sides AB and AD of a quadrilateral ABCD are equal, and 
if the diagonal AC bisects the angle at A, then BC is equal to DO. 


Given the quadrilateral A BCD, with AB= AD, D 
and AC bisecting the Z BAD. e 
To prove that ING = JNK 
Proof. In the A ABC and ADC, 
AB=AD, Given 
AC=AC, Iden. 4 i 
and ZAG k=O LAUD); Given 
-. A ABC and ADC are congruent. § 68 
32 Or DO, bye 8 Gre Q.E.D. 


2. A line is drawn terminated by two parallel lines. Through its mid- 
point any line is drawn terminated by the parallels. Prove that the 
second line is bisected by the first. 

K Has 


Given the line HF terminated by the parallel 4 
lines AB and CD, and through O, the mid-point QO 
of EF, the line KL terminated by the parallels. | D 


To prove that OL — OKG F L 
Proof. In the A FLO and EKO, 
OF = OF, Given 
ZLFO=ZKEO, § 100 
and J IKON, == VAI HOVER: § 60 
.. the A FLO and #KO are congruent. § 72 
# Ol SOG, love SO Q.E.D. 
3. In a parallelogram ABCD the line BQ bisects AD, and DP bisects 
BC. Prove that BQ and DP trisect AC. D C 
Given the quadrilateral ABOD, with BQ bi- 
secting AD and DP bisecting BC. Q /P 
To prove that BQ and DP trisect AC. 
Proof. In the quadrilateral QBPD, ca ad 
BP is || to QD. § 118 
Also since ALD — Bb Op § 125 
OD = BE. Ax. 4 
7. OBPD isa &, 
and DP is || to QB. § 130 
In the A AND, AM = MN. § 135 
In the A BCM, MN=WNC. § 138 


-. AM = MN = NO, by Ax. 8. Q.E.D. 
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4. On the base AB of a triangle ABC any point P is taken. The lines 
AP, PB, BC, and CA are bisected by W, X, Y, and Z respectively. 
Prove that XY is equal to WZ. 


Given the point P in the base AB of the 


A ABO, and W, X, Y, and Z the mid-points of Zz 
AP, PB, BC, and CA respectively. 
To prove that XY =WZ. A Wi a XG 
Proof. Draw CP. 
Then since P= XB, and CY =YB, Given 
». X¥ =}4P. § 136 
Since PW=WA, and CZ=ZA, Given 
-. WZ=4CP. § 136 
Ae, Dy Ax Ss Q. E. D. 


5. Inan isosceles triangle the medians drawn to the equal sides are equal. 
Given the isosceles A A BC having the equal sides AC 


and BC, with the medians AP and BQ drawn. Cc 
To prove that APB C): 
Proof. Since PVG} 1340}, Given Y 6 
05 ACHE AN A 13 NOL, § 74 
IntheAABPand BAQ, ZPBA=ZBAQ, A B 
AB= AB, Iden. 
and V3 en AL Ax. 4 
.. the A ABP and BAQ are congruent. § 68 
Fe as T8XON ony WS (lle Q.E.D. 


6. In the square ABCD, CD is bisected by Q, and P and R are taken 
on AB so that AP equals BR. Prove that PQ = RQ. 


Given the square ABCD, with DQ=QO, and AP=BR 


To prove that POE KO! D C 
Proof. Draw PD and RC. 
In thert.APADand RBC, AP=BR, Given 
and AD = BC. § 65 
.. the rt. A PAD and RBC are congruent. § 90 4 op ee 
did ON eH OF, 
and Ye JNO Dee AATEC 8 § 67 
Eee O == AOR. § 58 
In the APDQ and RCQ, PD=RC, 
and ZLEDO=YZAOCR, Proved 
DO= OC. Given 
.. the APDQ and RCQ are congruent. § 68 


-, PQ= RQ, by § 67. Q.E.D 
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%. In this figure AC = BC, and AP= BQ:= CR=CS. Prove that 
OR = Ps. C 


Given AC = BC, and AP=BQ=CR=CS. SYNE 
To prove that QR= PS. 


Proof. Now AC = BC, LEW Q B 
and CS= COR. Given 
.. AC—CS= BC—CR. Ax. 2 
That is, A'S = br: 
In the A APS and BQR, 
AS= BR, Proved 
PAP =" BO: Given 
and Au 29S § 74 
.. the A APS and BQR are congruent. § 68 
fa QI IAS Vine S Ore Q.E.D. 


8. From the vertex and the mid-points of the equal sides of an isosceles 
triangle lines are drawn perpendicular to the base. Prove that they divide 
the base into four equal parts. 

Given the isosceles A ABC, with M and N the 
mid-points of the equal sides AC and BC, and ME, 

CF, and NL drawn 1 to AB. M, N 

To prove that AH=HF=FL=LB. 


Proof. In the rt. 4 AFC and BFC, 


PAW == BC, Given ar ee ae Te 
and HO = EC. Iden. 
.. the rt. A AFC and BFC are congruent, § 89 
pee AU nS: B § 67 
Now ME is || to CF, § 95 
and AM=MC. Given 
Sey al IB) re IONE § 135 
In like manner, J MD == Iba 
Since A Bh, ; 
ro Ai eH l= 1B, Dy Ax. 4: Q. E.D. 


9. In the quadrilateral ABCD it is known that AB is parallel to DC, 
and that angle C equals angle D. On CD two points are taken such that 
CP = DQ. Prove that AP = BQ. D_@ iO 


Given the quadrilateral ABCD, with AB || to 
DEOTZAC= AD, andig P= DO: 


To prove that Alpi) 3.()) Welk B 
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Proof. Draw DK || to CB. 
Then Die = CB, § 127 
and DKA G Va § 102 
Since LD ZAG, Given 
and 4A and B are supplementary to AD 
and C, § 104 
Sy Aah Ss ABI} § 58 
 AIDIECM, zee Al, Ax, 8 
DAG DIKE § 76 
=, LOVEE = (ONES. Ax. 8 
Since CR — DQ; Given 
-- DC — CP = DC — DQ, Ax. 2 
or IDR = OKO), 
In the AAPDand BQC, DP = CQ, Proved 
ARs Cbs Proved 
and ES = LAO Given 
*, the A APD and BQC are congruent. § 68 
5 AU = JEXO) lone S Gitte Q.E.D. 
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1. In this figure it is given that AC = BC, and that BQ and AR bisect 
the angles YBC and CAX respectively. Prove that A APB is isosceles. 

Given AC = BC, and BQ and AR bisecting the 4 YBC and CAX 
respectively. 


To prove that A ABP is isosceles. c 
Proof. Since NG! ==> IEXO}, Given eB 
- ZBAC=ZCBA. §T74 Q 
ZCAX=ZYBC. §58 y. Y 
. YLOAX = YLYBO, Ne Es = 
a PANG ZA NOBO, W5 9) 
But ZAG e/a ACXe, 
and ZABP=ZYBQ. §60 P 
%, PAN esa} Hallo Ax. 8 
PAR PB. 
and the A A BP is isosceles, by § 76. Q.E.D. 


2. If through the vertices of an isosceles triangle lines are drawn par- 
allel to the opposite sides, they form an isosceles triangle. 

Given the isosceles A.A BC, with AC = BC, and given A’BC’ || to 
CA, A’CB’ || to BA, and B’AC’ || to CB. 

To prove that A A’B’C’ is isosceles. 
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Proof. The quadrilaterals ABCB’ and Bp’ G A 
ABA’O are &. § 118 } 
In the G/ABCB’ and ABA’C, 
BO AG, Given 
PstJ93 = Ailey Iden. 
and ZOBA =ZBAC. § 74 & B 
-. the 3/ ABCB’and ABA’C are congruent. § 132 
w ZA’ = ZB’. § 67 
fe CHP SGA, § 76 
or the A A’B’C’ is isosceles, by § 62. Q. B.D, C’ 


3. If the vertical angles of two isosceles triangles coincide, the buses 
either coincide or are parallel. 

Given the isosceles A ABC with AC = BC, the isosceles A A’B’C 
with A’C = B’C, and the vertical 4 C coinciding. 


To prove that AB and A’B’ coincide or are parallel. K 
Proof. In the A ABC and A’B’C, 
AC= BC, Ay B° 
and AKC =—BKO)s Given is - 
If AGO eA 
then PAG — DCs Ax. 8 
.. A’B’ coincides with AB. 
If A’C is not equal to AC, in the A ABC and A’B’C, 
EO == 4G Iden. 
Sy Ea IE IBY ms LIAS IZ Jey, § 58 
Since LIS ee LIBS VG Zl ses 2 1B § 74 
5, BVA I OIL Ax. 9 
95 GAIA is VEAL Ax. 4 
~. A’B’ is || to AB, by § 103 Q.E.D. 


4. In which direction must the side of a triangle be produced so as to 
intersect the bisector of the opposite exterior angle ? 

Given the AABC, with BN bisecting the exterior 2 MBC. 

To find in which direction AC must be produced to intersect RN. 


Solution. Case 1. When ZA<ZC. 


ZA4+LZA<L2A4Z0, Ax. 6 f 
or LA <i(ZA- ZC). Ax. 4 N 
Now ZMBC=ZA4ZC. § 111 
“ ZMBN =4(ZA+4+Z0). Ax. 4 i; Mu 
Then ZA<ZMBN. Ax. 9 


+, AC will intersect BN above AB. QE. 
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Casrz 2. When YIN ea VEN Oe C 
Now ZMBC=Z4A+ ZC. § 111 
“* Z2MBO=2 ZA. Ax. 9 N 
. ZMBN=ZA. Ax. 4 
«. AC is || to BN. § 103 A B M 
«. AC will not intersect BN. Q.E.F, 
CasE 3. When INSEAD 
ZA yA AL Z, Oy Ax. 6 
or ZA>}(ZA+Z0). Ax. 4 
Now MTS Geet ye § 111 
- ZMBN=}(Z4A4Z0). Ax. 4 
Then ZA>ZMBN. Ax. 9 
.. CA will intersect VNB below AB. Q.E.F. 


5. The bisectors of the equal angles of an isosceles triangle form, 
together with the base, an isosceles triangle. 

Given the isosceles A A BC, with AC = BC, and AD and BD bisect- 
ing the A BAC and CBA respectively. 


To prove that A ABD is isosceles. Cc 
Proof. ZABAC]—ZCBA, § 74 
Also ZBAD=342ZBAC, 
and ZDBA =}42ZCBA. Given 
Ze ALD =a) BeAr. IER i ‘B 
Be Deen): 
and A ABD is isosceles, by § 76. Q.E.D. 


6. The bisectors of the base angles of an equilateral triangle form an 
angle equal to the exterior angle at the vertex of the triangle. 

Given the equilateral A ABC, with AD and BD bisecting the base 
4 BAC and CBA, 

To prove that ZADB=Z BCE. 


Proof. ZADB+ZBAD+ZDBA =2 rt. A. § 107 
But LD BA ZB: Given 
and Li BAD) = he /aAe Given 
- ZDBA+4+ZBAD=3(ZB+4 ZA) Ax. 1 
=4(¢ rt.Z 4+ } rt.Z) Ax. 9 E 
aT 6 
ADB +> 2 tty Aye rts, Ax. 9 
02 ADD = ata 
Also ZBCE=ZA+ZB 
=o rteZiie tie 5 
=e Tt, 4: t : 


« ZADB= Z BCE, by Ax.8 @.5.D 
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7. If the bisector of an exterior angle of a triangle is parallel to the 
opposite side, the triangle is isosceles. 

Given the A ABC, with AZ bisecting the exterior ZC-AD and || ta 
BO. 

To prove that A ABC is isosceles. 


Proof. Hled Dids\ 1 Dr WL, Tap § 102 
and ZCAE=ZC. S100n ae es 
But ZHAD=ZCAE. Given 
ee ADV), Ax. 8 Z ie 
5 AG) Wey 
and A ABC is isosceles, by § 76. Q.E.D. 


8. A line drawn parallel to the base of an isosceles triangle makes 
equal angles with the sides or the sides produced. 

Given the isosceles AABOC, with AC = BC, and DE drawn || te 
the base. 

To prove that ZEDC=ZCED. 

Proof. Case 1. When DE cuts the sides. 


Now (LAN) One 
and Za OSD t7a Bs § 102 
But ZA=ZB. § 74 
AED er= AC HD by, AX. 8s) Q.HoD: 
Case 2. Wher DE cuts the sides produced. 
Now JE DBDX OPES ILI 
and ACED=ZB, § 100 
But Li Se\ = ZA Jf § 74 


eZ DOr AOD. by; Axa 8 (Q.nD. 


9. A line drawn at right angles to AB, the base of an isosceles triangle 
ABC, cuts AC at P and BC produced at Q. Prove that PCQ is an 
isosceles triangle. 

Given the isosceles A ABC, with AC = BC, and the line QM to 
AB, cutting AC at P, and BC produced at Q. 

To prove that A PCQ is isosceles. 


Proof. In the rt. AA MP and BMQ, Cc 
Jl, Ja\ Ve J Ef § 74 
- ZAPM = ZMQB. § 108 P 
But LAPME=ZACPQ: § 60 
AO Oe AMO B- Ax. 8 
B. (OXQ) = (Oe? Des : 


and APCQ is isosceles, by § 76. Q.E.D. 
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10. In this figure, if AB = CD and ZA = ZO, then BD is parallel 
to AC. 


Given AB = CD, and ZA = ZC. B p 

To prove that BD is || to AC. 

Proof. Draw AD and BC. A (0} 

In the AACB and CAD, 
AB = CD, Given 
AIA, Iden. 
and Sal = JAG. Given 
.. the A ACB and CAD are congruent. § 68 
BeAr 9B Cp § 67 
In the A ADB and CBD, 
AD = BC, 3 Proved 
ALB — OD); Given 
and ED ==s13:1) Iden. 
.. the A ADB and CBD are congruent. § 80 
cea). § 67 
But ZA+2ZB4+2042D=47rt.4. § 144 
- ZA4+2B42ZA42ZB=4 rt. &. Ax. 9 
«. 2(2A + ZB)=4 rt. A. 

5 (EIN AS AL IB SO) hs VAS Ax. 4 
.. BD is || to AC, by § 105. Quke Ds 


Exercise 21. Page 87 


1. A perpendicular to the bisector of an angle forms with the sides an 
isosceles triangle. 

Given the line AZ, bisecting the 7X AY, and COB drawn | to AEF. 

To prove that A ABC is isosceles. 


Proof. In the rt. A AOB and AOC, 


FAK) = eAlO} Iden. oY 
ZAOB = AZCOA § 56 
and LBAQ=Z0AC: Given 4 OE 
.. the A AOB and AOC are congruent. § 72 xy 
Bs Aly ANG. § 67 x 
and A ABC is isosceles. Q.E.D. 


2. If two lines bisect each other at right angles, any point in either is 
equidistant from the extremities of the other. 
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Given CD | to AB at the point 0, OA = OB, e 
and OC = OD, and P any point in either line. 


To prove that PAT PB; < 
Proof. In the rt.& AOP and BOP, 
OA = OB, Given 4 Osim 
and On OR? Iden. 
+, the rt. & AOP and BOP are congruent. § 90 
oy 1A eS Ieles IO, SOUS @ysseny “ 


3. From B a perpendicular is drawn to the bisector of the angle A of 
the triangle ABC, meeting it at X, and meeting AC or AC produced 
at Y. Prove that BX = XY. 


Given the A ABC, with AF bisecting the 7A, and BY drawn 
1 to AF and meeting AF at X, and AC produced at Y. 
To prove that BCS AO 


Proof. In the A BAX and YAX, 


AX=AX, Iden. 
PLIES ZAC Given 
and 2AeXeD 17 NEXCA, § 56 


.. the A BAX and YAX are congruent. § 72 
Me AG = XGY A DY SiG ig) QakDoy 4 


4. If through any point equally distant from two parallel lines two 
lines are drawn cutting the parallels, they intercept equal segments on 
these parallels. 

Given the point O equally distant from the || lines AB and CD, and 
KL and MN two lines drawn through O and cutting the segments 
LM and KN on the parallels. N Pp K 


To prove that IM ='KN. ‘ ees < 


Proof. Through O draw PQ 1 to CD. O 
Then PQ is 1 to AB. go7 TaN 


In the A OQL and OPK, L- On u 2 

OG= 0B; Given 

LLOQ = ZiKOR, § 60 

and ZOD = 4 OAK § 56 

-, the A OQL and OPK are congruent. § 72 

£5, SQ ONG. § 67 

Similarly the A OQM and OPN are congruent, 
and QM = PN. 

- LQ+ QM= PK + PN Ax. 1: 


That is, LM=KN. Q.E.D. 
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5. If from the point where the bisector of an angle of a triangle meets 
the opposite side, parallels are drawn to the other two sides, and terminated 
by the sides, these parallels are equal. 


Given the A ABC, with the bisector of ZA meeting BC at D, and 
DE and DF drawn || to CA and BA respectively. 


To prove that DE = DF. ¢ 
Proof. The quadrilateral AH DF is a CJ. § 118 
«. ZEAD=ZFDA, § 100 £ D 
and ZDAF=ZADE. § 100 
ZEAD=ZDAF. Given 4 Tey 
-, ZADE = ZFDA. Ax. 8 
In the AAED and ADF, 
ALD) AU Given 
ZAD i Zn D A Proved 
and BUDS AUD Iden. 
.. A AED and ADF are congruent. § 72 
.. DE = DF, by § 67. Q.E.D 


6. The diagonals of a square are perpendicular to each other and 


bisect the angles of the square. c 


Given the square ABCD, with its diagonals AC and BD 
intersecting at O. ie 
To prove that AC is | to BD, and that the diagonals BORN 
bisect the angles of the square. “S S 


Proof. Since BA = BC, and DA =DC, § 65 
.. BD is the bisector of AC. § 151 
That is, BD and AC are 1 to each other. 
In the rt, 4 ABO and CBO, 
OB = OB, Iden. 
and AB= BC. § 65 
.. the rt. & ABO and CBO are congruent. § 89 
 AODAZ OBO: § 67 
Similarly 


Z0CB=2ZDOC0, ZODC=ZADO, and Z0AD=ZBAO. Q.z.D. 


7. If from the vertex of a square there are drawn line-segments to the 
mid-points of the two sides not adjacent to the vertex, these line-segments 
are equal. 

Given the square A BCD, and AM and AWN drawn to the mid-points 
of the sides BC and CD respectively. 

To prove that AM=AN. 
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Proof. Since EXC) (G70). SiGe Dae ENG. 
: ee dé TOM Ax. 4 
In the rt. A ABM and ADN, M 
JeNI8} = AWD) § 65 
and BM = DN. y) 2 
.. the rt. ABM and ADN are congruent. § 90 
pee PARV Dy aSiOres Q.E.v, 


8. If either diagonal of a parallelogram bisects one of the angles, the 
sides of the parallelogram are all equal. 


Given the (7 ABCD, and the diagonal AC bisecting the ZA. 
To provethat AB=BC=CD=DA. 


Proof. The A ABC and ADC are congruent. § 126 
5 AABN 6) VA OURIDS § 67 D C 
But ZL BACK =A 64D: Given 
a AC Bi BAG, Ax. 8 
Sp AUR = IHOr § 76 
Similarly CODD Ar 
But AB=CD. § 125 4 B 
5 HAVES 2 1X) (OID Ss IDVAL Vane NGG, toh Q.E.D 


9. On the sides of any triangle ABO equilateral triangles BPC, 
CQA, ARB are constructed. Prove that AP = BQ=CR. 


Given the equilateral A BPC, CQA, and ARB Q 
constructed on the sides of the AA BC. 
To prove that AP= BQ=CR. 


Proof. Each Z of an equilateral A is equal to C 
% rt. Z. § 145 
« ZPBA =ZCBA +$1t.Z, Ax.11 4 aad 
and ZCBR=ZCBA + }#1t.Z. 
os als Al ZO BI, Ax. 8 
In the AABP and RBC, R 
AB= BR, Given 
BO. Given 
and LAG CBE. Proved 
«. the AA BP and RBC are congruent. § 68 
2, ZUP = Clix § 67 
In like manner the A ACP and BCQ are congruent, 
and A= BQ; 


-. AP = BQ=CR, by Ax. 8. Q.E.D 
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Exercise 22. Page 88 


1. An exterior angle of an acute triangle or of a right triangle cannot 
be acute. 

Given the A ABO, with no angle greater than a rt.Z, and the 
exterior Z X BC. : C 

To prove that 7 XBC cannot be less than a 
rt. Z. 

Prof. ZA+ZC0+4+ZCBA=2rt.4. §107 

By JAIN AEA Gime PIN  — PAGaval, Je 


Also, (2A ZAC: Z OBC, § 111 & = xX 
- ZXBC=2rt.4—CBA. Ax.8 
But Z CBA is not greater than a rt. Z. Given 
.. ZXBC is not less than a rt. Z. Q.E.D. 
2. If the sum of two angles of a triangle equals the third angle, the 
triangle is a right triangle. C 
Given the AABC, with 2B + ZC =ZA. 
To prove that vipa Minding ZZ, 
Prof. Now 24 4+2B42Z0=21t. J, § 107 
and ZB4+20=ZA. Given 4 a 
Py BAS a ahs ZS Ax. 9 
pep ulate a Wy CAcK 4 Q.E.D. 


3. If the line joining any vertex of a triangle to the mid-point of the 
opposite side divides the triangle into two isosceles triangles, the original 
triangle is a right triangle. 

Given the A ABC, with the median CM dividing the A ABC into 
two isosceles A AMC and MBC that have CM= AM and CM = BM. 

To prove that ALIN OM dpe Ws Z 


Cc 
Proof. Inthe AAMC, ZA=ZACM, §74 
and in the A MBO, ZB=ZMCB. §74 tals 

 £44+ZB=ZACM+ZMOB. Ax.1 , . 

That is, ZA+2ZB=ZACB. = 
But ZA+42ZB4ZACB=2r1t. A. § 107 
$5 PAIN OMB} OT Se Ax. 9 
2 ZAGB =Art. Zsby Ax, 4; Q.E.D. 


4. If the vertical angles of two isosceles triangles are supplements one of 
the other, the base angles of the one are complements of those of the other. 

Given the isosceles A. ABC and A’B’C’, and AC and C’ supple 
mentary. 

To prove that LACE AAG arta 
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Proof. Now ZA AB ZC = 271t ZB, 
and Je INE Be EIN Me HEC! Ta, ZS § 107 
5 I SO INN IBS ZIBF I Oe LOM eat sili, ZS Ax.1 
But ZA =ZB, Cc 
and LA’ = ZB’, § 74 ce’ 
and 2C4+2C’=2 rt. 4. Given 
«= 2ZA422A’42rt. A 
=4rt.4. Ax.9 4 Bag A B 
3 Da AD =) Tae, AS. IOG 
ZA ab ZA eal Tin ZZ, ns Hoe, 24 Q.E.D. 


5. From the extremities of the base AB of a triangle A BC perpendic- 
ulars to the other two sides are drawn, meeting at P. Prove that the 


angle P is the supplement of the angle C. C. 
Given the A ABC,and AP 1 to AC and BP 1 to BC. 
To prove that PLS EO! rs 94 Ge ES, 
Prof. ZP+2ZC+ZPAC42ZCBP=4rt. 4. §148 
But ZAC =AC BP — rt) Ae (Givens B 
2 2P+Z20+ 1 rt Z+1rt.Z=47rt.4.- Ax. 9 ip 
Bt BIE GB AC rs FANE, ZS | ON J8\oeo I, Q.E.D. 


6. If two sides of a quadrilateral are parallel, and the other two sides are 
equal but not parallel, the sums of the two pairs of opposite angles are equal. 


Given the quadrilateral ABCD, with DC || to D C 
AB, AD = BC, and AD not || to BC. 
To prove that ALIN SS (LO = LIB} Sa EID), 
Proof. Draw DM and CN 1 to AB. AM N B 
Now DM is |lto CN. § 95 
Inthert. AAMDand BNC, AD=BC, Given 
and Di — CIN § 127 
«. the rt. AAMD and BNC are congruent. § 89 
pA) MZ NCB. § 67 
But ZMDC and ZDCN are rt. 4. § 97 
i LISS SESSION SE MG, 
and ZDCB=ZNCB +1 rt. Z. Ie, Wl 
fy ABIDE = ZION E% AKSS 
But EJs 3 VE I18. § 67 
« ZA+ZDCB=ZB4+ZADC. Acyl 


That is, ZA AG=Z2B + ZD, Q.E.D. 
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7. The bisectors of two consecutive angles of a parallelogram are per- 
pendicular to each other. p 

Given the (7 ABCD, with MA and ND 
bisecting the A.A and D respectively and 
intersecting at O. 


To prove that YEN KON Das N08 45 B 
Proof. ZBAD+ZADC=2rt.A, § 104 
« ¢ZBAD+42ZADC=1 tt.Z, Ax. 4 
or LOAD AA ADO Natta Ax.9 
But ZMOD=ZOAD+4+ZADO. § 111 
MOD Nav tary) pak o Q.E.D. 


8. The exterior angles at B and C of any triangle ABC are bisected 
by lines meeting at P. Prove that the angle at P together with half the 
angle A equals a right angle. 

Given BP and CZ bisecting the exterior 4 XBC and YCA of the 


A ABC and meeting at P. ¥ 
To prove that ZP4+4ZA=1rt.Z. Z C 
Proof. LACE = AAC BA ZID OC Pan VAKS IT ip 
But ZL BOR == av CLs § 60 
and LC AT AZO BAN. § iil 4 ae 
Since LN GO =e IA, NA OVE. Given 
-. ZBCP=}(ZA4+ZCBA). Ax. 8 
« ZACP=ZACB4+4(ZA+42ZCBA). Ax. 9 
In like manner, ZPBA=ZCBA+4+4(ZA+ZACB). 
«. ZACP4+ZPBA=ZA +4 3(ZACB+ Z CBA). 
Now 4A+2Z0BA4ZACB=21t. 4. § 107 


. ZO0BA4+ZACB=2rt.4—ZA. 
«. ZACP4+ZPBA=2ZA43rt.4— 324A. W363) 


That is, ZAOCP 4+ ZPBA=8 rt. 4—4ZA. 

ZP4+2ZA+4+ZACP+ZPBA=41rt.A4. § 144 

« ZP4+2A48rt.4—42ZA=41rt.Z. Ax. 9 
JE EO OD he il aL, Q.E.D. 


9. The opposite angles of the quadrilateral formed by the bisectors of 
the interior angles of any quadrilateral are supplemental. 

Given the quadrilateral A BCD and the quadrilateral NMLP formed 
by the bisectors of the A of ABCD. 

To prove that ZMNP+ZPLIM=2rt.4, 
and ZLMN+2ZNPL=21rt.4. 
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Proof. ZMNP=ZAND. § 60 
ZDNA=2rt.4—4(ZA4 ZD). § 107 
« ZMNP=21rt.4—4(ZA4ZD). Ax. 8 


In like manner, ZPLM=2rt.4—4(ZB+4 ZC). 
« ZMNP + ZPLM=4rt.4—-}(ZA4 2B D 


+ Z04+2D). Ax A eC 
But ZA4ZB4+Z04ZD=4 it. &. § 144 i, 
». ZMNP + ZPLM =2 tt. &. o 
In like manner, L7XN\\ 
ZLMN + ZNPL =21t.4. 


Q.E.D. A % B 

10. Show that Ex. 9 is true if the bisectors of the exterior angles are taken. 

Given the quadrilateral ABCD and the Gg 
quadrilateral HEFGH formed by the bisectors 
of the exterior A of ABCD. W- @ 

To prove that ZH 4 2G =2 rt. 4, H . 
and LB ZA i= Dirt. Be 

Proof. Now ZABE=}42ZYBC, ~ 
and ZCDG=42ZWDA. §60 XC Te 

In the AEAB, ZHE=2 rt. 8—4(ZXAB+ZYBOC), 


and in the AGDC, Z4G=2rt.4—}3(ZZCD+ZWDA). §107 
. ZH4+2G=4 rt. &4—4(ZXAB+ZYBC 


+ZZCD+ZWDA). cASorl 

But ZXAB+2ZYBC4+ ZZC0D+2ZWDA =4 rt. A. § 146 
. ZH4+27G=4rt.4—2rt.4=2 rt. A. AX. 9 

In like manner, ZF + ZH =2 rt. A. Q.E.D. 


Exercise 23. Page 89 


1. In the triangle ABC the angle A is bisected by a line meeting BC 
at D. Prove that BA is greater than BD, and CA greater than CD, 


Given the A A BC, with AD bisecting the Z A and meeting BC at D. 


To prove that BA> BD, and that CA>CD. C 
Proof. ZADB=ZDAC+ ZC. § 111 es 
That is, ZADB=42A42C. 
2A DBS Z BAD. iXwes lil yf) B 
VIVES Ss SBOP § 114 
Similarly CA>COD. Q.E.D. 


2. In the quadrilateral ABCD it is known that AD is the longest 
side and BC the shortest side. Prove that the angle B is greater than the 
angle D, and the angle C greater than the angle A. 
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Given the quadrilateral ABCD, with AD the longest side and BC 


the shortest. D 
To prove that ZB>ZD, and ZC >ZA4. 
Proof. Draw BD. C 
Since AD>AB, Given 
2 DBA Zaps, § 118 
Also, since DC> BG, Given os 
ee OUI SZ EOC! § 118 
«. ZDBA + ZCBD>ZADB+ZBDO, Ax.7 4 
Sey PAIS V2 ID). Ax. 11 
Similarly, by drawing AC, ZC>ZA. Q.E.D. 


3. A line is drawn from the vertex A of a square ABCD so as to cut 
CD and to meet BC produced in P. Prove that AP is greater than DB. 
Given the square A BCD, the diagonal BD, and the line AP drawn 
to meet BC produced in P. 


To prove that AP > DB. ” 
Proof. Draw AC. ey oy fo) 
In the rt. AABC and BAD, 
BC = AD, § 65 UN 
and AB=AB. Iden. a B 
.. the rt. A ABC and BAD are congruent. § 90 
-. AC = BD. § 67 
Now Lal C Au = CB AGt yb AC § 111 
pl Uy Ae yA 62 Ol, 
4, ZIPGA SZAUPOS § 109 
BYE SSAC) § 114 
But Als eB. D)) 
$e BUD S180), ony We\o-e, ), Q.E.D. 


4. If the angle between two adjacent sides of a parallelogram is in- 
creased, the length of the sides remaining unchanged, the diagonal from 
the vertex of this angle is diminished. 


Given the (7 ABCD, the diagonal, and the variable 4 A, B, C, D. 
To prove that if ZA is increased, AC is diminished. 
Proof. Now WIN Se LISD hig WSs § 104 
aD = 2 Th. — ZA. Ax. 2 
If ZA is increased, 2rt.4— ZA will be D al 
diminished ; that is, Z B will become smaller, 
but the sides BA and BC of the A ABC will Vere 
remain unchanged. a B 
«. AC will be diminished, by § 115. Q.E.D. 
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5. Within a triangle ABO a point P is taken such that CP = OB. 
Prove that AB is always greater than AP. 


Given the point P within the A ABC, and CP =CB. 


To prove that Ys15} Ss U2 
Proof. Draw CM bisecting the 7 PCB, and draw PM. 
In the A PMC and BMC, CP = CB, Given 
CM=CM, Iden. 
and ZEeOM ZA MOB: Const. 
.. the A PMC and BMC are congruent.  § 68 
-. MP = MB. § 67 g 
But AP<AM+4+MP. §112 
v AP<AM+MB. Ax.9 
That is, INP Al 18), A iW B 
or AB>AP. Q.E.D. 


6. In a quadrilateral ABCD it is known that AD equals BC and that 
the angle C is less than the angle D. Prove that the diagonal AC is 
greater than the diagonal BD. 


Given the quadrilateral ABCD, with AD = BC and ZC less than 


ZD, and the diagonals AC and BD. C 
To prove that AC > BD. 
Proof. In the AADC and BCD, D 
JID = IEC), Given 
DC=DC, Iden. 'B 
and. AASD) SSAC. Given 


el OOD abyaS vila. Q.E.D. A 


7. In the quadrilateral ABCD it is known that AD equals BC and 
that the angle D is greater than the angle C. Prove that the angle B is 
greater than the angle A. 

Given the quadrilateral ABCD, with AD=BC and ZD>ZC. 


To prove that JI) SE Jal C 
Proof. Draw the diagonals AC and BD. 
Inthe A ACD and BCD, AD = BO, Given ? 
IDO) = IDG, Iden. 
and LD Ae. Given B 
5 ISG Soles 0F, § 115 
In the AABC and ABD, BC = AD, Given A 
FN I33 = Jal by, Iden, 
and AC> BD. Proved 


5 EIB SS VAING ONES MING, Q.E.D. 
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8. Inthe triangle ABC the side A Bis greater than AC. On ABand AC 
respectively BP is taken equal to CQ. Prove that BQ is greater than CP. 


Given the A ABC, with AB> AC, and BP=CQq. 


To prove that BQ > CP. (i - 
Proof. Since AB>AC, Given 
S40 SZ B, § 113 
In the A BOQ and PBC, CQ = BP, Given 
CB= CB, Iden. A (Paes: 
and PEO} SPA ox 
se, 1G) Ss OI, lon 8 ales Q.E.D. 


9. The sum of the distances of any point from the three vertices of a 
triangle is greater than half the sum of the sides. 
Given the A ABC, and PA, PB, and PC lines drawn from a point 
P to the three vertices. C 
To prove that 
PA+PB+PC>}(AB+ BC+ CA). 


Prof. Now PA+PB>AB, 


PB+PC>BC, A B 
and PC +PA>CA. § 112 
« 2PA42PB4+2PC>AB+4+ BC+ CA. Xa 


». PA+PB+PC>}(AB+ BC + CA), by Ax.6. a... 


Exercise 24. Page 90 


1. The line joining the mid-points of the nonparallel sides of a trape- 
zoid passes through the mid-points of the two diagonals. 

Given the trapezoid ABCD, AB and DC the || sides, AC and BD 
the diagonals, and #F joining the mid-points of AD and BC. 


To prove that HF bisects AC and BD, D C 
Proof. Let G be the mid-point of AC and H of BD. 
Then EF is \\to AB and DC. § 1387 £ F 
But E is the mid-point of AD. Given 

.. EF passes through H. §1385 A ames 
Similarly EF passes through G. 

.. EF bisects AC and BD. Q.E.D. 


2. The lines joining the mid-points of the consecutive sides of any quad- 
rilateral form a parallelogram. 

Given the quadrilateral A BCD, and the quadrilateral PQRS formed 
by joining the mid-points of the consecutive sides. 

To prove that PQRS isa 7. 
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Proof. Draw AC. R C 
PQ and SR are || to AC, SsGaey so 
and PQ=SR=44AC. § 186 siaae Q 
». PQ is ll to SR. § 96 eye 
». PQRS isa G, by §180. ann 4 p B 


3. If the diagonals of a trapezoid are equal, the trapezoid is isosceles. 
Given the trapezoid ABCD, with AB and CD the |l sides, and with 
equal diagonals AD and BC. 


C D 
To prove that AC=BD. 
Proof. Draw CE and DF 1 to AB. 
Then CEisiitoDF. §95 aN 
.. CE = DF. § 127 
In the rt. AAFD and BEO, DF = CE, O55 at eae 
and ADI =iB OC, Given 
.. the rt. A AFD and BEC are congruent. § 89 
« ZFAD = ZCBA. § 67 
In the AABC and BAD, AB=AB, Iden. 
JEXC! 3 214). Given 
and PEON DVN es ANNI DY, Proved 
«. the A ABC and BAD are congruent. § 68 
AG SID yp See Q.E.D. 


4. If from the diagonal DB of a square ABCD, BE is cut off equal 
lo BC, and EF is drawn perpendicular to BD, meeting DC at F, then 
DE is equal to EF and also to FC. 

Given thesquare A BCD, the diagonal DB, BE= BC, and EF 1 to BD. 


To prove that DE =EF= FC. i ee 
Proof. ZBDO = ZOBD. Fs PZ, 
Since ZBDC-+ ZOBD = 1 rt. Z 
525 VAIS U OXON IO utes 
~. ZBDCO + ZFED =4 rt. Z+11rt.Z 4 B 
= $ rt. a AX. 1 
Dh awetty Ae — Ss Tt. Ai att. A. S01 OT 
> AIDING} =i 7A 1 ONO Ax. 8 
.. A DEF is isosceles and DE = EF. § 76 
Draw BF. 
In the rt. ABEF and BCF, BF = BF, Iden. 
and BEB. ; Given 
.. the rt. ABEF and BCF are congruent. § 89 
ey LES IKG § 67 


a Di == i AO pye Ax. 8: Q.E.D 
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5. If the opposite sides of a hexagon are equal and parallel, the diag: 
onals that join opposite vertices meet in a point. 

Given the hexagon ABCDEF, with AB equal and parallel to £D, 
BC equal and parallel to FZ, and CD equal and parallel to 4 F. 

To prove that AD, BE, and CF meet in a point. F E 


Proof. Draw AE, BF, BD, and CE. Bo 
Since FZ is equal and parallel to BC, Given 4 D 
. the quadrilateral BCEF isa. § 130 VD 
Let O be the point of bisection of the diagonals 
OF and BE of the DJ BCEF. ee 
Then OE = OB. § 131 
Similarly ABDE is a J, and its diagonals AD and BE bisect 
each other. 
It has been proved that O is the mid-point of BE. 


.. AD passes through the point O. 
That is, AD, BE, and CF meet in a point. Q.E.D. 


6. If perpendiculars are drawn from the four vertices of a parallelo- 
gram to any line outside the parallelogram, the sum of the perpen- 
diculars from one pair of opposite vertices equals the sum of those 
from the other pair. 

Given z, y, x, w, all Js to the line, each drawn from the vertex of the L/. 


To prove that ety=w+z. 
Proof. Draw the diagonals of the (7, and from their Z 
point of intersection draw k 1 to the given line. geal 
These diagonals bisect each other. § 131 
Now z is || to y, and y is Il to k. § 95 aw 
The nonparallel sides of the trapezoid of which x eet 
and y are the bases are bisected by k. § 134 
os k=4(et+y). § 137 
Similarly k=43(w+2). 
- $(@+y)=4(wt 2). Ax. 8 
~e@+ty=wt+z, by Ax.3. Q.E.D. 


Exercise 25. Page 91 


1. The sum of the four sides of any quadrilateral (of 
is greater than the sum of the diagonals. D 

Given the quadrilateral A BCD and the diagonals 
AC and BD. 

To prove that AB+ BC4CD+4+ DA>AC+ BD. 4 B 
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Proof. BC + CD>BD, DA + AB>BD, 
DA+CD>AC, and AB+ BOS>AC. § 112 
. AB+ BC 4+CD+4+DA>AC+ BD, by Ax. 7. Q.E.D. 


2. The lines joining the mid-points of the sides of a square, taken in 
order, form a square. 
Given the square ABCD, with FG, GH, HK, KF ue 
lines joining the mid-points of the sides. Ko 
To prove that FGHK is a square. 
Proof. Now Ass} = KG = COLD = IDA 
05 AI es ST 33 cs, IOC ee CMG es (CEL = JUD 
== 7D) Ke KA AKA: 
Again, Lei CA Jip (OP — 210) § 65 
In the rt. AF BG, GCH, HDK, and KAF, 
TPS ea EXO) 2 JED) ee KCAL. 
and BG Oe DD) Kes ACHE 
-. the rt. AFBG, GCH, HDK, and KAF are congruent. § 90 
peel, —a Gil LN KG =n KOH, 
In the A AEE, since ZMAK = 1 rt 


a 2 KOA ZA KORN rt, § 107 
Since TKCAG— AGH 
a, PESE IIA = ZAI, § 74 
eae hA A OH th Ze 
Similarly ZBNG =A NG B= tit. Z. 
Now ZK FA+2ZGFK+2ZBFG= 2 rt. 4. . $43 
~$rt.Z+2Z2GFK +t rt. Z=21rt. A. Ax. 9 
Pa CAGHINE = ik A 
Similarly LIEW EME eZ TEIEUCE es ZINE a pes 
». FGHK is a square, by § 65, Q.E.D. 
3. In a quadrilateral the angle between the bisectors of two consecutive 
angles is one half the sum of the other two angles. D 
Given the quadrilateral A BCD, with AE bisecting C 
the ZBAD and DE bisecting the ZADC. 
To prove that ZDEA =}(ZB4+ ZC). 
Proof. ZDEA+4(ZA+ZD)= 2 rt. A. § 107 
 ZDEA =2rt.4—}(ZA+4ZD). 4 B 
LA+2ZD4+2Z2B420=4 rt. 4. § 144 
. ZA+ZD=4rt.4—(ZB+4+Z0). Ax. 2 
-. $(Z4 4+ 2D) =2rt. 4—4(ZB4 20). Ax. 4 


-. ZDEA =2rt.4—2rt.A+4(ZB+ZC). Ax.9 
- ZDEA=}(ZB + ZC). Q.E.D. 
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4. If the opposite sides of a hexagon are equal, does it follow that they 
are parallel? Give reasons for your answer. 
Given the hexagon A BCDEF, with AB=ED, E, 
BC HEA OD ie Ack. 
It does not follow that the opposite sides are 
parallel. IE 6 
If either two, three, or four consecutive, or 
two opposite vertices are fixed in position, the 
remaining ones may be shifted so that no two aA B 
opposite sides need be parallel. 


5. Ina triangle A BC the side BC is bisected at P and AB is bisected 
at Q. AP is produced to R so that AP = PR, and CQ is produced to S 
so that CQ = QS. Prove that 8S, B, and R are in a straight line. 

Given the A ABC, with BC bisected at P and AB at Q, with AP 
produced to R so that AP = PR, and with CQ Oo 
produced to S so that CQ = QS. 

To prove that RBS is a straight line. 

Proof. In the A APC and RPB, 


PAC Ph. Given 
iG Sele Given 
and Me CPA= ZBPR. § 60 
-. A APC and RPB are congruent. § 68 Ss 
iy HATE Opa VAI Ey oy § 67 
.. BR is |l to AC. § 100 
Similarly the AAQC and SQB are congruent, 
and SB is || to AC. 
.. RBS is a straight line, by § 94. Q.E.D. 


6. If the diagonals of a parallelogram are equal, all of the angles of 
the parallelogram are equal. 


Given the (7 ABCD, with AC = BD, D 


C 
To prove that LA=LB=ZC0=ZD. ae 
Proof. In the A ABD and ABO, 
AD = BC, § 125 
BD=AC, Given 4 m 
and A B= AB: Iden. 
.. the A ABD and ABC are congruent. § 80 
oo eA ZB § 67 
Similarly LA 7a) 
and ZB=AC, 


ay ZA =e Biz AC Za Aye Ax Si Q.E.D, 
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7. In the triangle ABC, ZA = 60° and ZB>ZOC. Which is the 
longest and which is the shortest side of the triangle? Prove it. 


Given the A ABC, with ZA = 60° and ZB>ZC. 


To prove that AC>BC>AB. C 
Prof. 2Z4+Z2B4+2Z20C =21t.A. § 107 / 
But Zen AO) emo tbe. ee OLVeN! 
. €Tt.Z2Z+2ZB+420=2 rt. a. Ax. 9 

ee ZZ Cl Art As Ax. 2 5 B 

But LIB SVEAC Given 
.. ZC must be less than 2 rt. Z. 
Ke POSEN 
AO BCS AB. by § 114. Q.E.D. 


8. How many sides has a polygon each of whose interior angles is 
equal to 175°? 


Solution. 175° = 157 rt. Z = $3 rt. Z. 
a2 ee) rh ole tba Z § 145 
n 18 
_ 2(0= 2) _ 85 
ki n m8 
~. 86n — 72 = 35n. 
hs = 1 


Hence the polygon has 72 sides. 


9. Given the quadrilateral ABCD, with AB equal to AD, and BC 
equal to CD. Prove that the diagonal AC bisects the angle DCB and is 
perpendicular to the diagonal BD. 

Given the quadrilateral ABCD, with AB=AD and BC =CD, 
and with the diagonals 40 and BD intersecting at O. 

To prove that PaO =e) OA 


and that AC is 1 to BD. 7 C 
Proof. In the A ABC and ADC, 
AUIS = AID). 
Ci OD y Given i 
and ANC RTA Ors Iden. 
.. A ABC and ADC are congruent. §80 4 B 
eA OC BaD GA. § 67 
In the A DOC and BOC, CD=BC, Given 
CO=CO; Iden. 
and JL IDO s\ 3 YL IM ON 8 
.. the ADOC and BOC are congruent. § 80 
2, AGO SAIS. § 67 


« AC is L to BD, by §§ 26, 27. Q.E.D, 
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10. In how many ways can two congruent triangles be put together to 
form a parallelogram? Draw the diagrams. 

There are three ways in which two congruent triangles can be put 


together to form a parallelogram. 
The diagrams to illustrate are shown below. 


Pp 


11. The sides of a polygon of an odd number of sides are produced to 
meet, thus forming a star-shaped figure. What is the sum of the angles 
at the points of the star ? 

Given the polygon A BC.--, having an odd number, n, of sides, and 
A XAB, YBC,---, formed by producing the sides. 

Required to find the sum of the angles at the points of the star. 


Solution. Since the polygon has n sides, there are n triangles formed 
by producing the sides of the polygon. 


The sum of the angles of these n A= n- 2 rt. A. § 107 

But the sum of the base angles of these nA = 8 rt. 4. § 146 

.. the sum of the angles at the points of the star 
=n-2rt.4—8rt.A Ax. 2 


= (n— 4)2rt. 4. 
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Exercise 27. Page 102 


1. A radius that bisects an arc bisects its subtending chord and is 
perpendicular to it. 

Given the radius OO, bisecting the arc AB at C and 
intersecting the chord AB at D. D 

To prove that AD = DB and that OCisito AB. 4\_| /? 


Proof. Draw the radii OA and OB. Cc 
In the A ADO and BDO, OA = OB, § 162 
OD OD; Iden. 
and AO Dia) OBS § 167 
-. the AADO and BDO are congruent. § 68 
Sey ALD TOY, § 67 
and OC is 1 to AB, by $ 176. Q.E.D. 


2. Ona circle the point P is equidistant from two radii OA and OB. 
Prove that P bisects the arc AB. 

Given the point P on the © with center O equidistant 
from the radii OA and OB. 


To prove that are-A Pare lB. 
Proof. Draw OP. 
Since P is equidistant from OA and OB, Given 
.. OP bisects the ZAOB., § 152 
-, arc AP = arc PB, by § 166. Q.E.D. 


3. In this circle the chords AM and MB are equal. Prove that M 
bisects the arc AB and that the radius OM bisects the chord AB. 


Given the equal chords AM and MB, the chord AB, B 
and the radius OM. \ 
To prove that arc AM = arc MB, Ve 
and that OM bisects AB. 
Proof. Since chord AM = chord MB, = 
-. arc AM = arc MB. § 172 
The point O is equidistant from A and B, § 159 
and the point M is equidistant from A and B. Given 
.. OM is the L bisector of AB, by § 151. Q.E.D. 


95 
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4. Ona circle are five points A, B, C, D, FE so placed that AB, BO, 
OD, DE are equal chords. Prove that AC, BD, CE are equal chords, 
and that AD and BE are also equal chords. 


Given the equal chords AB, BC, CD, and DE, the DEX 
chords AC, BD, and CE, and the chords AD and BE. 2 
To prove that the chords AC, BD, and CE are equal, = é 

and that the chords AD and BE are equal. 
Proof. The chords AB, BC, CD, and DE are equal. Given 
.. the arcs AB, BC, CD, and DE are equal. § 172 
:, arc AB + arc BC = arc BC + areCD=arcCD+ arcDE. Ax.1 
That is, arc AC = arc BD = arc CE. 


-. chord AC = chord BD = chord CE, § 170 
Also arc AB + arc BC + areCD=are BC+ arcCD+areDE, Ax.1 
That is, arc AD = arc BE. 

-, chord AD = chord BE, by § 170. Q.E.D. 


5. If two chords intersect and make equal angles with the diameter 
through their point of intersection, these chords are equal. 

Given the chords AB and CD intersecting at P and making equal 
4 OPA and DPO with the diameter through P. 


To prove that PAE =O): D ep, B 
Proof. Draw ON 1 to AB and OM _ to CD. ( oBA é 
In the rt. A ONPand OMP, OP = OP, Iden. fy 
and ZOPN = MiP Os) Given 
+, rt. AONP and OMP are congruent. § 91 
oe) ONO: § 67 
eae — OD byesai Ss Q.E.D. 


Exercise 28. Page 104 


1. The shortest chord that can be drawn through a given point within a 
circle is that which is perpendicular to the diameter through the point. 
Given the point P within the ©, with center O, the chord AB 


through P 1 to the diameter through P, and CD any other chord 
through P. 


To prove that AB<CD. J ABN B 
Proof. Draw OQ 1 to CD. ID 
Now ORS 00: § 86 


«. AB < CD, by § 180. Q.E.D. 
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2. The diameter CD bisects the arc AB. Prove that ZCBA = ZBAC. 


Given the diameter CD, bisecting the arc AB. C 
To prove that ZCBA =ZBAC. 
Proof. Now arcCAD= are CBD, § 175 
and arc 4 D = arc BD. Given 4 hy 
», arc CAD — arc AD = arc CBD — are BD. Ax. 2 
That is, arc CA = arc CB. - 
; EEO Al —1 0B: § 172 
is YE Ors val, ZS VAKER lone oie Q.E.D. 


3. Tangents at the extremities of a diameter are parallel. 
Given CD and EF tangent to the © at A and B 


C E 
respectively, the extremities of the diameter AB. 
To prove that CDis|l to EF. 
A B 
Proof. CD is 1 to AB, 
and EF is 1 to AB. § 185 ig 


«. CD is |l to HF, by § 95. Q.E.D. 


4. The arc AB is greater than the arc BC. OP and OQ are perpen- 
diculars from the center to AB and BC respectively. Prove that ZQPO 
is greater than Z OQP. 


Given the arc AB greater than the arc BO, and OP and OQ per- 
pendiculars from the center to the chords AB and BC respectively. 
To prove that ZQPO>ZO0QP. 


Proof. Since arc AB>arc BC, Given g 
-. chord AB> chord BC. § 170 i Q 
-. OQ> OP. § 179 ea 


Then in the A OPQ, os SO ae 


ZQPO>ZOQP, by §118.  @¥.. 


5. What is the locus of the center of a circle tangent to the line XY at 
the point P? Prove it. 


The locus of the center of a circle tangent to the 
line XY at the point P is the line perpendicular 
(0) AOC Cho dan 

Given the point P in the line XY, and the line 
AB 1 to XY at P. 

To prove that AB is the locus of the center of a 
© tangent to XY at P. 
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Proof. Let Q be any point on AB and R be any point not on AB. 


Suppose a © drawn with Q as center and QP Kh 
as radius. Ry lo 
Then XY is tangent to this ©. § 184 \ 
Suppose a © drawn with R as center and RP | \Ip 
as radius. ar | x 
Since # is not on the line 4B, Hyp. 
TIE TS NO IL (Koy AO, § 57 | 
Then XY is not tangent to this ©. § 185 B 
Therefore AB is the required locus, by § 148. Q.E.D. 


6. What is the locus of the mid-points of a number of parallel chords 
of a circle? Prove it. 


The locus of the mid-points of a number of parallel 
chords of a circle is the diameter perpendicular to 
the parallel chords. 

Given the © with center O, and the parallel chords 
AB, CD, EF whose mid-points are P, Q, O respec- 
tively, and given the diameter ST 1 to AB. 

To prove that ST is the locus of the mid-points of the parallel 
chords. 


Proof. Since ST is 1 to AB, Given 
and CD and EF are || to AB, Given 
ST is also | to CD and EF. § 97 

Now ST bisects the chords AB, CD, and #F. § 174 


Similarly the mid-point of every other chord || to AB must lie in 
ST, the L bisector of each one of these || chords. 
Therefore ST is the required locus. Q.E.D. 


7. Three equal chords, AB, BC, CD, are placed end to end, and the 
radii OA, OB, OC, OD are drawn. Prove that Z AOC = Z BOD. 


Given the equal chords AB, BC, and CD, and the radii OA, OB, 
OC, and OD. 
To prove that ZAOC =Z BOD. ¢ 


i\~ 
Proot. Since AB = BC — CD, Given D 
a ALCHALB —AlCeE OG. alc OD Se Suluae || 
- arc AB+ are BO=arcBC+arcCD Ax. 1 “A 
That is, arc AC = are BD. 
“. ZAOC =ZBOD, by $167. —Q.Esps 
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8. All equal chords of a circle are tangent to a concentric circle. 


Given AB and CD equal chords of the © with center O. 
To prove that AB and OD are tangent to a concentric ©. 
Proof. Draw OF 1 to AB, and OF 1 to CD. 
Then OE TOR: § 178 
Also OF is the shortest line from Oto AB, 

and OF is the shortest line from Oto CD. $ 86 
.. the © described with center O and radius OL 

is tangent to the chords 4B and CD. § 160 
That is, AB and CD are tangent to this ©. Q.E.D. 


9. If a number of equal chords are drawn in this circle, the figure gives 
the impression of a second circle inside the first and concentric with it. 
Explain the reason. 


Since the chords are all equal, they are equally distant from the 
center of the circle. The chords form a polygon in which the dis- 
tance from the center to each side is constant and the 
large number of chords makes each side of the polygon 
short. Hence each side of the polygon gives the im- 
pression of being nearly an arc of the circle. If the 
number of chords is greatly increased, the number of 
sides of the polygon is also greatly increased, and the 
polygon becomes nearer and nearer to a circle, and may be made so 
near a circle that the eye cannot detect the difference. 


Exercise 29. Page 108 


1. Show that the reasoning of § 190 will not hold for four points, and 
hence that a circle cannot always be drawn through four points. 
The reasoning of § 190 is given thus : 
A, B, and CO are the three given points not in a straight line. 
AB and BC are drawn. 
The L bisectors of AB and BC are drawn and shown to inter- 
sect at a point O, which is the center of the circle 
required. 
If now the circle is to pass through a fourth given 
point D, that point D must lie at the distance OA 
from O, or the circle will not pass through D. y hp 
Hence, in general, D will lie outside or inside the 
circle, and a circle cannot be drawn through four given points. 
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2. Tangents to a circle at A, B, C, points on the circle, meet in P 
and Q, as here shown. Prove that AP + QC = PQ. 


Given AP, PQ, and QC, tangents to the O A BC ag 
at the points A, B, and C respectively. 
To prove that AP+QC=PQ. 1A 
Proof, Ab apes 
and QC = QB. § 192 
« AP + QC = BP + QB. Ax. 1 
That is, AP - OC = PQ: Q.E.D. 


3. If a quadrilateral has each side tangent to a circle, the sum of one 
pair of opposite sides equals the sum of the other pair. 


Given the quadrilateral RSPQ, with its sides tan- @Q B 1k 
gent to the © in the points D, A, B, C respectively. 
To prove that SP+ QR =PQ+4+ RS. C bs 
Proof. Now EMA IEV SE 
SA = SD, cae ae! 
RO = RD, 
and QC = OB: § 192 
. PA+SA+4+ROC+4+ QC =PB+4+SD+RD + QB. Ax. 
But PA+SA=SP, 
PB+ QB=PQ, 
and SD+RD= RS. Ax. 11 
. SP4+QR=PQ+ BS, by Ax. 9 Q.E.D. 


4. The hexagon here shown has each side tangent to the circle. Prove 
that AB+ CD+ EF = BC + DE + FA. 
Given the hexagon ABCDEF, with its sides tangent to the © in 
the points M, NV, P, Q, R, S respectively. 
To prove that AB+CD+EF=BC+DE+FA, (4X8 
AM=AS, 
BM = BN, 
C1 Ps CINE 
IDI? ==] DX). 
ER=E£Q, 
and 1H; OSE, 
- AM+BM+CP+DP+4 ER+FR= AS + BN 
+0N+DQ+ £Q+ FS. Ax. 1 
But AM + BM = AB, 
CRED Ri CD! ® 
ER+FR=EF, 


Proof. Now 
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BN + CN = BO, 
DQ+ EQ=DE, 
and AS +FS=FA., Ax. 11 
- AB+ OD+EF=BC + DE + FA, by Ax.9. Q.u.0. 


5. In this figure CF is a diameter perpendicular to the parallel chords 
DBand EA, and arc AB = 40° and arc BC = 50°. How many degrees 
are there in arcs CD, DE, EF, and FA ? 


Given the diameter OF to the || chords DB and FA, arc A B = 40°, 


and arc BC = 60°. C 
Required to find the number of degreesinarcs CD, p B 
DE, EF, and FA. % 
Solution. Now are CD = arc BC. § 174 a 
But are: BC = 50°. Given 
-. are CD = 50°. Ax. 8 F 
Also arc DE = arc AB. § 189 
But arc AB = 40°. Given 
.. are DE = 40°. Ax. 8 
Also arc HF = arc FA. § 174 
Now arc AB + arc BC + arc CD + arc DE 4+ arc EF 
+ arc FA = 360°. § 44 


40° + 50° + 50° + 40°4+ arc HF + arc EF = 360°. Ax. 9 
2arc EF = 180°. 

are Lh = 90°. Ax. 3 

*~ are PA = 90°. Ax. 8 

50°, 40°, 90°, 90°. Ans. 


6. In this figure XY is tangent to the circle at B, the chord CA is 
perpendicular to the diameter BD, and the arc CD = 150°. How many 
degrees are there in arc AB? 

Given XY tangent to the © at B, the chord CA 1 to the diam- 
eter BD, and are CD = 150°. e B E 

Required to find the number of degrees in arc AB. g a 


Solution. BDis 1 to XY at B. § 185 
.. XY is ll to CA. § 95 
-. arc AB = arc BC. § 189 
Now arc BOD =arcBC+arcCD. Ax.11 D 

arc BCD = arc AB + are CD. Ax. 9 

arc BCD = arc DAB = 180°. § 175 

are CD = 150°. Given 

.. 180° = arc AB + 150°. Ax. 9 


That is, arc AB = 380°. 80°. Ans. 
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7. If a quadrilateral has each side tangent to a circle, the sum of the 
angles at the center subtended by any two opposite sides is equal to a 
straight angle. 


Given the quadrilateral ABCD, with its sides tan- 
gent to the © with center O at the points P, Q, R, and 
S respectively, and the 4 at the center AOB, BOC, 
COD, and DOA subtended by the sides AB, BC, 
CD, and DA respectively. 


To prove that ZO Oa) COAG Aust Z, 
and that ZAOB+ ZCOD=1 st. Z. 
Proof. Draw the radii OP, OQ, OR, and OS. 
Then in the AOQC and ORC, 0g =0¢, Iden. 
0Q = OR, § 162 
and CQ=CR. § 192 
.. the AOQC and ORC are congruent. § 80 
5 AQ SACO, § 67 
Similarly ZBROO=APOB: 
ASO = ZINMOIE: 
and ZDOS = ZROD. 


- Z2Q0C 4+ 2Z2B0Q+4+ Z80A + ZDOS = ZCOR+ ZPOB+ ZAOP 
+ZROD. Ax.1 
- ZBOC+ ZD0A=ZA0OB+ZC0D. Ax. 9 


But ZBOC+ZDO0A+ZAOB+ZCOD = 2st. &. § 41 
-. ZBOC + ZDOA =1st. Z, 
and ZAOB+ZCOD=1st. Z. Q.E.D, 


8. AP and CQ are parallel tangents meeting a third tangent QP, as 
shown in the figure. O being the center, prove that the angle POQ is a 
right angle. 


Given the || tangents AP and CQ meeting the third tangent in P 
and Q, and the lines OP and OQ drawn from the center of the ©. 


To prove that YE SEXONG) A TH CZ 
Proof. Draw the radii OA and OC. 
Since OANSMIE tora. § 185 
.. OA produced is 1 to CQ. §$ 97 
But OC is 1 to CQ. § 185 
.. OC and OA produced coincide.  § 82 
That is, AO and OC form a straight line. 


Then in the quadrilateral APQC, 
ZPAC+2ZQPA42Z0QP4+2ZA0CQ=4 rt. A. § 144 
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But 4PAC and ACQ are rt. 4. § 185 
~ LQPA +ZCQP=2 tt. A. Ax. 2 

Now Lk) Ex Olea ZA) EeAn 
and LOOP ACOE. § 192 
Sy, PA EXOPSE GLY ONAN 2? mel Tare Ax. 4 
But ZP0Q4+2QP0 +4 Z OQP = 2 rt. A. § 107 
Zak OOF TheA 2 ites. Jol) 
oO Ol ThA Dy Ax. 2: Q.E.D. 


Exercise 30. Page 109 


1. Describe the relative position of two circles if the line-segment joining 
the centers is greater than the sum of the radii, and illustrate by a figure. 


If the line-segment joining the centers 
O and O’ of twocircles is greater than 
the sum of the radii, the circles must lie 
each wholly outside the other, as shown 
in the figure. 


2. Describe the relative position of two circles if the line-segment joining 
the centers is equal to the sum of the radii, and 


illustrate by a figure. 

If the line-segment joining the centers O 
and O’ of two circles is equal to the sum of 
the radii, the circles must be tangent exter- 


nally to each other, as shown in the figure. 


3. Describe the relative position of two circles if the line-segment joining 
the centers is less than the sum but greater than the difference of the radii, 
and illustrate by a figure. 


If the line-segment joining the centers O and 
O’ of two circles is less than the sum but greater (\ 
than the difference of the radii, the circles must J 
intersect each other, as shown in the figure. 


4. Describe the relative position of two circles if the line-segment joining 
the centers is equal to the difference of the radii, and illus- 


trate by a figure. 

If the line-segment joining the centers O and O’ of 
two circles is equal to the difference of the radii, the 
circles must be tangent internally to each other, as 


shown in the figure. 
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5. Describe the relative position of two circles if the line-segment joining 
the centers is less than the difference of the radii, and illustrate by a figure. 


If the line-segment joining the centers O and O’ of two 
circles is less than the difference of the radii, the smaller 
circle must lie wholly within the larger, as shown in the 
figure. 


Exercise 31. Page 110 


1. Describe the relative position of two circles having two common 
external and two common internal tangents, 
and illustrate by a figure. 
If two circles have two common external 
and two common internal tangents, the cir- 
cles must be each wholly outside the other, 
as shown in the figure. 
2. Describe the relative position of two circles having two common 
external tangents and one common internal 
tangent, and illustrate by a figure. 
If two circles have two common external 
tangents and one common internal tangent, 
the circles must be tangent to each other 
externally, as shown in the figure. 
3. Describe the relative position of two circles having two common 


external tangents and no common internal tan- 
gent, and illustrate by a figure. 

If two circles have two common external 
tangents and no common internal tangent, 
the circles must intersect each other, as shown 
in the figure. 


4. Describe the relative position of two circles having one 


common 
external and no common internal tangent, and illustrate 
by a figure. 
If two circles have one common external and no com- 
mon internal tangent, the two circles must be tangent 
to each other internally, as shown in the figure. 
5. Describe the relative position of two circles having no 
common tangent, and illustrate by a figure. 
If two circles have no common tangent, the two cir- 


cles must lie one wholly within the other, as shown in 
the figure. 
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6. The line which passes through the mid-points of two parallel chords 
passes through the center of the circle. 


Given the || chords AB and CD, O the center of 4 


the ©, and HK, the line passing through H and K, 
the mid-points of AB and CD respectively. 


To prove that HK passes through O, C D 
Proof. Draw OH and OK, 

OH is 1 to AB, and OK is | to CD. § 176 

But OH is 1 to CD. $ 97 

.. OH and OK coincide and form one straight line. § 82 

.. the line HE coincides with this line. Post. 1 

‘That is, HK passes through O. Q.E.D, 


7. If two circles are tangent externally, the tangents to them from any 
point of the common internal tangent are equal. 


Given MN, the common internal 


M 
tangent to the two © tangent exter- A iP 
nally at the point T, and PA and PB B 
tangents to the © from P, any point 
in MN. 
To prove that PA=PB. 
Proof. Now PAG 
N 
. Q.E.L. 


and Bie TS 192; 
[El SIE}, ye AS, 


8. If two circles tangent externally are tangent to a line AB at A and B, 
their common internal tangent bisects AB. 


Given the two 9, tangent externally at 
T, and tangent to the line AB at A and 
B respectively, and TP, the common in- 
ternal tangent intersecting 4B at P. 
To prove that PA=PB. A 2 7 


Proof. Now PAC rip 
and PB eT, § 192 
ule Agee BDV CAXA. Q. B.D. 


9. The line drawn from the center of a circle to the point of inter- 
section of two tangents is the perpendicular bisector of the chord joining 
the points of contact. 
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Given PA and PB, tangentsfrom a point P to the © with center O, AB 
the chord joining the points of contact, and OP drawn. 
To prove that OP is the L bisector of AB. A 
Proof. Draw the radii OA and OB. IN 
Then OA = OB, § 162 Wa P 
and PA PBs § 192 
. OP is the L bisector of AB, by $151. @.z.p. 2 


10. The diameters of two circles are respectively 2.74 in. and 3.48 in. 
Find the distance between the centers of the circles if they are tangent 
externally. Find the distance between the centers of the circles if they are 
tangent internally. 

Solution. The radius of the first © = 4 of 2.74 in. = 1.37 in. 

The radius of the second © = $ of 3.48 in. = 1.74 in. 

If the © are tangent externally, the distance between the cen- 
ters =the sum of the radii = 1.37 in. + 1.74 in. = 3.11 in. 

If the © are tangent internally, the distance between the cen- 
ters = the difference between the radii = 1.74 in. — 1.37 in. = 0.87 in. 


11. Three circles of diameters 4.8 in., 3.6 in., and 4.2 in. are exter- 
nally tangent, each to the other two. Find the perimeter of the triangle 
formed by joining the centers. 

Solution. The radii of the © are 4 of 4.8 in., or 2.4in.; 4 of 3.6in., 
or 1.8 in.; and 4 of 4.2 in., or 2.1 in. 

The sides of the A are 2.4 in.4+ 1.8 in., or 4.2 in.; 1.8 in. + 2.1 in., 
or 3.9 in.; and 2.1 in. + 2.4 in., or 4.5 in. 

.. perimeter of A = 4.2 in. + 3.9 in. + 4.5 in. = 12.6 in. 


12. A circle of center O and radius 7’ rolls around a fixed circle of 
radius r. What is the locus of O? Prove it. 

The required locus is the circle concentric with the given circle and 
with radius equal to r + 7”. 

Given the concentric © with centers at P, 
and with radii r and r 4+ 7”. 

To prove that the © with radius r + 7’ is the 
locus of the center of a © with radius 1’ that 
rolls around the © with radius r. 

Proof. Let O be any point on the © with radius r + 7’, and let Q 
be any point not on that ©. 

Draw PO and PQ. 

The © with O as center and 7’ as radius is tangent to the © with 

radius 7. 
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The © with Q as center and 7’ as radius either does not cut or 
touch the © with radius 7, or does cut it, according as PQ >r-+7’ or 
PQ<r+r. 

*. the © with center P and radius r+ 7” is the required locus, 
by § 148. Q.E.D. 


Discussion. If the rolling circle is supposed to roll around the fixed 
circle within that circle, the locus is evidently the circle with center 
P and radius r — 7’, 


13. The line drawn from the mid-point of a chord to the mid-point of 
its subtended arc is perpendicular to the chord. 

Given the line CM drawn from C, the mid-point of the chord AB, 
to M, the mid-point of the are AB, 

To prove that CM is 1 to AB. 


Proof. Draw AM and BM. 
Since arc 4M = arc BM, Given 
A B 
As PNA Es IBY, § 170 SE 
Also INO} c= IO Given 
.. CM is the 1 bisector of AB. § 151 
That is, CM is 1 to AB. Q.E.D. 


14. If two circles tangent externally at P are tangent to a line AB at 
A and B, the angle BPA is a right angle. 


Given the two ©, with centers O and Q, tangent externally at 
the point P, and tangent to the line AB at the points A and B, and 
the chords PA and PB. 

To prove that Z2BPA=1rt.Z. 


Proof. Draw the radii OA and QB, 
and the line of centers OQ. 
Then OQ passes through P. § 197 


Since OASIOr § 162 
i ALMI EO = AOA. § 74 
Since QP = QB, § 162 
, PAL EMEXA) Cs 2 (QI PIB 
Now ZAPO+ZBPA + Z QPB = 180°, § 383 
and ZBPA+ZABP+4+ ZPAB=180°. § 107 


- ZAPO+ ZPAB+4+ZQPB4+ZABP422BPA = 360°. Ax. 1 
- ZOAP+ZPAB+ ZPBQ4+ ZABP+22ZBPA =360°. Ax. 9 


But ZOAP + ZPAB = 90°, 
and ZPBQ+ ZABP = 90°. § 185 
«. 90° + 90° + 22 PBA = 360°. : ASo 
eae Aa OOo Ax. 2 


Bp Aledevel ts lone ieee & Q.E,D. 
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15. Three circles are tangent externally at the points A, B, and C, 
and the chords AB and AC are produced to cut the circle BC at D and 
i. Prove that DE is a diameter. 


Given the three © with centers: 0, 
P, and Q, tangent externally at the 
points A, B, and C. 

Given the chords AB and AC pro- 
duced to cut the © with center Q in 
the points D and #, and the chord DE 
drawn. 

To prove that the chord DE is a 
diameter. 


Proof. Draw the lines of centers OP, PQ, and QO. 
Then OP passes through A, 
PQ passes through B, 


and QO passes through C. § 197 
Draw QE and QD. 
Since QE = QC, § 162 
35 LEONE 4 (CP Ha) § 74 
OC OAe § 162 
weZCAO=Z0CA. § 74 
But LI NOT = AQOPN. § 60 
$2 LON) = ZZA(CZNO Ax. 8 
.. LQ is ll to OP. § 101 
Similarly, ZBDQ=ZBAP, 
and QD is || to OP. 
But EQ and QD pass through Q. Const. 
.. HQ and QD form a straight line. § 94 
Since Q is the center of the © BC, Given 
«. ED is a diameter, by § 163. Q.E.D. 


16. If two radii of a circle, at right angles to each other, when pro- 
duced are cut by a tangent to the circle at A and B, the other tangents 
from A and B are parallel to each other. 


Given the 1 radii OM and ON produced to meet the tangent AB 
at A and B respectively, and AD and BC the other tangents to the 
© from A and B. 

To prove that AD and BC are ll. 


TEACHERS’ EDITION 108 


Proof. Draw the radii OD and OC. 
Then OD is 1 to AD, and OC is 1 to BC. § 185 
Now ZOAD=Z BAO, 

and AO BROAO BAR § 192 


-. ZOAD+ZC0BO=2ZBA0+4+Z0OBA. Ax. 1 
Since. Z2B4-O--40 BAs=lorts ZS 107, He 


« ZOAD+ ZCBO=1 rt.Z. Ax. 8 TY 
Now ZOAD=i1t.2—ZDOA, 
and ZCBO =1rt.Z— ZBOC. §107 ¢C 
«. lrt.Z—ZDOA+1r1rt.Z— ZBOC 
SlurtaZe Ax. 9 
<. Z2DOA -- ZBOO = 1t.Z. Ax. 2 B 
But ZAOB EArt. 2, Given 
«. ZDOA + ZAOB + Z BOC = 2 rt. 4. Ax. 1 
.. DOC is a straight line. § 38 
.. AD and BC are ll, by § 95. Q. B.D. 


17. If two common external tangents or two common internal tangents 
are drawn to two circles, the line-seyments intercepted between the points 
of contact are equal. 

Given AB and CD, two common external tangents to the two ©, 
and HF and HG, two common internal tangents. 


To prove that AB=CD, and EF = HG. 
Proof. Produce AB and CD to meet at K. 
Then GAG 1GO. 


and LETS} = 15D), § 192 
.. KA —-KB=KC—KD., Ax.2 
Thats, A.B CD. 

Let L be the point of meeting of 

EF and HG. 


Then LE=L6G, 
and el Ede 
. LE + LF=LG + LH. Ax. 1 
That is, bE Hin EG Q.E.D. 


Exercise 32. Page 113 


i. Find a common measure of 32 in. and 24 in. 

Since 82 in. and 24 in. each contains 8 in. an integral number of times, 
8 in. is a common measure of 32 in. and 24 in. 

2. Find a common measure of 48 ft. and 18 ft. 


Since 48 ft. and 18 ft. each contains 3 ft. an integral number of times, 
3 ft. is a common measure of 48 ft. and 18 ft. 
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3. Find a common measure of 54 in. and 84 in. 
Since 54 in. and 3} in. each contains 4 in. an integral number of 
PIC, 4 in. isa common measure of 54 in. and 84 in. 
4. Find a common measure of 2% lb. and 14 lb. 
Since 23 lb. and 14 1b. each contains + lb. an integral number of 
EO + lb. is a common measure of 23 lb. and 14 Ib. 
5. Find a common measure of 64 da. and 2% da. 
Since 64 da. and 2% da. each contains $ da. an integral number of 
see + da. is a common measure of 64 da. and 2% da. 
6. Find a common measure of 14.4 in. and 1.2 in. 
Since 14.4 in. and 1.2 in. each contains 1.2 in. an integral number of 
Ue 1.2 in. is a common measure of 14.4 in. and 1.2 in. 
7. Find the greatest common measure of 64 yd. and 24 yd. 


64yde= 2K 2 G2 x 27x 2 yd. 
24 yd. =2x2x2x3yd. 


Therefore the greatest common measure is 2 x 2 x 2 yd., or 8 yd. 


8. Find the greatest common measure of 51 ft. and 17 ft. 


ME Tei, == GSS IC 
Thee sili, = Gf 2 


Therefore the greatest common measure is 17 ft. 


9. Find the greatest common measure of 7.5 in. and 1.25 in. 


7.5: in. = 71.00 In. =i on 0 x OX Oe 0.01 im, 
L2bsins— ox Ox Oo< OL0lan, 


Therefore the greatest common measure is 5 x 5 x 5 x 0.01 in., or 
1,25 in. 


10. Find the greatest common measure of 34 in. and 0.38% in. 
3} in. = 12 in. = 2 x 5 xX Lin. 
0.3833 in, = 4 in. 
Therefore the greatest common measure is } in. 
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11. Find the greatest common measure of 22 ft. and 0.25 ft. 
2¢ ft. = 4 ft.=11 x } ft. 
0.25 ft. = 3 ft. 
Therefore the greatest common measure is } ft. 


12. Find the greatest common measure of 75° and 7° 80’. 
(2 Sees DO OE 
MOOG MOO OMX OIG OVS: 
Therefore the greatest common measure is 3 x 5 x 5 x 0.19, or 7.5°, 
6) a feats Ue 


13. If a:b =V3, find an approximate value of this ratio that shall 
differ from the true value by less than 0.001. 


Since the V3 = 1.73205---, 
1.732 is an approximate value of a:b that differs from the true 
value by less than 0.001. 


Exercise 33. Page 120 


1. A parallelogram inscribed in a circle is a rectangle. 
Given the (7 ABCD inscribed in a ©. 


To prove that ABCD isa(]J. , Z 
Proof. Now PiT5} =I OKO}. 
and BCS AD, § 125 
-, arc AB = are DO, _ ew 
and arc BC = arc AD. § 172 
+, arc AB+ are BC = arc DC + arc AD. Ax. 1 
arceA BO: are. CDA. 
Sy AID) wee} = § 215 
Similarly ZA Zs 902 
.. ABCD isa (_] by § 119. Q.E.D. 
2. A trapezoid inscribed in a circle is isosceles. 
Given the trapezoid A BCD inscribed in the ©, s 
and AB || to DC. 
To prove that ABCD is isosceles. 
Proof. Since AB and DC are Il, Given «A B 
-, arc A D'= are BC, § 189 
eA Di B CO. § 170 


.. the trapezoid A BOD is isosceles, by § 118. Q.E.D. 
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3. The shorter segment of the diameter through a given point within a 

circle is the shortest line that can be drawn from that point to the circle. 
Given PA, the shorter segment of the diameter through the point P. 
To prove that PA is the shortest line from P to the ©. 


Proof. Draw any other line PX from P to the ©. 
Draw the radius OX. 
Now OX 2OPHEPX. § 112 he 
But OX = OA, §162 B we 
OA < OP 4+ PX. Ax. 9 ew: 
That is, OP +PA<OP+ PX. 
». PA < PX, by Ax. 6. Q.E.D. 


4. The longer segment of the diameter through a given point within a 
circle is the longest line that can be drawn from that point to the circle. 
Given the point P within the ©, and AB, the diameter through P. 
To prove that PB is the longest line that 
can be drawn from P to the ©. 
Proof. Draw any other line PX from P to 
the ©. 


Draw the radius OX. Omer , 
Now PO+ OX >PX. § 112 
But OB=OX. SG ~ 

OE OB iss Xe: Ax. 9 
That is, PBeSRX. Q.E.D. 


5. The diameter of the circle inscribed in a right triangle is equal to 
the difference between the hypotenuse and the sum of the other two sides. 
Given the © with center O inscribed in the rt. A ABO, with rt. Z 
at B, and D, #, and F the points of contact. 
To prove that the diameter of theO = AB + BC— AC. 
Proof. Draw the radii OD, OZ, and OF. 
’ Then ODis 1 to AB,and OH is 1 to BC. § 185 


.. OD is || to CB, and OF is ll to AB. § 95 EA 
.. OD = BE, and OH = BD. § 127 “(os 
Now HC = FC, and AD= AF. § 192 
. OD+ O0H=BE+BD_ Ax.1 
= (BC — EC) + (AB— AD) 
=BC—FC+AB—AF 
=AB+BC—(AF+ FC) 
=AB+BC—AC. 
That is, the diameter of the O = AB + BO — AC. Q.E.D, 
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6. A line from a given point outside a circle passing through the center 
contains the shortest line-segment that can be drawn from that point to 
the circle. 


Given the © with center O, P the point outside the ©, PAB a 
secant passing through O, and PCD any other secant from P. 
To prove that IZA POs 


Proof. Draw the radius CO. VES 
C, 
ee ren 2 


Now PA+A0O<PC+4 CO. §112 p B 
But Vioetteren § 162 cae 
see Ant © aD ACK Onn@.i.Ds 
7. A line from a given point outside a circle passing through the center 
contains the longest line-segment (to the concave arc) that can be drawn 
Strom that point to the circle. 
Given the © with center O, P the point outside the ©, PAB a secant 


passing through O, and PCD any other secant from P. 
To prove that IRIS SEND 


Proof. Draw the radius OD. 

Now PO+ OD>PD. § 112 

But OB= OD. § 162 
Ot OB RD: Ax. 9 

That is, PB> PD. Q.E.D. 


8. Through one of the points of intersection of two circles a diameter 
of each circle is drawn. Prove that the line joining the ends of the diam- 
eters passes through the other point of intersection. 

Given the © with centers O and O’ intersecting in the points A 
and B, AC and AD the diameters, and the line CD. 

To prove that CD passes through B. 


Proof. Draw AB, BO, and BD. < 
Now 4 ABC and DBA are rt. A. § 215 oh) 

.. CBD is a straight line. §48 CN —3— 
That is, CD passes through B. Q.E.D. 


9. If two circles intersect and a line is drawn through each point of 
intersection terminated by the circles, the chords joining the corresponding 
ends of these lines are parallel. 


Given the two © intersecting at X and Y, the lines B x A 

BXA and CYD drawn through X and Y, and the chords _) 

BC and AD. Cy 
To prove that. BC is || to AD. 
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Proof. Draw the common chord XY. 
Now £XAD is measured by 4 arc XYD, 
and ZDYX is measured by 4 arc DAX. § 214 


Since arc XYD + arc DAX = 360°, 


«. ZXAD = 180°— ZDYX.Ax.9 peso 4 
Similarly ZLOBX = 180 = 2-2-0. 


But ZLDYX =180°—ZXYC. 943 CSR 
» LDYX =ZCBK, Ax. 8 
and ZXAD =180°— ZCBX. Ax. 9 
» LXAD + ZCBX = 180°. Ax.1 
. CBis|l to DA, by § 105. Q.E.D. 


Exercise 34. Page 124 


1. If two circles touch each other and two lines are drawn through the 
point of contact terminated by the circles, the chords joining the ends of 
these lines are parallel. N 


Given the two © tangent at P, AB and CD 4 
lines drawn through P terminated by the ©, and 


the chords AC and BD. ‘B 
To prove that AC is |l to BD. Cc M 
Proof. Through P draw the common tangent MN. 
Now ZA is measured by 4 arc CP, § 214 
and ZCPM is measured by farc CP. § 220 
Pe dal ea ZONE 
Again, ZB is measured by farce DP, § 214 
and ZDPN is measured by tare DP. § 220 
25, Bless AIM PIN 
But ZCPM =ZDPN. § 60 
2 LEAN = 4183, Ax. 8 
.. AC is ll to DB, by § 101. Q.E.D. 


2. If one side of a right triangle is the diameter of a circle, the tangent 
at the point where the circle cuts the hypotenuse bisects the other side. 


Given the © with center O described on AB as diameter, AB 
being one side of the rt. A with rt. Z at B, and DE, cutting BC 
at H, tangent to the © at D, the point where the hypotenuse cuts 
the ©. 

To prove that BE=EC. 
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Proof. Draw OF and OD. A 
Then ZB is tangent at B. § 184 
Bey PAIBXON BF ce VL IH OND), § 192 \) 
But ZBOD=Z0AD+ZADO. § 111 ae 
Since OD = OA, § 162 BEC 
Se ZAYED) = ZANT ONO). § 74 
EON AOA): Ax. 4 
.. OF is ll to AC. § 103 
Since OA = OB, § 162 
.. BE = EC, by § 135. Q.E.D. 


3. If from the extremities of a diameter AD two chords, AC and DB, 
are drawn, intersecting at P so as to make Z APB = 45°, then Z BOC is 
a right angle. 

Given the © with center O, AD a diameter, AC and DB chords 
so drawn that 7 APB = 45°, and the radii OB and OC drawn. 


To prove that ZELSOXG) = Wari, 
Proof. Now ZAPB is measured by 4(arc AB + are CD), 
and ZCPD is measured by (arc AB+arcCOD). § 219 
-. ZAPB + ZCPD is measured by are AB+arcCD. Ax.1 
Now ACPD ZA PIB: § 60 
But ZA PB 45°, Given (Se 
» LOPD = 48° IM ag eee 
s, ZAPB + ZCPD = 90°. PASKeyil 
*. arc AB + arc CD = 90°. 
Now arc AB + arc BC + arc CD = 180°. Given 
.. 90° + arc BC = 180° Ax. 9 
a5 Ke JAKE! SNS, Ax, 2 
Now ZBOC is measured by are BC. § 213 
fi, JAI OG SM iis Zs QsneDs 


4. The radius of the circle inscribed in an equilateral triangle is equal 
to one third the altitude of the triangle. 

Given the © with center O inscribed in the equilateral A ABC, 
D and £ the points of contact of the © with BC a 
and AB respectively, and AD the altitude of the 
A ABC intersecting the © in point F. IN 

To prove that OD=+4AD. Ez 


Proof. Draw OF and EF. A \ 
Since CAV AB: Given : 


OD BD: § 85 2 e 
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In the quadrilateral BDOE, 


4 ODB and BEO are rt. 4, 5 185 
and ZDBE = 60°. §§ 75, 107 
». ZEOD = 120°. § 144 
«. ZFOE = 60°. § 43 
Now ZOEF42ZFOE + ZEFO=180. § 107 
-. ZOEF + ZEFO = 120°. Ax. 2 
Since OF = OE, § 162 

.. ZOEF = ZEFO. § 74 yi 

». ZOEF = 60°. Ax. 4 
». ZOEF = ZEFO =ZFOE = 60°. Ax. 8 IN 


Oman OR = Bia 6 uie =e 


Now in the A EFA, j ‘ 
ZLAFE=1st.2—ZEFO 


= 120°, WY See _ e 
and ZFEA = ZO0EA — ZOEF = 30°. 
». LEAF = 30°. § 107 
. ZEAF=ZFEA. Ax. 8 
». BF = AF. § 76 
», AF=FO=OD. Ax. 9 
That is, OD= ft AD. Q.E.D. 


5. If two lines are drawn through any point in a diagonal of a square 
parallel to the sides, the points where these lines meet the sides lie on the 
circle whose center is the point of intersection of the diagonals. 


Given the square A BCD, with diagonals AC and BD intersecting at 
O, P any point in either diagonal, and ZX and YW lines drawn 
through P parallel to the sides of the square and meeting the sides in 
the points Z, X, Y, and W. may: 

To prove that Z, X, Y, and W are on the © whose 

2 Y, Ne] 


center is O. 


C 
aa 
Proof. Draw OW, OX, OY, and OZ. PR | 
In the AODA and ODC, OD= OD, Iden. pai 


iDyé| = 1 0XG), § 65 = 
and OA 0C- § 131 
-. the A ODA and ODC are congruent. § 80 
oe AGINO = 4 ODO § 67 
Now PZ is 1 to DA, and PY is 1 to CD. § 97 
Since P is in the bisector of 7 ADC, 


ae eth) Ne § 152 
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Ty 


But YD PZ and) Ze ve § 127 
i NID = IDA, Ax. 8 
Now in the A DOY and DOZ, 
YD= DZ, Proved 
OND) == (OND). Iden. 
and EA ONUNE ce= ZILIONG), Proved 
.. the A DOY and DOZ are congruent. § 68 
Ve OVe== OZ. § 67 
In a similar manner, 
the A DOY and COX are congruent. 
Sh ONE SORE: § 67 
And in a similar manner, 
the A BOX and BOW are congruent. 
ee ORE = Oe § 67 
be OU OPE O_O, Ax. 8 
.. W, X,Y, and Z are on the © whose center is O and radius OW, 
by § 160. Q.E.D. 
Exercise 35. Page 130 
1. To construct an angle of 45°; of 135°. 
1. Required to construct an angle of 45°. 
Construction. Draw a straight line XY. 
At any point P in XY erect the L PC. § 228 
Draw PA, bisecting the Z YPC. —§ 231 
Then 2 YPA is the angle of 45° required. Q.E.F. 
Proof. The 7 YPC = 90°, Const. ¢ 
and CY PAR AY PC). Const.9 | Be A 
Sy 4 NOEL ets Q.E.D, NG a 
2. Required to construct an angle of 135°. oe: 
Construction. Draw a straight line XY. ‘ ue . 
At any point Pin XY erect the L PC. § 228 
Draw PB, bisecting the 7 CPX. § 231 
Then Z YPB is the angle of 135° required. Q.E.F. 
Proof. Je, SOIEK Gees SELON IG Fes 1D Const. 
ACPB= LL OPX, Const. 
eZ. B= 45°. 
«. ZYPC + ZCPB = 90° + 45°. Ax, 1 
That is, ae B 1352, Q.E.D. 


118 BOOK II. PLANE GEOMETRY 


2. To construct an angle of 22° 30’; of 157° 30’. 
1. Required to construct an angle of 22° 30’. 


Construction. Draw a straight line XY. 
At any point P in XY erect the L PC. § 228 
Draw PD, bisecting the Z YPC. § 231 
Draw PA, bisecting the Z YPD. § 231 
Then 7 YPA is the angle of 22° 30’ required. Q.E.F. 
Proof. ZG C902, Const. ¢ 
and ZYPD=42ZYPC, Const. EB. D 
and ZYPA= FAYED. Const. aS ae va , 
a LOO es ANGORA a! SSNs | Rite fo 
» LYPA = 22°80.  a.E.p. _X~------ THES -—-- ~—y 
2. Required to construct an angle of 157° 30’. 
Construction. Draw a straight line XY. 
At any point P in XY erect the 1 PC. § 228 
Draw PEL, bisecting the Z CPX. § 251 
Draw PB, bisecting the Z EPX. § 231 
Then 7 YPB is the angle of 157° 80’ required. Q.E.F. 
Proof. ZC REX. = 90°. Const. 
Yh GHENT es OO DG Const. 
ree ZA Cu £0. 
ZB PEXG = ZO PXG Const. 
and ZEPB=4ZEPX. Const. 
ee Di 22>. 30% 
Now LY PB=AYPOC HAO PE Ze PB.» Axoid 
«. ZYPB = 90° + 45° + 22° 30’ Ax. 9 
== 572307 Q.E.D. 


3. To construct an equilateral triangle, having given one side, and thus 
to construct an angle of 60°. 

Given the line AB.: 

Required to construct an equilateral A with each side equal to AB. 

Construction. With A as center and radius AB construct an arc, 
and with B as center and radius 4B construct an arc intersecting the 


first arc at C. Draw AC and BC. ee 
Then A ABC is the equilateral A required. a.E.¥. y * 
Proof. PAC SANs e x 
and BC = AB. Consty x 
« AC=BC=AB. Ax.8 4 < 


Hence A ABC is an equilateral A with sides equal to AB. @.5.v. 
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Discussion. LIN ees AL 15} eA Of § 75 
But ZA+2ZB42ZC=180°. § 107 
». ZA = 60°, by Ax. 4 


4. To construct an angle of 30°, and thus to trisect a right angle. 
Required to construct an angle of 30°. 
Construction. Draw a straight line AP. 

At the point P erect the | PB. § 228 
With P as center and any convenient radius describe an arc cutting 

AP in C and BP in D. 
With C as center and the same radius cut the arc CD at E. 
With D as center and the same radius cut the are CD at F. 
Draw PE and PF, 

Then Z CPF is the angle of 30° required. @.u.F. B 


Proof. Draw CE and DF. 
The A PCE and PFD are equilateral. Const. ? ho 
.. the A PCE and PFD are equiangular. §75 | aN 
CEE EED = 6, 510 e Wf Oe 
Now ZCPF=2ZCPD—ZFPD. Wea 


». ZOPF = 90°— 60° = 30°. aup Pp Na 
Discussion. It will be noted that 
ZOPF =ZFPE =ZEPD = 30°. 
That is, the rt. Z APB has been trisected. 


5. To construct an angle of 15°; of 7°30’; of 195°; of 345°. 
1. Required to construct an angle of 15°. 


Construction. Draw a straight line AB of convenient length. 
With A and Bascentersand radius A B describe ares intersecting at C. 
Draw AC and BC. 


Draw AD, bisecting the Z BAC. § 231 C 
Draw A £, bisecting the Z BA D. § 231 RK 
Then ZBAE is the angle of 15° re- eee, 
quired. Q.E.F. o hee 
Prof. AB=BC=AC. Const. ay: Lee on 
OB AAC AO BA, § 15 (Gunns eee -—-)B 
a 2 BAC = 602, ilies aagece are 
Now ZBAD=42ZBAC. Const. % a 
LD AD = 30cm i poe 
Again, ZBAE=42ZBAD. Const. we 
2 DAH = 152. Q.E.D. = 


i 
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2. Required to construct an angle of 7° 30’. 


Construction. Construct the 7 BAE equal to 15°. Const. 1 
Draw AF bisecting the ZBAE. § 231 
Then 2 BAF is the angle of 7° 30’ required. Q.E.F. 
Proof. ZL BAB == Vo Const. 
Now ZBAF=42Z2BAE. Const. 
o5 Ali galas (MYL, Q.E.D. 
8. Required to construct an angle of 195°, 
Construction. Construct the ZBAE Se 
equal to 15°. Const. 1 jas 
Produce BA through A to a point G, is eT) 
and produce #A through A toa point H. is 2 ct E 
Then the reflex Z BA is the angle of A ieee a 
195° required. @yisnis Exo SoS Ns 


Prof. ZGAH=ZBAE. § 60 Ho . SS ee 
But ZBAE = 15°. Const. pata 
«. ZGAH = 165°. Ax.9 Re abe 
Now ZBAG = 180°. § 48 WW 
-. ZBAG + ZGAH =195°. Ax.1 J 
That is, the reflex 7 BAH = 195°. Q.E.D. 


4. Required to construct an angle of 345°. 
Construction. Draw the straight line AB of convenient length. 
With A and B as centers and AB as radii describe arcs intersecting 


at J below the line AB. 


Draw AK bisecting the ZJAB. § 231 

Draw AL bisecting the ZK AB. § 231 

Then the reflex 7 BAL is the angle of 345° required. Q.r.¥F. 

Proof. AB=AJ = BI. Const. 

nr DUA ==) AN) Ret § 75 

By ZAI VANE == UE) § 107 

Now ZEKAB=FZIAB: Const. 
be KEAN 1002, 

Again, ZLAB=4tZKAB, Const. 
5 Med bis MSS 

Now the ponaee about A = 360°. § 44 

. perigon — ZLAB = 345°, INGE 

That is, the reflex 7 LAB = 345°. Q.E.D. 


6. To construct a triangle having two of its angles equal to 75°. Is the 


triangle definitely determined ? 


Required to construct a A having two of its angles equal to 75°. 
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Construction. Draw a straight line AP of convenient length. 
With P and A as centers and AP as radius describe arcs intersect 


ing at Q. Q 
Draw AQ and PQ. KK 
Draw AM, bisecting the ZPAQ. $231 /\ gm 
Draw AN, bisecting the ZPAM. §231 / OX \py 
At some convenient point R in AWN erect a cut- ve ieee 
ting AM in Cand AP or AP produced in B. ARE ENT AC PY ps 
Then A ABC is the A required. Q. E.k 
Proof. Ar — AO PO. Const. 
« ZAQP = ZPAQ=ZQPA. § 75 
-. ZPAQ = 60°. § 107 
Now ZPAM=142PAQ. Const 
ae EAM 802, 
Again, ZA PAUN =). 7, PAM, Const 
Sy AAPL, Sal 
Now PL INI ETB) as NE, Const. 
i -. ZRBA = 75°. § 107 
Similarly VEIN OV US 
.. the AABC has two of its 4 equal to 75°. Q.E.D. 


Discussion. The A ABC is not definitely determined, for the point 
R may be taken at any point in AJ, and therefore there are an infinite 


number of constructions possible, each of which will fulfill the condi- 
tions of the problem. 


In order that a triangle may be definitely determined, some side or 
other line in the triangle must be known. 


Exercise 36. Page 132 
1. To divide a given line into four equal parts. 
Given the line AB, 
Required to divide the line AB into four equal parts. 


Construction. From A draw the line AO, making any convenient 
angle with AB, 


Take any convenient length A C,and by is \ \ \ lz 
describing arcs apply it to A O four times. ; ou : : 

From D, the last point thus found on ok \ 
AO, draw DB. sce 

From the division points on AO draw ‘De 
parallels to DB. § 233 


These lines divide AB into four equal parts. 
Proof. These lines divide A B into four equal parts, by § 134. 
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2. To construct an equilateral triangle, given the perimeter. 

Given the straight line RS. 

Required to construct an equilateral A with perimeter equal to RS. 
Construction. Trisect RS in the points A 


and B. § 234 ra 
With A and B as centers and the radius ows 
AB describe arcs intersecting at C. R Z es g 
Draw AC and BC. as a 
Then A ABC is the equilateral A required. Q.E.F. 
Proof. AGB TA Ceo Oe Const. 
But AB=1HRS., Const. 
. AB+AC+ BC=RS. Q.E.D. 


3. Through a given point, to draw a line which shall make equal 
angles with the two sides of a given angle. 

Given the point P and the 7 BAC. 

Required to draw through P a line which shall a 
make equal 4 with AB and AC. 

Construction. Draw the line AD, bisecting the 


ZBAC. § 231 

Through P draw a line 1 to AD, cutting AB at H, AD at G, and 

AC at F. § 227 

Then PEF is the line required. Q. B.F. 
Proof. In the rt. AAGF and AGE, 

ALG PAG Iden. 

and LCT a SD es AIOE Const. 

-. the rt. AAGF and AGE are congruent. § 72 

= Z A RG Z iG HAL Dya S67 Q.E.D. 


4, Through a given point, to draw two lines so that they shall form 
with two intersecting lines two isosceles triangles. 

Given the point P and lines 4B and CD intersecting at O. 

Required to draw through P two lines which shall form with AB 
and CD two isosceles A. 


Construction. Draw ROS, bisecting the Z AOC. § 231 
Draw MON, bisecting the Z DOA. § 231 

Through P draw a line HF 1 to OM, cutting AB at EZ, CD at F, 
and OM at Q. § 227 
Through P draw a line GH 1 to OS, cutting AB at G, CD at H, 
and OS at T. § 227 


Then HPF and PGH are the lines required. Q.E.F, 
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Proof. In the rt. A FQO and HQO, 


OM SO), Iden. 
and ZFOQ=ZQO0E. Const. 
-. the rt. A FQO and EQO are con- 
gruent. § 72 
3, OR = Ova. § 67 
Hence A EOF is isosceles. § 62 
Similarly the rt.A GTO and HTO are 
congruent, § 72 
OG =O § 67 
Hence A GHO is isosceles, by § 62. Q.E.D. 
5. To construct a triangle having its three angles respectively equal 
to the three angles of a given K 
triangle. a eA 
Given the A ABC. ya 
Required to construct a Fam 
A having its three 4 equal we \ 
to A. B, and C. \ 
Construction. Draw acon- Zs ee ee eee te \ 
A sa LD Ez 


venient line DE. ° 
From D draw DH, making Z EDH equal to ZA. § 232 
From # draw EK, making 2 KED equal to Z B, § 232 

Let F be the intersection of DH and HK. 


Then A DEF is the A required. Q.E.F. 
Proof. YL JO EAN, ENGL ZIT} SIZ, Jah, Const. 
5 AIM = ZC Voy MORE Q.E.D. 


Exercise 37. Page 141 


1. In a triangle ABC, to draw PQ parallel to the base AB, cutting 
the sides in P and Q, so that PQ shall equal AP + BQ. 

Given the A ABC, 

Required to draw, in the A ABO, PQ|| to AB, cutting AC in P and 
BC in Q, so that PQ= AP + BQ. 

Analysis. Assume the problem solved, and 
PQ the required line. 

Then AP must equal some part of PQ, as P Q 
PX, and BQ must equal QY. 

Now if PACs XG vi 2B 
then IPSN NOAM § 74 


Cc 
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Since PQ is |l to AB, 
Be Ze PEXC AGW ANG § 100 
BE LI GMD Sny7IVN AG Ax. 8 
Similarly ZORA XDA, 
Construction. Draw lines bisecting the 4 A and B. § 231 


Through X, the point of intersection of these bisectors, draw 
PQ \\ to AB. § 233 
Then PQisthe line required. Q.=.F. 


Proof. ZABAX=ZX4AP. Const: 
But ZBAX= APA. S100 Pp Q 
NZ Pa Aa AAS 
eS IONE § 76 ¥, * 
Similarly BOK OXe 
« PX+QX=AP + BQ. Ax. 1 
That is, PQ=AP + BQ, by Ax. 11. Q.E.D. 


2. To construct a triangle, having given the perimeter, one angle, and 
the altitude from the vertex of the given angle. 

Given MN, the perimeter of a A, ZC the Z at the vertex, and CP 
the altitude from C. 

Required to construct the A. 

Analysis. Assume the problem solved and ABC the required 
triangle. 

Produce AB to N, 
making BN equal to 
BC, and produce BA 
to M, making AM equal 
to AC. 


Bs PAT ne Ac 

and LVS LV § 74 
Then Zm+Zn+ ZMCN = 180°. § 107 
But ZMCON=2Zm/’4+ZACB+2Z2n. Ax. ll 
7 Zm+Zn+-Z2V/+ZACB+ Zn’ = 180° Ax. 9 
«. 2Zm+2Zn+ ZACB= 180°. INA) 
- ZmM+Zn+4ZACB= 90°. Ax. 4 
- ZM+ Zn=90°—4ZACB. INSP 
-. ZMCN = 90°—34ZACB4+ZACB, Ax. 1 

That is, ZMCN = 90°4+ 4ZACB. 


.-. ZMCN is known. 
Construction. On MN construct a segment in which ZMCN = 90° 
+42ZC may be inscribed. § 247 
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At the distance CP, the given altitude, draw XC |l to MN, 


cutting the arc at C. § 233 
Draw MO and NC. 
Bisect MC at Q, and NC at R. § 229 
Draw QA 1 to MC, cutting MN at A, 
and draw RB L to NC, cutting MN at B. § 228 
Draw AC and BC. 
Then A ABC is the A required. Q.E.F. 
Proof. Since A is on the 1 bisector of MC, Const. 
ey ALIVE a XO § 150 
Since B is on the L bisector of NC, Const. 
<a BN = BCs § 150 
Now AB = AB. Iden. 
; . AC+AB4 BC=AM+AB+BN. Ax.1 
But AM+AB+4+BN=MN. ACK sul 
- AC+AB+ BC=MN. Ax. 8 
Again, ZAMC =ZMCA, and ZCNB=ZBCN. § 74 
ZNMC+2ZCNM 4+ 2ZMCN = 180°. § 107 
ZMCA +ZBCN + Z MCN = 180°. AXAG 
ZMCA+2ZACB4+2ZBOCN + ZMCN =180° + Z ACB. Ax.1 
ZMCN + ZMON =180°4+ Z ACB. 

Now ZMCN = 90°+ 342C. Const. 
 180°-+- ZC = 180° + ZACB. Ax. 9 

That is, ZACB=ZC, the given angle. 


Again, the altitude CP equals the required altitude, by § 128. Q.8.p. 


3. To draw through two sides of a triangle a line parallel to the third 
side, so that the part intercepted between the sides shall have a given length. 


Given the A ABC and the line d. 
Required to draw through AC and BC a line Il to AB and equal to d. 


Analysis. Assume the problem solved and PQ the required line. 


From Q draw QR || to CA. § 233 
Then ARQPisaQ. § 118 c d 
Ai IOS § 125 a Q 
But PO a: 
&, AUR = Gk Ax.8 4 R 
Construction. On AB take AR equal to d. 
From R draw RQ || to AC. § 233 
Draw QP ll to BA. § 233 


Then PQ is the line required. Q. ELE 


126 BOOK II. PLANE GEOMETRY 


Proof. Since RQ is Il to AC, 


and QP is || to BA, Const. c pe a 
-. the quadrilateral ARQPisa CJ. §118 p Q 
». PQ=AR. § 125 
But A= ds Const. A R B 
sO = dp DyeAkaS. Q.E.D. 


4. To draw a tangent to a given circle so that it shall be parallel to a 
given line. 
Given the circle with center O and the line AB. 
Required to draw a tangent to the circle Il to AB. 
Analysis. Assume the problem solved and PQ the required tangent. 
Draw the radius OT and produce it to meet AB at C. 


Since PQ is ll to AB, Given y CO 5 
and OC is L to PQ, § 185 

2 OCns to AB; S Ole hes 58 [le Sage 
Construction. From the center of the circle 
draw OC 1 to AB, and cutting the circle 
abel § 227 
Through T draw PQ 1 to OC. § 228 

Then PQ is the tangent required. Q.E.F. 

Proof. Since PQ is | to OT at its extremity T, Const. 

.. PQ is tangent to the circle at T. § 184 

Again, PQ is Il to AB, by § 95. Q.E.D. 


5. To construct a triangle, having given a side, an adjacent angle, and 
the difference of the other sides. 

Given AB a side, the 7A, and AY a line. 

Required to construct a A, with a side equal to AB, an adjacent 
Z equal to Z A, and the difference of the other sides equal to AY. 


Analysis. Assume the problem solved and ABC the (0) 
required A. ; 
Let the side AC be greater than the side BC. 

On AC take AX equal to the given difference, and 
draw XB. A B 
Then XC = BC, and the A XBC is isosceles. 

Hence C lies on the 1 bisector of XB, § 150 
and also on the line AX. 


Construction. Construct the A ABX, with two sides equal to AB 
and AY, and the included Z equal to ZA. § 235 
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Find the mid-point of XB, § 229 
and at that point draw a line 1 to XB. § 228 
Produce AX to meet this L at CO, and draw CB. 
Then the A ABC is the A required. Q.E.F, 
Proof. Since C is in the L bisector of XB, Const. 
9 CO Sa TOK § 150 
But AX=AC— XC. INoxs IAL 
« AX =AC— BC. Ax. 9 
Also ZA =the given Z, 
and AB = the given side, by Const. Q.E.D. 


6. To construct a triangle, having given two angles and the sum of 
two sides. 

Given the 4 B and C and the line AY. 

Required to construct a A with two angles equal to A Band C, and 
the sum of two sides equal to AX. 


Analysis. Assume the problem solved and A 
ABC the required A. Se 
Produce AB to XY, making BX equal to BC, 4 ae Sax 
and draw CX. 
Then ZOXB=ZBCX. § 74 
But ZCBA =ZCXB+4+ ZBCX. § 111 
Py ZACHEWAN == /Z (O28 45 AO AGEY, Ax. 9 
.ZC0OXB=4ZCBA. Ax. 4 
Again, ZBAC+ ZCBA + ZACB= 180°. § 107 
. ZBAC =180°—(ZCBA+4ZACB). Ax. 2 


mhercrors the A AXC is determined. 
Construction. Construct the AA XC, with AX given, the ZX AC equal 


to 180°— (ZB + ZC), and the ZCXB equal to} ZB. § 236 
Bisect XC, § 229 
and draw its L bisector, cutting AY at B. § 228 

Draw BC, 
Then the A ABC is the A required. Q.E.F. 
Proof. Since B is in the L bisector of XC, Const. 
2, KOS IEG. § 150 
- AB+ BCO=AB+ BX. Axl 
That is, AB+ BC=AX. Ax. 11 
Again, LOXB A BOX, § 74 
But ZCBA=ZCXB+ZBCX. § 111 


Ss JA GHB A es DAVAO. Bie, I 6% 
Again, ZA =180°—(ZB+ ZC), by Const. Q.E.D, 
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7. To construct a square, having given the diagonal. 

Given the line AC. Yee yi x 

Required to construct a square having the given line 
AC as diagonal. 


Analysis. Assume the problem solved and ABCD 4S aE 
the required square. 
Draw the diagonal BD, cutting AC at O. 


Then AOC, § 131 
With O as center and radius OC describe a ©. 

Since ZCBA and ZADC are rt. 4, § 65 

:. Band D are points on the ©. § 215 

Also, since JSG) ee 1EXC! = IDA ESI DO, § 65 

.. Band D are points in the 1 bisector of AC. § 150 

Construction. Bisect AC at U. § 229 


With O as center and radius OA describe a ©. 

Through O draw a line L to AC, cutting the © at Band D. § 228 
Draw AB, BC, CD, and DA. 

Then ABCD is the square required. 


Q.E.F 
Proof. 4A, B, C, and D are rt. A. § 215 
Now AB = BOC,and CD=DA. § 150: 
Also DA = AB,and BC = CD. § 150 
nee =" OCD DAS Ax. 8 

.. ABCD is a square, by § 65. Q.E.D. 


8. To draw through a given point P between the sides of an angle AOB 
a line terminated by the sides of the angle and bisected at P. 

Given the ZAOB and the point P between the sides of the 7 AOB. 

Required to draw through P a line terminated by the sides of the 
ZAOB and bisected at P. 

Analysis. Assume the problem solved and MW the required line. 

Draw PR1\| to AO, and PQ\lto BO. § 233 B 

Then OR = RN, and 0Q= QM. § 1385 


Hence the points NV and M are determined. We 
Construction. Draw PR |i to AO. § 233 , Sees 
On OB take RN equal to OR. O Q mM A 
Draw NP and produce it to meet AO at M, 
Then MN is the line required. Q.E. F- 
Proof. Since ORT RNs Const. 
and PR is || to MO, Const. 


“. NP = PM, by § 185. QE.D 
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9. To draw a line that would bisect the angle formed by two lines if 
those lines were produced to meet. 

Given the lines AB and CD. 

Required to draw a line that would bisect the angle formed by 
AB and CD if those lines were produced to meet. 


Analysis. Assume the problem solved and OM the 
required line. 
Produce AB and CD to meet at O. 
Then the bisector of the ZO would be the L bisec- 
tor of PQ, a line drawn so as to make equal angles 
with AB and CD. 


Construction. From any point B of AB draw a line ll to DC. § 233 
On this line and on BA take BR equal to BQ. 
Draw QR and produce it to meet CD at P. 


| 
Cc { A 


Bisect PQ at M. § 229 

Draw OM, the | bisector of PQ. § 228 

Then OM is the line required. Q.E.F 

Proof. Since Quen Dikys Const. 
AD GAN I 6S VAIL ON Be § 74 

But BR is |l to DP. _ Const. 
es LONE i PALON END): § 102 

LALLA iy eZ (NAO). 2 Ax. 8 

-. the A formed by the two given lines QB and PD, and PQ is 
isosceles. § 76 
Since OM is the L bisector of PQ, Const. 

.. OM goes through the vertex of the A. § 150 


.. OM bisects the Z formed by QB and PD, by § 83. qa. E.p. 


Exercise 38. Page 143 


1. To find a point that is 3 in. from a given point and 58; in. from a 
given line. 


Given the line AB and the point P. C~YaasX_p 

Required to find a point that is } in. from ghd \ A 
P and #, in. from AB. ee ape 

Construction. With P as center and radius Gur Ria. F 


} in. describe a ©. 
Draw CD and EF || to AB at a distance of #4, in. from AB. § 238 
Let CD and EHF intersect the © in the points M, N, Q, and R. 
Then M, N, Q, or F is the required point. Q.E.F. 
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Proof. The © MWB is the locus of a point } in. from P. § 166 
The || lines CDand EF are the locus of a point 8, in. from AB. § 147 
.. M, N, Q, or R is the required point, by § 254. Q.E.D. 
Discussion. In general, there are four points that satisfy the two 
given conditions. 
There are three points that satisfy the given conditions when P lies 
between CD and FF and is distant } in. from the further one of these 
parallel lines, for then the circle is tangent 


to that line, and either Mand N coincide, g_..._Me--.N D 
or Q and R coincide. iG x 

There are two points that satisfy the given A gal eae 
conditions when P is more than } in. distant ER SeSSaay F 


from one of the parallel lines CD and EF, 
but less than } in. from the other, for then the circle evidently cuts one 
of the parallel lines in two points, but does not cut or touch the other. 
There is one point that satisfies the given condition when P is 1 in. 
distant from one of the parallel lines CD and HF and more than 
4 in. distant from the other, for then the circle evidently is tangent 
to one of the parallel lines, but does not cut or touch the other. 
There is no point that satisfies the given conditions when P is more 
than } in. distant from each of the parallel lines CD and EF, for 
then the circle evidently does not cut or touch either line. 


2. To find a point that is 4 in. from one given point and $ in. from 
another given point. 

Given the points P and Q. 

Required to find a point 4 in. from P and # in. from Q. 

Construction. With P as center and 4+ in. as radius describe a ©, and 
with Q as center and ? in. as radius describe a ©, intersecting the 
first © in the points X and Y. 


Then X or Y is the point required. Q.z.F. Barge 

Proof. The © with center P is the locus ee ~ 
of a point 4 in. from P, and the © with / Hl \ 
center Q is the locus of a point # in. x Bay p Q H 
from Q. § 160 Naa Fe 

-. X or Y is the point required, by Sea ae 


§ 254. Q.E.D. 

Discussion. In general, there are two points that satisfy the given 
conditions. 

If PQ <}in. + £in., but > 3 in. — } in., there are two solutions. 
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If PQ = tin. + #in., there is one solution, for then the circles are 
tangent to each other. 

df PQ>+ in. + 2 in., there is no solution, for then the circles do 
not intersect. 


3. To find a point that is 4 in. from the vertex of an angle and equi- 
distant from the sides of the angle. 

Given the ZAOB. 

Required to find a point 4 in. from O and also equidistant from OA 
and OB. 


Construction. Draw OP, bisecting the Z AOB. § 231 
With O as center and radius 4 in. describe a © 
cutting the line OP at X. 


Then X is the point required. Q.E.F. 
Proof. The © is the locus of a point 4 in. 
from O. § 160 Z 
OP is the locus of a point equidistant from OA 0 
and OB. § 152 
.. X is the point required, by § 254. Q.E.D. 


4. To find a point that is equidistant from two intersecting lines and 
t in. from their point of intersection. 


Given the lines AB and CD, intersecting at O. 
Required to find a point }in. from O and equidistant from AB 
and CD. 


Construction. Through O draw PR, bisecting 
the Z AOC, and through O draw QS, bisecting 
the Z COB. § 231 

With O as center and radius 4 in. describe a 
© cutting PR in the points W and Y, and QS 
in the points X and Z. 

Then W, xX, Y, or Z is the point re- 
quired. Q.E.F. 

Proof. The © is the locus of a point + in. from O. § 160 


PRandQS8 are the locus of a point equidistant from _A Band CD. § 152 
.. W, X, Y, or Z is the point required, by § 254. Q.E.D. 


Discussion. Since the circle will cut the bisector of each of the four 
angles formed by the lines AB and CD, it is always possible to find 
four points that will satisfy the given conditions. 
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5. To find a point that is } in. from a given point and equidistant 
Srom two intersecting lines. 

Given the point P and the lines AB and CD, intersecting at O. ® 

Required to find a point 4in. from P and equidistant from AB 
and CD. 


Construction. Through O draw VR, bisecting the ZA OC, and through 
O draw QS, bisecting the 7 COB. § 231 

With P as center and radius 4 in. describe a © cutting VF in the 
points W and Y, and QS in the 
points X and Z. 

Then W, X, Y, or Z is the point 
required. Q.E.F. 

Proof. The © is the locus of a point 
4 in. from P. § 160 

NRand QS are the locus of a point 
equidistant from ABand CD. § 152 

Hence W, X, Y, and Z, the inter- 
sections of these loci, satisfy the two 
given conditions, by § 254. q.x.p. 


Discussion. If 4 in. is greater than the distance from P to each 
bisector, there are four points that satisfy the given conditions. 

If 4 in. is greater than the distance from P to one bisector, and 
4 in. is equal to the distance from P to the other bisector, then there 
are three points that satisfy the given conditions. 

If jin. is greater than the distance from P to one bisector, and 
} in. is less than the distance from P to the other bisector, then there 
are two points that satisfy the given conditions. 

If + in. is equal to the distance from P to each bisector, then there 
are two points that satisfy the given conditions. 

If 4 in. is less than the distance from P to one bisector, and } in. is 
equa] to the distance from P to the other bisector, then there is one 
point that satisfies the given conditions. 

If 4 in. is less than the distance from P to each bisector, then there 
is no point that satisfies the given conditions. 


6. To find a point that is 4 in. from a given point and equidistant from 
two parallel lines. 

Given the point P and the parallel lines AB and CD. 

Required to find a point 4 in. from P.and equidistant from AB 
and CD. 
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Construction. From any point # of ABdraw EF 1 to CD. § 227 

Bisect EF and call the point of bisection G. § 229 

Through G draw MN 1 to EF. § 228 

With P as center and 4 in. as radius describe a © cutting MN in 
the points X and Y. 


Then X or Y is the point required. Q.E.E. 

Proof. EF is 1 to CD and also toMN. Const. 
roe Hest (OAD), § 97 cat 

Since G, any point of MN, is equidistant 4 2) 

from AB and CD, therefore every point of sa Sees ee 


MN is equidistant from ABand CD. § 128 
-. MN is the locus of a point equidistant 


from AB and CD. § 148 v Pp 
Again, the © is the locus of a point 4 in. ‘ / 
from P. § 160 he of 
Hence X and Y, the intersections of the = i 
two loci, satisfy the two given conditions, by § 254. Q.E.D. 


Discussion. If the distance from P to MN <}tin., there are two 
points that satisfy the given conditions. 

If the distance from P to MN = + in., there is one point that satis- 
fies the given conditions, since MN is then tangent to the circle. 

If the distance from P to MN > + in., there is no point that satisfies 
the given conditions, since MN will not cut or touch the circle. 


7. Find the locus of the mid-point of a chord of a given length that can 
be drawn in a given circle. 

Given AB and CD, chords of the circle with center O, and of the 
given length. 

Required to find the locus of the mid-point 
of AB. 

Construction. Draw OM 1 to AB. § 229 

With center O and OM as radius describe 
a © 


Then this © is the locus required. Q.E.F. 
Proof. Draw ON to CD. § 229 
Now AM = MB, and CN = ND. § 174 
Also OME OING § 178 


Hence the mid-point of every chord of length AB lies at the dis- 
tance OM from the center O. 

Therefore the © through M and WN is the required locus, by 
§ 160. Q.E.D. 
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8. Find the locus of the mid-point of a chord drawn through a given 
point within a given circle. 


Given the point P within the circle with center O, and AB any 
chord drawn through P. 

Required to find the locus of the mid- 
point of AB. 


Construction. Draw OP. 
On OP as a diameter describe a ©. 
This © is the locus required. Q.E.F. 


Proof. Let M be the point of intersec- 
tion of the small © and AB. 


Draw OM. 
Then AZOMRMittaZs § 215 
That is, OM is 1 to AB. 
MGB = MA § 174 


Similarly, every chord drawn through P is bisected by this small 
circle. 

Therefore the circle on OP as a diameter is the locus of the mid- 
point of a chord drawn through P, by § 148. Q.E.D. 


9. To describe a circle that shall pass through a given point and cut 
equal chords of a given length from two parallels. 


Given the point A, the parallel lines BC and DE, and the length MN. 
Required to describe a © that shall pass through A and cut chords 
of length MN from BC and DE. 


Analysis. Assume the problem solved and O the center of the 
required circle. 
Since the © cuts equal chords from BC IR 75 E 
and DE, the center must be equidistant from 
BOC and DE. | eileen see ROS KG! 
Hence one locus for O is the line FG |! to ‘| . 
BO and equidistant from BC and DE. Wa Meee een eT 


Construction. Bisect MN. § 229 
At the point of bisection, Q@, draw a line 1 to MN, cutting DF 
in R, § 228 
Bisect QR. § 229 
At the point of bisection, P, draw FG 1. to QR. § 228 
Draw PM. 
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Then with A as center and PM as radius describe a O. 
Let this © cut FE in O. 
Then O is the center and PM the radius of the required ©. Q.E.F. 


Proof. Every © with center on FG and radius PM cuts chords each 


equal to MN from the lls BO and DE. Const. 
Every © with center on the © described with A as center and the 
same radius will pass through A. § 160 
Therefore the © with center O is the required ©. Q.E.D. 


Discussion. The problem is impossible if the distance from A to FG 
is greater than PM. 


10. To describe a circle that shall be tangent to each of two given 
intersecting lines. 


Given two intersecting lines. 
Required to describe a © that shall be tangent to each line. 


Construction. Draw the bisectors of the A formed by the two 
lines. § 231 
Then with any point in either bisector as center and the distance 
from that point to either of the given lines as a radius describe a ©. 
That © is the © required. Q.E.F. 


Proof. Every point in either bisector is equidistant from the inter- 

secting lines. § 152 

-, each of the intersecting lines is tangent to the circle, by § 184. 

Q.E.D. 

Discussion. This is an indeterminate problem, since any point on 

either bisector may be chosen as center, and thus an infinite number 
of circles may be drawn that satisfy the conditions. 


11. To find in a given line a point that is equidistant from two given 
points. 
Given the line AB and the points P and Q. 
Required to find a point in AB equidistant from P and Q. 
Construction. Draw PQ. 
Bisect PQ. § 229 
At the mid-point of PQ erect a line | to PQ, § 228 
cutting the line AB at X. 
Then YX is the point required. QEnF, & 


Proof. Draw PX and QY. 
PX = Q4X, by § 150. Q.E. D. 
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12. To find a point that is equidistant from two given points and at a 
given distance from a third given point. 


Given the points P, Q, and R, and the distance d. Ka 
Required to find a point equidistant from P and Q, \! ee 
and at a distance d from R. pag ce 

Construction. Draw PQ. oo ie 
Draw MN, the L bisector of PQ. § 229 


With R as center and radius d describe a circle cutting MN at 
A and X’. 


Then X or X’ is the point required. Q.E.T. 
Proof. X is equidistant from P and Q. § 150 
XA is at the distance d from R, by § 162. Q.E.D. 


Discussion. Let d’ denote the distance from R to MN. Then the 
number of solutions is 2, 1, or 0, according asd >, =, or <a’. 


13. To describe a circle that has a given radius and passes through 
two given points. 

Given the points P and Q and the distance r. 

Required to describe a © that shall have radius r and shall pass 
through P and Q. 


Construction. Draw PQ. r 
Draw MN, the 1 bisector of PQ. §§ 229, 228 FE 
With P as center and radiusr describe an arc cut / | X 
ting MN at 0. ' 168 
With center O and radius r describe a ©. \ pga } 
This © is the circle required. Q.E.F. ie ee 
Proof. The © has r for radius, Conct: saan 
and the center O is equidistant from P and Q. § 150 
.. Ois at the distance r from both P and Q. Q.E.D. 


14. To find a point at given distances from two given points. 
Given the points P and Q and the lines a and b. 


Required to find a point at a distance a from P, and at a distance 
b from Q. 


Construction. With P as center and radius ut a 
a@ describe an arc. ls; is 

With Q as center and radius b describe Dace = ——— 2 
another arc cutting the first arc at X and X’. \} 

Then X or X’ is the point required. @.z.F. so 


Proof. X is, by construction, at the dis- 
tance a from P, and at the distance bfrom Q. Q. E.D. 
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Discussion. If PQ=a-+ }, there is one solution; namely, a point 
in the line PQ where the two arcs touch each other. If PQ>a+5), 
or < a—b, the problem is impossible ; for the arcs cannot cut or 


touch each other. If PQ has any value between a+ 6 and a—b, 
there are two solutions (as in the figure). 


15. To describe a circle that has its center in a given line and passes 


through two given points. BALE ae 
Given the line A Band the points P and Q. é yy B 
Required to describe a circle that has its os ae eae 
center in AB and passes through PandQ. 47 \_/ | 
Construction. Draw PQ. P ne ee 
Draw MN, the L bisector of PQ. §$§ 229, 228 


Let MN cut AB at O. 
With center O and radius OP describe a ©. 


This © is the © required. Q.E.F. 

Proof. The center O is in AB. Const. 

Also OP = OQ, by § 150. Q.E.D. 

16. To find a point that is equidistant from two given points and also 
equidistant from two given intersecting lines. iH 


Given the two points P and Q and the 
lines AB and CD, intersecting at O. 

Required to find a point equidistant @ 
from P and Q, and also equidistant 
fnomeeAtpe andy, C1) "i a aah ein onan 

Construction. Draw EF, the bisector 


) —~ 
of ZCOA, and GH, the bisector of © PS’ 2 
Z BOC. Draw BO) § 231 M ae 
Draw MN, the bisector of PQ, cut- *Q 
ting HF and GH in the points X and X’ respectively. §§ 229, 228 
Then XY or X’ is the point required. Q.E.F. 
Proof. HF and GH are the locus of a point equidistant from AB 
and CD. § 152 
MN is the locus of a point equidistant from P and Q.  § 150 
. X or X’ is the point required, by § 254. Q.E.D. 


Discussion. In general, two solutions may be obtained. 

If MN is parallel to one of the bisectors of the angle, only one 
solution is possible. 

If MN coincides with one of the bisectors, the problem is inde- 
terminate, since any point on that bisector will satisfy the conditions. 
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17. To find a point that is equidistant from two given points and also 
equidistant from two given parallel lines. 
Given the points P and Q and the || lines AB and CD. 


Required to find a point equidistant from P and Q, and also equi- 
distant from AB and CD. 


Construction. Draw PQ. 
Draw MN, the 1 bisector of PQ. §§ 229, 228 
From any point # on AB draw EF 1 to CD. § 227 
Draw GH, the 1 bisector of EF, cutting 
MN in X, §§ 229, 228 


Then X is the point required. Q.5.F. 
Proof. Since HF is 1 to CD, Const. 


-, HF is 1 to AB. § 97 
Again, EFis1to GH. Const. i 
; sigs = 
-. GH is || to AB and || to CD. § 95 5 gaa ae ra) 
Also GH = GF. Const. 


. any point on GA is equidistant from ABand CD. § 128 
MN is the locus of a point equidistant from Pand Q. § 150 
-. X is the point required, by § 254. Q.E.D. 


Discussion. In general, there is one solution. 
If PQ is 1 to the given lines, there is no solution unless MN 
coincides with GH, in which case the problem is indeterminate. 


18. To find a point that is equidistant from two given intersecting lines 
and at a given distance from a given point. 


Given AB and CD, two lines intersecting at #, the point P, and the 
distance d. 

Required to find a point equidistant from AB and CD, and at a 
distance d from P. 


Construction. Draw ZT bisecting Z CEA, 
and XY bisecting 2 BEC. § 231 
With P as center and radius d describe a © 
cutting the bisectors in X, Y, Z, and T. 
Then Y, Y, Z, or Tis the point required. Q.z.F. 


Proof. XY and ZT are the locus of a point equidistant from AB 


and CD. § 152 
The © XZY is the locus of a point at the distance d from 
point P. § 160 


«. X, Y, Z, or Tis the point required, by § 254. Q.E.D, 
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Discussion. If d is greater than the distance from P to each bisector, 
there are four solutions. 

If d is greater than the distance from P to one bisector and equal 
to the distance from P to the other, there are three solutions. 

If d is equal to the distance from P to each bisector, there are two 
solutions. 

If d is less than the distance from P to one bisector and greater 
than the distance from P to the other, there are two solutions. 

If d is equal to the distance from P to one bisector and less than 
the distance from P to the other, there is one solution. 

If d is less than the distance from P to each bisector, there is no 
solution. 


19. To find a point that lies in one side of a given triangle and is 
equidistant from the other two sides. 


A 
Given the A ABC. 
Required to find a point lying in BC, and 
equidistant from AB and AC. 
Construction. Bisect ZA. § 231 2 x 0 
Let the bisector meet BC in X. 
Then X is the point required. Q.E.F. 
Proof. AX is the locus of a point equidistant from the sides of 
ZBAC. § 152 
.-. X is equidistant from AB and AC. Q.E.D. 


Exercise 39. Page 145 


1. To draw a common tangent to two given circles. 


Given two © with centers O and O’: 
Required to draw a common tangent to these two ©. 


Case 1. Considering a com- 
mon external tangent (Fig. 1). 


Analysis. Suppose the prob- 
lem solved, and RQ the re- 
quired tangent. 

Draw the radii OR and O0’Q. 

Then OR and O’Q are L to RQ, § 185 


and OR is || to OQ. § 96 
{ 


EG 


140 BOOK II. PLANE GEOMETRY 


Through O’ draw MO’ || to RQ. 


Then MR = 0’Q. § 127 
-. OM = OR — O’Q. 
But MO’ is 1 to OM. § 97 


*, MO’ is a tangent, drawn through O’, the center of the smaller 
©, to a © with center O and a radius equal to the difference of the 
radii of the two given ©. 

Construction. With center. O and a radius equal to the difference of 
the radii of the given © draw a ©. 

Through O’ draw a tangent MO’ to this ©. § 246 

Through M, the point of 
contact, draw the radius OR. 

Through O’ draw the radius 


O’Q Il to OR. § 233 
Draw RQ. 
Then the line RQ is the re- 
quired tangent. Q.E.F. 
Proof. Since MO’ is L to OR, § 185 
and OR is |l to OQ, Const. 
-. MO‘ is 1 to O'Q. § 97 
Now Mila O20); Const. 
-. RQ is ll to MO’. § 130 
-. RQis 1 to OR and O’Q. § 97 
.. RQ is a common tangent to the given @, by § 184. Q.E. D. 


Casp 2. Considering a common internal tangent (Fig. 2). 

Analysis. Suppose the problem solved, and RQ the required tangent. 

Draw the radii OR and O’Q. 

Then OR and O’Qare 1 to RQ, § 185 
and OR is || to O’Q. §$ 95 

Through O’ draw MO’ || to RQ, cutting 
OR produced in M. 


Then MR=0’Q. § 127 
“. OM = OR + 0'Q. 
But MO’ is 1 to OM. § 97 


.. MO’ is a tangent drawn through O’, the center of the smaller 
©, to a © with center O and a radius equal to the sum of the radii 
of the two given ©. 

Construction. With center O and a radius equal to the sum of the 
radii of the given © draw a ©. 

Through O’ draw a tangent MO’ to this ©. § 246 
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Through M, the point of contact, draw the radius OM, cutting the 
given concentric © in R. 


Through O’ draw the radius O’Q Il to OM. § 233 

Then the line RQ is the required tangent. Q.E.F, 

Proof. Since MO’ is L to OM, § 185 
and OM is || to 0’Q, Const. 
>, MO’ is 1 to O'Q: § 97 

Now MR = 070: Const. 
-. RQ is Il to MO’. § 180 

-. KQis 1 to OR and OQ. § 97 

-. RQ is a common tangent to the given ©, by § 184. Q.E.D. 


Discussion. Let d denote the line segment joining the centers of 
the given circles, and r and 7’ their radii respectively. 

Ifd>r-+7’, two common external and two common internal tan- 
gents may be drawn. 

If d=yr +7’, one internal and two external tangents may be drawn. 

Ifd<r+r’ but >r—1’, two external tangents may be drawn, 

If d=r—v7’, one external tangent may be drawn. 

If d<r—v7’, no solution is possible. 

If r=7", MO’ coincides with OO’ in Case 1. The radii OR and O’Q 
have then simply to be drawn as perpendiculars to OO’. 


2. To draw a common tangent to two given circles, using the following 


Jigures. 

Fie. 1. By using the method given in Ex. 1, 
Case 1, two external tangents may be drawn. 

One common internal tangent may be drawn 
by drawing the line of centers of the given cir- 
cles, and drawing through the point of contact 
of the circles a perpendicular to that line. 

This perpendicular is a common tangent, by 
§$ 197, 184. 

Fig. 2. By using the method given in Ex. 1, 

Case 1, two external tangents may be drawn. 

No internal tangent is possible. 

Fie. 3. Only one external tangent can be drawn 
by drawing the line of centers of the given circles, 
and drawing through the point of contact of the circles 
a perpendicular to that line. 

This perpendicular is a common tangent, by §§ 197, 
184. Vie. 3 


Fie. 1 


Fre: 2 


142 BOOK II. PLANE GEOMETRY 


3. The locus of the vertex of a right triangle, having a given hypotenuse 
as its base, is the circle described upon the given hypotenuse as a diameter. 

Given the line AB and the © described upon it as a diameter. 

To prove that this © is the locus of the vertex of a right triangle, 
having AB as its base. 


Proof. Let P be any point on the ©, and X P per 


any point not on the ©. Draw AP, BP, AX, aX 
BX. ' 
Since arc BPA isa semicircle, Const. 4 B 
Ge AVM B ire Wilt, ZS § 215 a 
Let AX or AX produced cut the arc BPA in 


P’, and draw BP’. 


Again, ZAPB=11t. Z. § 215 
sw2 BE X= rt..Z. § 43 

In the A PBX, ZP’XB is not art. Z. § 109 
.. the © is the required locus, by § 148. Q.E.D. 


4. The locus of the vertex of a triangle, having a given base and a 
given angle at the vertex, is the arc which forms with the base a segment 
in which the given angle may be inscribed. 


Given the line AB and an are forming with this line a segment in 
which a given Z C may be inscribed. 

To prove that the arc is the locus of the vertex of 
a triangle having A Bas base and Z C at the vertex. 


Proof. Let P be any point on the arc, and X any 
point not on the arc. Draw AP, BP, AX, BX. 


Then LAB e/a Or. § 217 

Let AX or AX produced cut the arc in P’, and draw BP’. 

Again, INSET 5S ee Ok, § 217 

Now Jb IMEI) = LIE RIBS fo MIE § 111 
" 5h MAINTE AZIZ Os}, Ase Lil 

That is, PL INAG ES AOS Ax. 8 


.. the are BPA is the required locus, by § 148. Q.E.D. 


5. To construct an isosceles triangle, having given the base and the 
angle at the vertex. 

Given the line AB and the ZC. Ad 

Required to construct an isosceles A with ABas base / /!\ \ 
and the Z C at the vertex. 

Construction. Upon AB as chord describe the segment 4 D B 
of a © in which Z C may be inscribed. 
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Draw the | bisector DC of AB, cutting the arc in point C. §§ 229, 228. 
Draw AC and BC. 


Then the A ABC is the A required. Q.E.F. 

Proof. Since arc BCA is the segment upon AB in which Z C may 
be inscribed, INI RAVAGE Const. 
Again, since DC is the L bisector of AB, Const. 
Py AUG a 10%, § 150 

.. the A ABC is the required A. Q.E.D. 


6. To construct an isosceles triangle, having given the base and the 
radius of the circumscribed circle. 


Given the line AB and the radius r. Poe 

Required to construct an isosceles A with ABasbase, / ye i \ 
and with the radius of the circumscribed © equal tor. _}<---+--1y, 

Construction. Describe a © with the radius r. Sg 


With any point A of the © as center and with a 
radius equal to AB describe an are cutting the © in point B. 
Draw AB, and draw the bisector of AB, cutting the © in the 
points C and C’. §§ 229, 228. 
Draw AC and BO, and AC’ and BC’. 
Then the A ABC or A ABC’ is the required A. Q.E.F. 


Proof. Since CC’ is the L bisector of AB, Const. 
Ai Omang wA Ogee Ces § 150 

Also, the A ABC and ABC’ have the base AB and the circumscribed 
circle with the radius r. Const. 
«. A ABC and ABC’ satisfy the conditions. Q.E.D. 


Discussion. In general, two solutions may be had. 

If AB > 27, no solution is possible. 

7. To construct an isosceles triangle, having given the base and the 
radius of the inscribed circle. 


Given the line AB and the radius r. ee 
Required to construct an isosceles A with the CA 
pase AB, and with the radius of the inscribed © i 1\ 
equal to r. Leo 
Construction. Draw the | bisector DE of AB. ie | ae 
On DE take DO=r, $878,228 A 10 \ 
With O as center and radius r describe a ©. eet le ms 
Through A and B draw two tangents, 4 and BG, A Dp. B 
to the © and let them intersect at C. § 246 


Then the A ABC is the required A. Q.E.F. 
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Proof. Let the points of contact of the sides AC and BC with the 
© be F and G respectively. i 


Then AF =AD, and BG = BD. § 192 Je 
But AD = BD. Const. “M 
_ Ave Be, Ax. 8 /\\ 
Now CF = CG. § 192 joa 
AC = BC. Ax. 1 ef ae 
The A ABC also has the base AB, and the radius f- 10 } 
of the inscribed © equal to r. Const. vs | os - 
:. A ABC satisfies the conditions. @.e.p. 4 D B 


Discussion. If AB is equal or less than 27, no solution is possible. 


8. To construct an isosceles triangle, having given the perimeter and 
the altitude. 


Cc 
Given the lines EF and DC. JIS. 
Required to construct an isosceles A with wat ” 
a x 
the perimeter equal to EF and the altitude pee -—¥ 4 eS a 


DC. 
Analysis. Suppose the problem solved, A ABC the required A, and 
CD the given altitude. 
Produce BA to H, making AH = AC; and AB to F, making 
BF = BC. 
The A EAC and BFC are isosceles, 


and EF=AC+ AB + BF. 
Since A ABC is isosceles and CD the through the vertex, 
AD =D B. 
Also AE = BF. Ax. 8 
LID IOS Ax. 1 


:, CD is the bisector of HF. 


Construction. Draw the _L bisector of HF and take DC equal to the 
given altitude. §§ 229, 228 
Draw EC and FC. 


Draw the  bisectors of HC and FC, cutting HF in A and B. 


§§ 229, 228 

Draw AC and BC, 
Then A ABC is the required A. Q.E.F. 
Proof. Since A and B are points in the 1 bisectors of HC 
and FC, Const. 
*- HA=AC, and BF=BC. § 150 
Now EF=EA+ AB + BF. Ax. 11 


. HF=AC+AB+4 BC. Ax. 9 
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Since CD is the bisector of EF, Const. 

.. EC = FC, § 150 

and ZFEC=ZCFE. § 74 
Also ZAC = ZC A, 

and ZOFB=ZBCE. § 74 

ea GEIR CUAN es VAT CIR, Ax. 8 

«. the A EAC is congruent to A BFC. § 72 

As, Pah nd EXOP § 76 

-. the ,\ ABC satisfies the conditions. GqkaDs 


9. To construct a right triangle, having given the hypotenuse and 
one side. 


Given the lines 6 and c. b 

Required to construct a right A with the hy- c a 
potenuse equal to b and one side equal to c. 

Construction. Draw AB=c. 

Through B drawal to AB. § 228 

With A as center and b as radius draw an arc A 

cutting the 1 in C. 
Draw AC. 
Then the A ABC is the required A. Q.E.F. 


Discussion. In order to make a solution possible, 6 must be larger 
than c. 


10. To construct a right triangle, having given one side and tne altitude 
upon the hypotenuse. 


Given the lines } and h. h 
Required to construct a right triangle with b 
one side equal to } and the altitude upon the 0 
hypotenuse equal to h. iP 
Construction. In point D of any line MN ‘ere RN’ 
erect a L to MN. g228 4 P B 


Upon this 1 take DC =h. 
With C as center and a radius equal to 6 describe an arc cutting 
MN in A. 


Draw AC. 
Through C draw a 1 to AC, cutting MN in B. § 228 
Then the A ABC is the required A. Q.5.F. 


Discussion. In order to make a solution possible, b must be larger 
than h. 
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11. To construct a right triangle, having given the median and the 
altitude wpon the hypotenuse. 


m 
Given the lines m and Ah. h 
Required to construct a right A with the Ose 


median and the altitude upon the hypotenuse 
equal to m and fh respectively. F 


Analysis. Suppose the problem solved and A Dp ~H# B 
A ABC the required A with the altitude CD and the median CH 
drawn. 

Since Z ACB is a rt. Z, it may be inscribed in a semicircle upon 
AB as diameter and £ as center. § 215 

$y Oi) = AUG Jay § 162 


Construction. Construct a right 7, taking one side DC=h. § 228 
With C as center and m as radius draw an arc cutting the other 
side in E. 
With E£ as center and the same radius draw an arc cutting DE 
produced in A and B. 
Draw AC and BC. 


Then the A ABC is the required A. Q. E.F. 

Proof. The altitude CD=h, 
and the median CHE=m. Const. 
Also, since 2 ACB is inscribed in a semicircle, Const. 
AeA CB = lita Z. § 215 
.. the A ABC satisfies the conditions. Q. E.D. 


Discussion. If m <h, the problem is impossible. 


12. To construct a right triangle, having given the hypotenuse-and the 
altitude upon the hypotenuse. 6 


Given the lines ¢ and h. 
Required to construct a right A with ¢ as hy- 
potenuse and f as altitude upon ¢. 


Construction. Draw AB=c. V. 
Bisect AB. g229 4 
Upon AB as diameter draw a semicircle. 
Through A draw a L to AB, § 228 
Take AP=h. 


hrough P draw a || to AB, cutting the semicircle in C and CO”. § 283 
Draw AC, BC, and AC’, BC’. 
Then the A ABC or A ABC’ is the required A. Q.E.F 
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Proof. LANB 105 Const. 
PC’ is || to AB. Const. 

.. the distance from C or O’ to AB is equal to AP, that is, equal 
to h. § 128 
Since the 4 ACB and AC’B are inscribed in a semicircle, Const. 
Sq VAAN CIB) es fh IMC 0s il sai ZZ § 215 


.. the A ABC and ABC’ satisfy the conditions. Q.E.D. 


Discussion. Since A ABC is congruent to A ABC’, there is really 
only one solution. 

If h =}4AB, PC’ will be a tangent and the A will be isosceles. 

If h > 4 AB, no solution is possible. 


13. To construct a right triangle, having given the radius of the 
inscribed circle and one side. Db 

Given the lines b and r. r 

Required to construct a right A with one side 0 


E 
equal to b, and the radius of the inscribed © D 
equal to r. 


Analysis. Suppose the problem solved and 4 
A ABC the required A, with the inscribed ©, and the 1 radii OH 
and OD upon the sides 4C and BC drawn. 


Then OD is |l to HC, and OE is |l to DC. § 95 
-. OD= EC, and OH = DC. § 125 
Since IC IOXC}. § 192 
85 LYS = ON; Ain. Ax. § 
Construction. Draw the line AC = b. 
On AC take CH =r. 
Through # draw a | to AC, taking HO =r. § 226 
With O as center and radius r describe a ©. 
Through A draw a tangent to the ©. § 244 
Through C draw a 1 to AC, cutting the tangent in B. § 228 
Then the A ABC is the required A. Q.E.F. 
Proof. AG = We Const. 
ZAG ES ler. Const. 
Draw OD 1 to BC. 
Then OD is || to EC. § 95 
Also OE is || to DC. § 95 
Bo. ONG = SHG ais § 125 
-. BC is tangent to the ©. § 184 


v. the A ABC satisfies the conditions. Q.z.D. 
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14. To construct a right triangle, having given the radius of the in- 
scribed circle and an acute angle. ib 

Given the line r and the Zm. 

Required to construct a right A with the radius 
of the inscribed © equal to r, and one acute Z 
equal to Z7m. 


Analysis. Suppose the problem solved and 
A ABC the required A, with the inscribed © drawn, and 2 CBA=Zm. 

Since the © is tangent to both sides of 7 CBA, its center O must 
lie in the bisector of that Z. § 152 

Since the distance from O to BC is equal to r, O must also lie in 
the || that is drawn at a distance r to BC. 


Construction. Construct Z B= Zm. § 232 
Bisect 2 B. § 231 
Through B draw a 1 to one side of 2 B, taking BD=r. § 228 


Through D draw a || to that side, cutting the bisector in O. § 233 
With O as center and radius r draw a ©. 
Let DO produced cut this © in £. 
Through # draw a 1 to DE, cutting the sides of the 7 Bin Cand A. 


Then the A ABC is the required A. Q.E.F. 
Proof. Draw OF | to BC. 
Then ORD B= 7 § 128 
Since O lies on the bisector of 7 CBA, Const. 
«. Ois also at a distance r from AB. § 152 
-. AB and BC are tangent to the ©. § 184 
Since AC is L to OE, Const. 
.. AC is tangent to the ©. § 184 
Since DE is || to BC, Const. 
M5 LGN Tice eis VAs § 97 
.. the A ABC satisfies the conditions. Q.E.D. 


15. To construct a triangle, having given the base, the altitude, and an 
angle at the base. 


Given the lines c and h, and the Zm. ay ° E 
Required to construct a A with ¢ as base, h BC? D 
as altitude, and one Z at the base equal to Zm. Zin. oe s 
Construction. Draw AB equal to c. : eA \| 
With AB as one side and A as vertex draw j-------------}, 
ZBAE =Zm. § 232 
Through B draw a 1 to AB, taking BD=h. § 228 


Through D draw DF'|| to BA, cutting AF in C. § 233 
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Draw BC. 
Then A ABC is the A required. Q.E.F. 
Proof. AB=c. Const. 
PL SBI OSS LG Const. 
Since DF is |l to BA, Const. 
.. the distance from C to AB is equal to BD; that is, equal toh. § 128 
.. the A ABC satisfies the conditions. Q.E.D. 


16. To construct a triangle, having given the base, the altitude, and the 
angle at the vertex. 

Given the lines ¢ and h, and the Zm. 

Required to construct a A with ¢ as base, h as altitude, and the Zm 
as Z at the vertex. 

Analysis. Suppose the problem solved, and ERs Gaba 
A ABC the required A. 

Since the base AB and the ZC at the vertex 
are given, one locus for the vertex is an are form- 
ing with AB a segment in which the 7m may be 
inscribed. 

Another locus for the vertex is a parallel to AB 
at a distance from it equal to h, the given altitude. 


A B 


Construction. Draw AB=c. 
Upon AB as chord describe a segment of a circle in which Zm 
may be inscribed. § 247 
Through B draw a | to AB, taking BD=h. § 228 


Through D draw a || to AB, cutting the are in C and C’. § 238 
Draw AC, BC, and AC’, BC’. 


Then A ABC or A ABC’ is the required A. Q.E.F. 

Proof. cAW Si ==iCs Const. 
Since the are BCA forms with AB as chord a segment in which 
Zm may be inscribed, Const. 
Oy LLIN ON at ZT § 217 


Since DC’ is || to AB and at a distance h from it, | Const. 
.. the distance from C to the base AB is equal to h. § 128 
.. the A ABC satisfies the conditions. Q.E.D. 
Discussion. Since A ABC is congruent to A ABC’, there is really 
only one solution. 
If h is equal to the distance from the highest point of the arc to 
AB, the A will be an isosceles A. 
If hf is larger than the distance from the highest point of the are to 
AB, no solution is possible. 
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17. To construct a triangle, having given one side, an adjacent angle, 
and the sum of the other sides. d 
Given the lines d and c, and the Zm. Cc 


Required to construct a A with ¢ as base, one adja- ay 
cent Z equal to Zm, and the sum of the other sides y 


equal to d. ~~ 
Analysis. Suppose the problem solved and A ABC the Wii 
required A, with AB the given base and Z A the given Z. 
Produce AC, making CD = OB, and draw BD. 
Then AD=AC+4+ CB. 
Also the A BDC is isosceles. 
.. C lies on the 1 bisector of BD. 


Construction. Draw AB=c. 
With AB as one side and A as vertex draw the ZA =Zm. § 232 
Take AD=d. 
Draw BD. 
Draw the 1 bisector of BD, cutting ADin C. §§ 229, 228 
Draw BC. 
Then A ABC is the required A. Quik. 
Proof. AB=c,and ZBAC =Zm, by construction. 
Since C lies on the _L bisector of BD, Const. 
ri, ISXO) = CID, § 150 
Now AD=AC + CD. Ax. 11 
a AO A OF SoG Ax. 9 
That is, AC + BC=d. 
.. the A ABC satisfies the conditions. Q.E.D. 


Discussion. In order to make a solution possible, d must be larger 
than c. 


18. To construct an equilateral triangle, having given the radius of the 
circumscribed circle. 


Given the radius r. re Bo 
. . . ie NX 
Required to construct an equilateral A with the f Pa Ae | - 
° . . . ——|— = 
radius of the circumscribed circle equal to r. On a 
Construction. Describe a © with center O and the Speklesy 
radius r. 


Draw any diameter AOB, 

With center B and radius r draw an arc cutting the © in C and D. 
Draw AC, AD, and CD. 

Then the A ADC is the required A. Q.E.F 
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Proof. Draw OC, OD, BC, and BD. 
OBO: § 162 
BCS sOB;: Const. 
-. the A OBC is equilateral. 
B AIKOO =I, § 107 
Similarly, Z DOB = 60°. 
DO C= 202 
Now ACOA /aAOD 202s § 58 
eAlced Gu=mvare Aare DO. § 166 
es ANC = AD) = IXC § 170 
.. the A ADC satisfies the conditions. Q.E.D. 


19. To construct a rectangle, having given one side and the angle 
between the diagonals. 


Given the line a and the Zm. 

Required to construct a rectangle with one side 
equal to a and the Z between the diagonals equal 
to Zm. 

Analysis. Suppose the problem solved, and the rec- 
tangle ABCD the required rectangle with the diagonals AC and BD 
drawn intersecting at O, the given Z being Z BOC, and AB the 


given side. 
In the rt.A ABD and ABC, 
PAU eA Iden. 
AUD nC § 125 
.. the rt. A ABD and ABC are congruent. § 68 
oy AO! 1am), § 67 
Since the diagonals bisect each other, § 131 
5 AO = IO), Ax. 4 
e/a BAG AAO: § 74 
Now ZOBA+ZBAO0=ZBO0C. § 111 
by YZ ONevslee AIS OC = Are 
«. the isosceles A ABO is determined. 
Construction. Draw AB= a. 
Upon AB as one side and A and Bas vertices construct two A, each 
equal to 42m. §§ 231, 282 


Let the sides of these A meet at O. 
On AO produced take OC = AO. 
On BO produced take OD = BO. 
Draw BO, CD, and DA. 
Then the quadrilateral ABCD is the required rectangle. Q.E.F 
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Proof. AB=a. Const. 
ZBOC=ZBAO0 + ZOBA. § 111 
* ZBOC=4Zm+}hiZm=m. 
Now AO= BO, 
and AO= OC; 
Ria aOe= (OX0!, 
22 COBO = A0CB. 
Now Z BOC = 2rt.4—(Z CBO+ ZOCB), 
or ZBOC=2rt.4—22Z CBO. 
Also ZBOC=ZBA0+Z0BA, 
or Z BOC =22Z OBA. 
.. 20BA =2rt.4—2ZCBO, Ax.8 
or ZLOBA = ZACBO= trt.Z. Ax. 4 
That is, ZLOBA =11t.Z. ee 
Similarly LBADEWrteZ. 
AD) Cher berZae 1 
ADU Bie tertsZ. 
.. the quadrilateral ABCD is a rectangle. § 119 
.. the rectangle 4 BCD satisfies the conditions. Q. E. D. 


Discussion. There are two solutions possible, according to whether 
Z BOC or Z AOB is to be the given angle. 

In the latter case Z BAO = 1(2rt. 4— Z AOB), and the construc- 
tion is the same. 


20. Given two perpendiculars, AB and CD, intersecting in O, and a 
line intersecting these perpendiculars in E and F; to construct a square, 
one of whose angles shall coincide with one of the right angles at O, 
and the vertex of the opposite angle of the square shall liein Er. (Two 


solutions.) C 


Analysis. Suppose the problem solved, and the 
quadrilateral OMGN one of the required squares. 
Draw the diagonal OG. 

In the rt. A OMG and OGN, 


OM = ON, 
and GM = GN. § 65 
-. the rt. & OMG and OGN are congruent, § 68 
a LM OG = aG ONG § 67 D 
That is, the point G lies on the bisector of Z BOC. 
Construction. Bisect the 4 BOC and DOB. § 231 


Let these bisectors meet HF and EF produced in G and H. 
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From G and # let fall 1s upon the given lines AB and CD. 

Let the intersecting points of the Js and the lines 4B and CD be 
Wh Tes INO) 

Then the quadrilaterals OMGN and OQHP are the required 


squares. Q.E.F. 
Proof. In the quadrilateral OMGN, 

ZaMiOiNG— Ate Hyp. 
Also ZAG MON ON Gr slatte Ze Const. 
Now Z4NGM=4rt.4—(ZMON+2ZGMO0+4ZONG). § 144 
“« ZNGM=4rt.4—3rt.4. Ax,.8 

ZN GV Nba Ze 

Also ON is || to GM, 
and OM is || to GN, § 95 
eG MERON: § 127 
GM= GN. § 152 
ON = GINE Ax. 8 

.. the quadrilateral OMGN is a square. 

Similarly, the quadrilateral OQHP is a square. Q.E.D. 


21. A straight rod moves so that its ends constantly touch two fixed 
rods perpendicular to each other. Find the locus of its mid-point. 


Given two 1 rods bisecting each other at O, and 
one rod AB which moves so that its ends constantly 
touch the other rods. 

Required to find the locus of M, the mid-point 
of AB. 


Construction. With O as center and a radius equal to} AB draw 
a ©. 


This © is the required locus. Q.E.F. 
Proof. Draw the moving rod AB in any of its positions. 
Draw OM. 
Since Z BOA =1 rt. Z, Given 
.. the Z BOA may be inscribed in a semicircle with AB as diameter 
and consequently with M as center and } AB as radius, § 215 
OMe 2a: 


That is, the mid-point M will always be at a distance equal to } AB 
from 0. 

.. the locus of the point M is a © with O as center and a radius 
equal to 4 AB, by § 160. Q.E.D. 
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22. A line moves so that it remains parallel to a given line, and so 
that one end lies on a given circle. Find the locus of the other end. 


Given the fixed line AB, and the line 
CD which moves so that it remains || to 
AB, and so that C lies on the © with cen- 
ter O. 

Required to find the locus of point D. 


Construction. Through O draw a |l to AB, taking OM= CD. § 233 
Describe a © with M as center and a radius equal to the radius 

of the given ©. 
This © with center M is the required locus. Q. E.F. 


Proof. Draw CD in any of its positions. 
Draw OM || to AB, making OM = CD. 
Draw OC and MD. 


Now OM is || to CD, § 96 

and OM GD: Hyp. 

-. the quadrilateral OMDC is a 7. § 130 

ae MD OC: § 125 

That is, the point D will always be at a distance equal to OC from 
point M. 

.. the locus of point D is a © with M as center and with a radius 

equal to OC, the radius of the given ©. Q.E.D. 


23. Find the locus of the mid-point of a line-segment that is drawn 
from a given external point to a given circle. 


Given the point A, the © with center O, and the line-segment 
drawn from A to the ©. 

Required to find the locus of the mid- 
point of the line-segment. 


Construction. Draw AO. 
Bisect AO at M. § 229 
Describe a © with M as center and a radius equal to one half the 
radius of the given ©. 
This © with center M is the required locus. Q.E.F. 


Proof. Draw AB, any one of the line-segments. 
Bisect AB at C. 
Draw MC and OB. 
Then MC =i30B. § 136 
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Draw AD, any other of the line-segments, with H, the point of 

bisection. 
Draw ME and OD. 

Then again, ME =} 0D=+} OB. § 186 

That is, the mid-point of the line-segment is always at a distance 
of 4 OB from point M. 

*. the locus of the mid-point of the line-segment drawn from A to 
the given © is the © with M as center and with a radius equal to one 
half the radius of the given ©, by § 160. Q.E.D. 


24. To draw lines from two given points P and Q which shall meet on 


a given line AB and make equal angles with AB. 5 /Q 
Given the line AB and the points P and Q. x A 
WN 


Required to draw lines from P and Q which “i 


shall meet in the line AB and make equal 4 4 se? / 
with AB, & 
Construction. From P draw PC 1 to AB. § 227 
Produce PC and take CP’ = PC. 
Draw P’Q, cutting AB in E. 
Draw PE. 
Then P# and £Q are the required lines. Q. ELF. 
Proof. In the right A CHP and P’EC, 
IAG = Ole Const. 
and CE = CE. Iden. 
-. the A CEP and P’EC are congruent. § 68 
0 ZEA yA CGIUIE § 67 
Now AEG ESS LIES HO): § 60 
IZ PHC = 2 BLO. bpy Ax. 8: Q.E.D. 


25. To find the shortest path from a point P to a line AB and thence 


to a point Q. 9 
Given the line AB and the points P and Q. Pp ae 
Required to draw the shortest path from P Sees / 

to AB and thence to Q. 40, ho P B 
Construction. Draw PO 1 to AB. § 227 ee 


Produce PC, taking CP’ = PC. 
Draw P’Q, cutting AB in point £, 
Draw PE. 
Then PE and EQ represent the shortest path from P to AB and 
thence to Q. QE.F. 
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Proof. Take any other point F on AB. SY 
Draw PF, QF, and P’F. oc ee 
In the rt. ACEP and P’EO, ee yl 
PC= CP. Const. + e; Db eG lodlind 
and CE =CE. Iden. a 
.. the ACEP and P’EC arecongruent. § 68 
Be LT ms CI Hy § 67 
Similarly JEM Drees JEAN Ie 
In the A P’FQ, P’Q<PF+ FQ. § 112 
Now PQ=PE+ EQ. 
. P°Q=PE+ EQ. Ax. 9 
«. PE+ EQ< PF + FQ, by Ax. 9. Q.E.D. 


Discussion. The shortest path from a point to a line and thence to 
another point also makes equal angles with the line (Ex. 24). 


26. The bisectors of the angles included by the opposite sides (pro- 
duced) of an inscribed quadrilateral intersect at right angles. 


Given ABCD, the inscribed quadrilat- Q 
eral, with the sides AB and CD produced 
meeting at P, and with the sides AD and 
BC produced meeting at Q, and the bisec- 
tors of the 4 P and Q meeting at J. 

To prove that PI is 1 to QI. Y 

Proof. Let the bisector of Z P cut the 
circle in N and Y, and let the bisector of 
ZQcut the © in Mand X. 

Now ZAQX is measured by } (arc AX — are DM), 


A 


and. ZXQB is measured by } (arc XB— are MC). § 221 
Since LAQK=ZXOB, Given 

“, $(arc AX — arc DM) = } (arc XB— are MC). Ax S 

-, are AX — arc DM = arc _YB— arc MC, Ax. 3 


Similarly, are YA — are BN = arc DY — arc CN. 
+ arc AX + arc YA — arc DM — arc BN 
= are XB+ arc DY — arc MC — arcCN. Ax. 1 
“. arc YX + arc MN =arc YM + arc XN. 
Now Z YIX is measured by } (are YY + are MN), 


and 4 MIY is measured by 4 (arc YM + are XN). § 219 
85 (ASD Gs AND Ax. 8 
45, ZAIRE abil § 26 


That is, TENE TES SE WOON. Q. E.D. 
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27. Construct this design, making the figure twice this size. 


Construct the equilateral A. 


Then draw the small circles with the vertices of 

the A as centers and one half its side as radius. ee 
Draw the median from one vertex. 
Draw the median from another vertex, cutting V 


the first median drawn. 
Produce one of the medians beyond its vertex, 


cutting one of the circles. 

The distance from this point of intersection to the point of inter- 
section of the medians is the radius of the circumscribed circle, whose 
center is the point of bisection of the medians. 


28. A circular window in a church has a design similar to the 
accompanying figure. Draw it, making the figure 
twice this size. 


Construct a figure similar to the one given in 
Ex. 27. 

Erase those lines that are not shown in the ad- 
jacent figure. 


29. Two wheels of radii 1 ft. 6 in. and 2 ft. 3 in. respectively are con- 
nected by a belt, drawn straight between the points of tangency. The centers 
being 6 ft. apart, draw the figure mathematically. Use the scale of 1 in. 
to the foot. 


On the plan 1 ft. will be represented by 
1 in. 
Draw a straight line AB = 6 in. 
With A as center and a radius equal to 
1} in. describe a O. 
With B as center and a radius equal to 21 in. draw another ©. 
Using the method given in Ex. 1, draw the two common external 
tangents to the two ©. 


30. A water wheel is broken and all but a fragment is lost. .A work- 
man wishes to restore the wheel. Make a drawing showing how he can 
construct a wheel the size of the original. 


Given an arc. 
Required to find the radius of the © of which this arc is a frag- 
ment. 
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Construction. Draw two chords in the given arc. 


Draw the  bisectors of these chords. § 229, 228 
Then O, the point of intersection of these bisectors, is the center of 
the original ©, § 177 


Any radius drawn from O to the arc is the required radius. Q.£.F. 


31. In this figure Zm = 62°, and Zn = 28°. Find the number of degrees 
in each of the other angles, and determine whether AB is a diameter. 


Zm = 62°, and Zn = 28°. Given 


Zn is measured by arc BT. § 220 eo 
ZA is measured by dare BT. § 214 
"pA 28 e8 Ax. 8 B 
ZATB = 180° — (Zm + ZA). § 107 
-- ZATB = 180° — 90° = 90°. Y i 
Z CBT = 180° — Zm. § 48 
3, JA GUE = MISS. 


ZA 6 Ane AAW. 
oe Aa Gia 28 er OO eS. 
ZTCA =180°—(Z ATC + ZA). § 107 
». ZTCA = 180° — 146° = 34°. 
Since Z A TB = 90°, it is inscribed in a semicircle.  § 215 
:, AB is a diameter. 


32. In this figure ZB= 41°, ZA = 65°, and ZBDC = 97°. Find 
the number of degrees in each of the other angles, and determine whether 
CD is a diameter. 


Let BC meet the © in £. A 
Let AC meet the © in F. 
ZB = AoW aA Obs. E 
and ZBDC =97. Given 7% 
Z DFC is measured by } are DEC. § 214 4 B 
Z BDC is measured by } are DEC, § 220 2 
05 PALIN! Ax. 8 
ZCDA = 180° — Z BDC. § 43 
= ZCDA = 1802 — 972) 88°. 
ZCED = ZCDA. §§ 214, 220 
es PACT ID = ee, 
ZAFD = 180° — Z DFC. § 43 


Rb eA sky HO) rs NEN = S/O SEN, 
ZFDA =180°— (ZA + Z AFD). § 107 
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*, ZFDA = 180° — 148° = 32°. 


ZFCD = ZFDA. § 220 
-. ZFOD = 82. 
Z ACB =180°— (ZA + ZB). § 107 


*. ZACB = 180° — 106° = 74°. 
ZDCB=2ZACB— ZACD. 
+. ZDCB = 74° — 32° = 42°, 


ZEDB= ZDCB. § 220 
-. ZEDB = 42°. 
Z DEB = 180° — Z CED. § 48 


.. Z DEB = 180° — 88° = 97°. 
Since AB is tangent to the circle, and CD is not 1 to AB, CD does 
2ot pass through the center and therefore is not a diameter. 
33. Construct or explain why it is impossible to construct a triangle 
with sides 3 in., 2 in., 6 in.; also one with sides 5 in., 7 in., 12 in.; also 
one with sides 2 in., 1 in., 14 in. 


Case 1. It is impossible to construct a triangle with sides 3 in., 


2 in., 6 in., since 6 in. >3 in. + 2 in. § 112 
Case 2. It is impossible to construct a triangle with sides 5 in., 
(AN LZ Mee SunCe) 2 iy Ose tg) lis § 112 
Casr 38. Construct a triangle with sides 2 in., 1 in., 1} in. § 237 


34. Show how to draw a tangent to this circle at the point P, the center 
of the circle not being accessible. 

Given point P on a © whose center is not ac- 
cessible. 

Required to draw a tangent to the © through 
point P. 

Construction. With P as center and a convenient 
radius draw an arc cutting the © in A and B. 


Draw AB. 
Bisect AB in C. § 229 
Draw PC. 
Through P draw MN to PC. § 228 
Then MN is the required tangent. Q.E.F. 
Proof. Since P and C are equidistant from A and B, Const. 
-. PC is the L bisector of AB, § 151 
and PC goes through the center of the ©. § 174 
Now MN is 1 to PC. Const. 


.. MN is tangent to the O, by § 184. Q.E.D. 
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Exercise 40. Page 149 


1. In a circle whose center is O the chord AB is drawn so that 
ZBAO= 27°. How many degrees are there in ZAOB? 

Given in the © whose center is O the chord 
AB, making with the radius OA the 7 BAO equal 
to 27°, and the radius OB. 

Required to find the number of degrees in the 


ZAOB, 
Solution. In the A AOB, OA = OB. §162 A B 
.. the A AOBisan isosceles A. § 62 
EA BAO ORAL § 74 
aL BAO TZ OB Al 2A BA O22 x 27°01 54°: Ax. 9 
But ZBAO+ ZOBA + ZAOB= 180°. § 107 


-. ZAOB = 180° — 54° = 126°. 

2. In a circle whose center is O the chord AB is drawn so that 
Z BAO = 25°. On the circle, and on the same side of AB as the center 
O, the point D is taken and is joined to A and B. How many degrees 
are there in Z ADB? : 

Given in the © whose center is O the chord AB, 
making with the radius O.A the Z BAO equal to 25° ; 
point D on the © and on the same side of AB as 
the center O; and the chords AD and BD. 

Required to find the number of degrees in the 


ZADB. ieee 


Solution. Draw the radius OB. 


D 


In the A AOB, OA = OB. § 162 
.. the A AOB is an isosceles A. § 62 

3 AIAN = ZO § 74 

7 ZBAO + Z OBA =2 ZBAO=2 * 25° or 50° Ax. 9 

But ZBAO+ ZOBA + ZAOB=180°. § 107 
«, ZAOB= 180? — 50° = 180°. Axa? 

my arcwaes | —wl3O0>. § 213 

Now Z ADB is measured by tare AB. § 214 


a eA DB Ot 130° =165e, 
3. What is the locus of the mid-point of a chord of a circle formed by 
secants drawn from a given external point ? 
Given any © whose center is O, and P an external point; also any 
secant PBA to the © from P. 
Required to find the locus of the mid-point of the chord AB. 
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Construction. Draw PO and bisect it in D. § 229 

With D as a center and OD as a radius describe a © cutting the 
given © in M and N, and the chord AB in C. 

Then the arc MN is the locus required. @.".F. 


Proof. Draw OC. 
Then OC is L to AB. § 215 
.. OC bisects AB. § 174 


That is, the mid-point of chord AB lies in the 
are MN. 
Therefore arc MN isthe locus of the mid-point of the chord AB. @.£.p. 


4. In a circle whose center is O two perpendiculars OM and ON are 
drawn to the chords AB and CD respectively, and it is known that 


ZNMO=ZONM. Prove that AB = CD. C 
Given in the © whose center is O the Js OM D 
and ON to the chords AB and CD respectively, 
and the line MN, the ZNMO being equal to the ve 
ZONM. VA: 
To prove that ANSE) 3 (O10) A 
Proof. Inthe ANOM, ZNMO= ZONM. Given 
5 OULSOIK § 76 
£5 Ald bp (OID ony Sallis). Q.E.D. 


5. Two circles intersect at the points A and B. Through A a variable 
secant is drawn, cutting the circles at C and 
D. Prove that the angle DBC is constant. 


Given two © intersecting in the points 9 
A and B; the variable secant CD ter- 
minated by the circumferences; and the C’ 
chords BC and BD. 

To prove that the Z DBC is constant. 
Proof. Let C’AD’ be any other position of the given secant CAD. 
Draw the chords BC’ and BD’. 

The 4 CAC’ and DAD’ are equal. § 60 

.. the ares CO’ and DD’ have the same number of degrees. § 214 

But the 4 CBC’ and DBD’ are measured by the arcs CC’ and DD’ 


respectively. § 214 
.. the 4 CBC’ and DBD’ are equal. Ax. 8 

-. ZDBC + ZDBYD = Z DBC + ZCBC’. Ax. 1 

That is, AL, SVIO! xs JE IV TEA OF. PASomuls 


Therefore Z DBC is constant. Q.E.D. 
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6. Let A and B be two fixed points on a given circle, and M and N be 
the extremities of a rotating diameter of the same circle. Find the locus 
of the point of intersection of the lines AM and BN. 

Given A and B, two fixed points on the © whose 
center is O; MN, a rotating diameter of the given O; y 
and the chords AM and BN. 


Required to find the locus of the point of intersec- cS 
tion of the chords AM and BN. 
Construction. Draw the chord AB. 
Produce MA and NB to intersect in F#. E 
Circumscribe the © ABE about the A ABE. § 240 
Then the © ABE is the locus required. Q.E.F. 
Proof. Cas—E 1. When the lines AM and BW intersect without the 
given ©. 
The Z£ is constant, being always measured by half a semicir- 
cumference less half the are AB. § 221 


Therefore the vertex of ZH must lie on the arc AHB of the © 
constructed. 


Case 2. When the lines AM and BN intersect within the given ©. 

The Z £ is constant, being always measured by half the sum of 
the arc AB and a semicircumference. § 219 

Therefore the vertex of Z FE must lie on the arc ADB of the © 
constructed. 

Hence the © ABE is the locus of the point of intersection of the 
lines AM and BN. Q.E.D. 


7. Upon a line AB a segment of a circle containing 240° is constructed, 
and in the segment any chord PQ subtending an arc of 60° is drawn. Find 
the locus of the point of intersection of AP and BQ; also of AQ and BP. 

Given the segment APQB of a © containing 240° E 
described on the line AB, and the chord PQ sub. ee 
tending on the segment APQB the arc PQ equal / 
to 60°; also the lines AP and BQ, and the lines ; 
AQ and BP. \ 

Required to find (1) the locus of the point of in- ‘ 


tersection of the lines AP and BQ; (2) the locus of nae ee 
the point of intersection of the lines AQ and BP. Ae a 
Construction. (1) Produce AP and BQ to intersect in #. 
Circumscribe a © about the A FAB. § 240 


Then the arc BEA of the © EAB is the locus required. 
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(2) Let AQ and BP intersect in ZH’. 

Circumscribe a © about the A H’A B, § 240 
Then the arc BE’ A of the © H’A Bis the locus required. Q.E.F. 
Proof. (1) Complete the O APQB. 
The 2 £ is constant, being always measured by half the arc AB less 


half the are PQ. § 221 
But the arcs AB and PQ equal 360° — 240°, or 120°, and 60° 
respectively. Given 
-. ZH = 4 (120° — 60°) = 80°. § 221 


Therefore the vertex of the Z H must lie on the arc AZB. 

Hence the arc AFB of the © FAB is the locus of the intersection 
of the lines AP and BQ. 

(2) The Z E’ is constant, being always measured by half the arc 


AB greater than half the are PQ. § 219 
But the arcs 4B and PQ equal 120° and 60° respectively. Given 
Gy AIF er (PAN? SEXO) IO § 219 


Therefore the vertex of the ZH’ must lie on the are AEX’B. 
Hence the arc AE’ B of the © E’ AB is the locus of the intersection 
of the lines 4Q and BP. Q. E. D. 


8. To construct a square, given the sum of the diagonal and one side. 
Given line #O, the sum of the diagonal and one side of a square. 
Required to construct the square. 


Construction. Construct the Z ECB = 45°, §§ 228, 231 
Construct the Z BEC = } of 45°, or 22°30’. § 231 
Produce CB and £B to intersect in B. 
With B as center and BO as radius describe an 2 
are cutting HC in A. pee ae & 
With A and C as centers and BC as radius de- = =~. ee 
scribe arcs intersecting at D. B 
Then draw AB, AD, and CD. 
Then the quadrilateral ABCD is the square required. Q.E.F. 
Proof. The quadrilateral ABCD is equilateral. Const. 
-, ABCD isa C7. § 129 
ABA Ora ZA C.B. § 74 
But ZACB = 45°. Const. 
St An Cle Ace Ax. 9 
5 ZONE VEL OU § 107 
5 AV OXG = 0% § 124 
8 BAD and DOB each equal 90°. § 124 


Therefore the LJ ABCD is a square, by § 65. Q.E.D. 


1. Prove that a:b = ma: mb. 


Given the ratio a:b. 
To prove that 


Proof. 
That is, 


That is, 


ZL Oe Oman dunnay 


5 
3 at 
2b 
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a:b=ma:mb. 


G0 == 103.0. 
Ged 
ae 
__ ma 
ie 
=ma:mb, by § 257. 


Givena:b=c:d,andm:n=p:q. 


To prove that 


Proof. 


and 


That is, 


am:bn = cp: dq. 


. @ 
b da’ 
mm Dp 
Raids 

_ am _ cp 

y bn dy 


am:bn = cp: dq, by § 257. 


3. Ifa:b=c:d, prove thata:d = bc: d?. 


Given 
To prove that 


Proof. 


Multiply each member by q 


Then 
That is, 


OR IO 
a:d=be:d?, 
O@ 
bd 
a 0¢ 
d @ 


Qi = beds by: § 257% 


164 


Iden. 
§ 257 


Q.E.D. 


=p:q, prove that am: bn = cp: dq. 


§ 257 


Axo 


Q.E.D. 
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4. If a:b=c:d, prove that 1:b=c:ad. 


Given PS OEABR OR 
To prove that dn Ol==" rad. 
Proof. ee: 

iD a 
Divide each member by a. 
Then 1 ee 

6b ad 
That is, ISO GRtEl Oye S 7 
5. Ifa:b=c:d, prove that ad:b=c:1. 
Given DOs Op Gk 
To prove that COSTA 
Proof. le 

(Gl 
Multiply each member by d. 
Then ad as 

ipo al 
That is, CVS = OSA 


6. Ifa:b=c:d, prove that ma:b = me: d. 


Given OO) =1Ca0. 
To prove that ma:b=me:d. 
due 
Pp i i a 
TOO: 5 d 
Multiply each member by mm. 
ma mc 
Then SS SS 
b d 
That is, ma:b=mce:d, by § 257. 


7. Ifa:b=c:d, prove that ma: nb = me: nd. 


Given TEND a OB Ks 
To prove that ma:nb = me: nd. 
i. -@ 
Proof. ees 
; TOO b d 
Multiply each member by =. 
ma me 
Th sis ee 
a nb nd 


That is, ma:nb = mc: nd, by § 257. 
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§ 257 


Ax. 4 


Q.E.D. 


§ 257 


Ax. 3 


§ 257 


TA 


Q.E.D. 


§ 257 


INSEE 


Q. E.D. 
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8. Ifa:b=c:d, prove thata—1:b=be—d:bd. 


Given C0 =O. 

To prove that a—1:b=be—d:bd. 
Proof. ad.= be. 
Multiply each member by b. 

Then abd = 6c. 
Subtract bd from each member. 

Then abd — bd = b®c — bd. 
Factoring, bd (a — 1) = b(bc — a). 


. @—1:b=bc—d: bd, by § 264. 


9. Ifa:b=c:d, prove thata+1:l=bc+d:d. 


Given OED ORGk 

To prove that a+1:l=bc+d:d. 
Proof. C—10C 

Add d to each member. 

Then ad+d=bc+d. 


« d(a+i)=b6c4d. 
Divide each member by d. 


Then eee 


d 
- a@+1:1=be + d:d, by § 257. 


10. Ifa:b=c:4d, prove that 1: bec = 1: ad. 


Given aso esa: 
To prove that Ibglae sil aah 
Proof. be = ad, 
and = Ik 
Se a 
“be ad 
That is, Wbe-= lead, by §) 257. 
11. Ifa:b=c:d, prove thata+b:a—b=c+d:c—d. 
Given OnOeerid. 
To prove that a+b:a—b=c+d:c—d. 
Proof. a+b:b=c+4+d:d, 
and a—b:b=c—ad:d. 
5 a+b c+d 
That is, ey oe oe 
a—b c-—d 
and = ; 


b d 


§ 261 
Ax. 3 
Ax, 2 


Q. E.D. 


§ 261 


Ax. 4 


Q.E.D. 
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Divide the first members and the second members. 


Then 


That is, 


a+b _c+d 
a=tese=o 


a+b:a—b=c+d:c—d, by § 257. 


12a 20 = 0):\e, prove that ¢c:b= bs\a. 


Given 
To prove that 


Proof. 


Ch 108 Cy 
CeO a 
ae 02 


-. ¢:b=b:a, by § 264. 


13. Ifa:b=b:¢c, prove that a:c = b?: c?. 


Given 
To prove that 


Proof. 


Divide each member by c?. 


Then 
That is, 


14. Ifa:b=b:c, prove that (b + Vac) (b— Vac) = 0. 


Given 
To prove that 


Proof. 


Het) Or Be 
OKO NU BIE 
Ge = 02. 

a? 

c ¢ 
GC 102 ACA DY Sez. 


Extract the square root of each member. 


Then 


and 


a:0=02C. 
GevnG Van 0. 
b? = ac. 
b=4Vae. 
« b+Vac=0, 
b—Vac = 0. 


Multiply the right members and the left members. 


Then (6 + Vac) (b — Vac) = 0, by Ax. 3. 


15. Ifa:b=b:-¢, prove that ac—1:b—-1=b+41:1. 


Given 
To prove that 


Proof. 


(6) Blo) SURO, 
ac—1:b—1=641:1. 
ac = 02. 


Subtract 1 from each member. 


Then 
Factoring, 


ao—1=b2—1; 
ac—1=(b4+1)(b—1). 


. a¢—1:b—1=b+41:1, by § 264. 
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Ax. 4 


Q.E.D. 


§ 261 


Q.E.D. 


§ 261 
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16. If2:7=8:4, show that 2x” = 21, and x = 10}. 


Given 22 = 8a. 

To prove that x= 104. 

Proof. Doi=a2Ng § 261 
.. © = 104, by Ax. 3. Q.E.D. 

17. Find the value of « in the proportion 1:7=8: a. 

Given Aiihsroisee 

Required to find the value of z. 

Solution. x = 21, by § 261. Q.E.F. 


18. Find the value of x in the proportion 2:9 = 5:72. 


Given DAO) \a 

Required to find the value of z. 

Solution. 20 = 45. § 261 
*. & = 224, by Ax. 4. Q.E.F. 

19. Find the value of x in the proportion 4:28 = 8:7. 

Given 428 Se. 

Required to find the value of «. 

Solution. 4¢ = 84. § 261 
5 GS Mls lone, 20 Q.E.F. 


20. Find the value of x in the proportion 2:8 =a :12. 


Given 2S — iP eles 

Required to find the value of z. 

Solution. 8a = 24. § 261 
Pe Cite OAK 4, Q.E.F 

21. Find the value of x in the proportion 83:5= 2:9. 

Given 3 Or o.9. 

Required to find the value of a. 

Solution. 5@ = 27. § 261 
*. © = 52, by Ax. 4. Q.E.F. 

22. Find the value of x in the proportion 7:21=.2a:5. 

Given (fa ie er ONay, 

Required to find the value of z. 

Solution. 21% = 35. § 261 


* © = 1%, by Ax. 4. QEE 
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23. Find the value of x in the proportion 8:5 =a +1:10. 


Given 3:5] - 1510: 
Required to find the value of x. 
Solution. 56x+5=80. 

ke Oe Sa: 


Ss Hots) ONY Jae 55 


24. Find the value of x in the proportion 8:15 = 2a + 8:45. 


Given 8:15=2274 3: 45. 
Required to find the value of «z. 
Solution. 15(2x% + 8) =8 x 45. 
* 2% +3 = 24. 
SPN OA 


* &=104, by Ax. 4. 


25. Find the value of x in the proportion 0.8:2=4:9. 


Given ORS 4 19! 
Required to find the value of z. 
Solution. CLEP 


Be =aale SD yaeAcKe 45 


26. Find the value of x in the proportion 0.7: x” = 21:15. 


Given OSC oer Al 2alsy. 
Required to find the value of a. 
Solution. Ae 1075. 


eri O.0,, DY AK, 4. 


2%. Find the value of x in the proportion 0.25: 4 = 5:8. 
Given Oot 101s Se 
Required to find the value of z. 


Solution. Sy at 
+. © = 0.4, by Ax. 4. 


28. Find the value of x in the proportion x:1.38 = 4: 0.26. 


Given ied == SOLO 
Required to find the value of z. 


Solution. O26 c= "5e2s 
+. ©= 20, by Ax, 4. 


169 


§ 261 
Ax. 2 
Q.E.F. 


§ 261 
Ax. 4 
Ae 
Qraeks 


§ 261 


Q.E.F. 


§ 261 


Q.E.F. 


§ 261 
Q. E.F. 


§ 261 


Q.E.F 
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29. Find the value of x in the proportion x :2.7=7: 5.4. 


Given Apa Se Ul SE 

Required to find the value of a. 

Solution. Oe ie els § 261 
*, © = 84, by Ax. 4. Q.E.F. 


30. Find the value of x in the proportion «: 8.1 = 0.3: 0.9. 


Given Ay ater h ces Miss BONS 

Required to find the value of z. 

Solution. 0.9% = 2.43. § 261 
Petal DV ASK .145) 0us Q.E.F, 


31. Find the value of x in the proportion 2:“% = «: 82. 


Given PAGED Hass AP OBS 

Required to find the value of «. 

Solution. Gg OS. § 261 
*. f= + 8, by Ax. 5; Q.E.F. 


32. Find the value of x in the proportion 7:2 = @: 28. 


Given U 988 SB 3k 

Required to find the value of «. 

Solution. C7 AOG: § 261 
Shey SSE LE Ship dalo-<oatay, Q.E.F. 


33. Find the value of x in the proportion 1:1+2=2—1:3. 


Given te14+e¢=2—1:3. 

Required to find the value of a. 

Solution. al ey § 261 
ie = ah HAcxeg 
*. ©=+ 2, by Ax. 5. Q. ELF, 


34. Find the value of x in the proportion 5:4 —2=a+ 2:1. 


Given 6:4—2=>242:1. 

Required to find the value of z. 

Solution. a2—4=5. § 261 
% Hie = Bs Asx 


* ©=+ 8, by Ax. 5. Q.E.F. 
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35. Find the value of x in the proportion «2: 2a = 34:6. 


Given fh 6 OV VGH S(O}, 
Required to find the value of z. 
Solution. 62? = 6 a2. § 261 
ao ae Oe Ax. 4 
. ©€=+a, by Ax. 5. Q.E.F. 
36. Find the value of x in the proportion x: 4a = 2a?: x?. 
Given %:4a =2a?: x?. 
Required to find the value of z. 
Solution. AP ee HO, § 261 
Sy SS PA Org(— 1. V8), by Ax. 5. Q. ELF. 
37. Find the value of x in the proportion a:1=a—1:7. 
Given Cle — 1 
Required to find the value of «. 
Solution. t— = Ta. § 261 
ee ti id= Wl DY Ackeol!, Q.E.F. 
38. Find the value of x in the proportion x +1:2—1=8:2. 
Given oe ise— V3 22. 
Required to find the value of z. 
Solution. 8e@—38=2242. § 261 
os fy S225 lh valores 1h, Q.E.F. 
39. Find the value of x in the proportion 8:74+4=a—4:3. 
Given Bie¢-+4=a— 4:8. 
Required to find the value of z. 
Solution. x?—16=9. § 261 
Sy TES AS, AX 
. @=+ 5, by Ax. 5. Q.E. F. 
40. Find the value of x in the proportion ab:b =b— cx: be —@. 
Given ab:b =b—cx:be—@. 
Required to find the value of z. 
Solution. ab (be — x) = b(b — ea). § 261 
*, a(be — %) = b— ce. AG, Gh 
-. abe — ax =b— cz. 
ax — cx = abc — b. PAU 
*. £(4—c) = b(ac—1). 
os ropes by Ax. 4. Q. EF. 


a—c 
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Exercise 43. Page 159 


1. In the figure of § 275 suppose AH =5in., AF =2 in., and 
CK =6in. Find the length of CG. 

Given the || lines AC, FG, HK, and BD, cut by the as 
transversals 4B and CD in points A, F, H, B, and \ 
C, G, K, D respectively ; also AH = 5in., AF =2in., 
and CK = 6 in. 

Required to find CG. 


Solution. Pa ER OK! ras, Yala CONTE. § 275 
ents G CLC! == Eo Ax. 9 

oh CKE! = Na § 261 

. CG = 22 in., by Ax. 4. Q.E.F. 


2. In this square PQ is |l to AB. If a side of the square is 10 in., 
DB=14.14in. If DP=3 in., what is the length of D 
DQ? 


Given DB, the diagonal of the square ABCD, and BSS 
PQ, a line joining AD and BD and || to AB; also eae 


AD-=10 in, DB = 14:14 in. and DP =\3 in. 


C 


Required to find DQ. A 
Solution. DA:DB=DP:DaQ. § 273 
“. 10:14.14 = 8 in. : DQ. Ax. 9 
“. 10 DQ = 42.42 in. § 261 
«. DQ = 4.242 in., by Ax. 4. Q.E.F. 


3. The sides of a triangle are respectively 3 in.,4in., and 5in. A line 
is drawn parallel to the 4-inch side, cutting the 3-inch side 1 in. from the 
vertex of the largest angle. Find the length of the two segments cut from 
the longest side. B 


Given the A ABC, with sides A B, BC, and AC equal 


to 5 in., 4 in., and 8 in. respectively ; also DE drawn |I D 
to BC, so that HC =1 in. 
Required to find AD and DB. 
Solution. A CePA = ALB AD, § 273 
That is, AC:AC—EC=AB:AD., at iy 
Then Sony AD Ax. 9 
ey oA = 100. § 261 
-. AD = 381 in. Ax. 4 
Since DB=AB— AD, 


«. DB = 5in.— 3tin.=1#in., by Ax.9. Q.z.F. 
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4. Two pieces of timber 1 ft. wide are fitted together at right angles, as 
here shown. AB is 8 ft. long, AC 6 ft. long, and the distance BC, along 
the dotted line, is 10 ft. A carpenter finds it necessary to saw along the 
dotted line. Find the length of the slanting cut across the upright piece ; 
across the horizontal piece. 


Given the rectangles AF and BG joined so that Tb 
ZEGF isart. Z; also CB cutting FG in D, and BS 
GE in FE. AB=8 it., AC =6 ft., BC = 10 ft., “Ss 
andwAl Ke tts Be 
Required to find CD and BE. AK B 
Solution. Produce EG to meet AC at H. 
Since KF is || to AC, Given 
ODO B= Ae -E4A Bs § 274 
eC Din lOM tet te Ss Ax. 9 
oO DAOC. § 261 
OD = 14 ft. Ax. 4 
Similarly BE TBC =A : AG. § 274 
bt pel Ouhva alan Os Ax. 9 
5 (O27) nite § 261 
i= lett. by LAK. 4. Q.E.F. 


4 


Exercise 44. Page 164 


1. In a triangle ABC, AB=6.5, CA = 6, BC =7. Find the seg- 
ments of AB made by the bisector of the angle C. Cc 


Given, in the A ABC, AB=6.5, CA =6, and 
BC =7; also CM, the bisector of ZC, cutting AB 


at M, 

Required to find AM and BM. ze rT: RB 
Solution. PAMMGW DB Mi== Al C's BC. § 279 
Then AM+ BM:AM=AC+ BC: AC. § 267 

Or AB: AM=AC+ BC: AC. 
cee OrOpAeMie=a Lse316. Ax. 9 
cel 3eACM 739. § 261 
DAL ER Sy Ax. 4 

But BM = AB—AM. 

-. BM =6.5—3 Ax. 9 


S00), Q. E.F. 
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2. In a triangle ABC, CA =7.5, BO=7, AB=8. Find the seg- 
ments of CA made by the bisector of the angle B. 


Cc 
Given, in the AABC, CA =7.5, BC =7, and 
AB=8; also BM, the bisector of ZB, cutting by, 
AC at M. 
Required to find AM and CM, 
Solution. AM:CM=AB:BC. §279 4 B 
Then AM+CM:AM=AB+4 BC: AB. § 267 
Or AC:AM=AB+ BC:AB. 
soe AEM sLORIOR Ax. 9 
* 15AM = 60. § 261 
soeee Mie Ax. 4 
But CM =AC— AM. Ax. 2 
. CM =7.5 — 4, or 3.5, by Ax. 9. Q.E.F. 


3. The sides of a triangle are 12, 16, 20. Find the segments of the 
sides made by bisecting the angles. 


Given, in the AABC, AB=12, BC =16, and , 
AC = 20; also lines AM, BN, and CP, the bisectors 
of AA, B, and C respectively, cutting BC, AC, and 
AB in points M, N, and P respectively. Ny Mu 
Required to find BM and CM, AN and CNW, and 
AP and BP. A IB 
Solution. BM:CM=AB:AC. — § 279 st 
Then BM+CM:BM=AB+4 AC: AB. § 267 
Or Bp a ee Oe SAE 
. 16: BM = 82:12. ISL) 
. 82 BM = 192. § 261 
i BEB PENG}, Ax. 4 
But CM = BC — BM. Ax. 2 
.. CM = 16 — 6, or 10. Ax. 9 
Similarly PAWN CIN == Ales Oy. § 279 
Then AN+CN:AN=AB+ BC: AB. § 267 
Or Oa Ree 
020 -PANe 255, 12s Axo 
. 28 AN = 240. § 261 
-. AN = 84, Ax. 4 
But CN=AC—AN, Ax. 2 
. CN = 20 — 83, or 113. Ax. 9 
Again, AIP IB P Ars OF § 279 


Then AP+ BP:AP=AC4+ BC: AC. § 267 
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Or AB: AP = AC + BC: AC. 
“12; AP = 36:20. Ax. 9 
. 86 AP = 240. § 261 
-. AP = 63. Ax.4 
But BP = AB— AP. Ax. 2 


.. BP = 12 — 63, or 61, by Ax. 9. Q.E.F. 


4. If a spider, in making its web, makes A’B’ || to AB, B’C’ || to BO, 
C’D’ || to CD, D’E’ || to DE, and E’F’ \\ to 
EF, and then runs a line from F’ || to FA, 
will it strike the point A’? Prove it. 

Given the lines A’B’, B’C’, C’D’, D’E’, 
E’F’ || to AB, BC, CD, DE, EF respec- 
tively in the spider web shown in the figure ; 
also a line F’H drawn from F’ || to FA. 

To prove that £’H passes through point A’. 
CAG OR ISOB 2,0C 0G OD" 


Proof. = ; = G eas SE 
OA OD Olan OC mn CMNOT) 
OD OF} OF. OF OF’ _OH 973 
OD OF? OE OF Or OA: ; 
, QA’ _ OF Ax. 8 
OAR OA 
f O“M = Oleh, § 263 
That is, H coincides with A’. 
Therefore F’H passes through A’, by Post. 1. Q.E.D. 


5. From any point O within the triangle ABC the lines OA, OB, OC 
are drawn and are bisected respectively by A’, B’, and C’. Prove that 
A OGEYN = EOI, 

Given the lines OA, OB, and OC drawn from mt 
O, any point within the A.A BC, to A, B, and C 
respectively; A’, B’, and 0’, the mid-points of [\ 

OA, OB, and OC respectively; also A’B’ and EN 
C’B’ including the Z 0’ BA’, 7 EIS 

To prove that ZCBA =ZC'B'A’. 

Proof. A’B' is Il to AB, 
and BC’ is Il to BC. § 136 

“ ZOBA =ZOBA’, 
and ZCBO=ZC’B 0. § 102 
« ZOBA + Z0BO0=Z0B A’ + ZCB 0. Ax. 1 
That is, * £O0BA =Z0 BA’, by Ax. 11. Q.E.D 
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6. Prove Ex. 5 if the point O is outside the triangle. 


Given the lines OA, OB, and OC drawn 
from O, any point outside the A ABO, to 
A, B, and C respectively; A’, B’, and C’, 
the mid-points of OA, OB, and OC respec- 
tively ; also A’B’ and C’B’, including the 
ACEBCAG 


To prove that PEON a LC BING 
Proof. A’B’ is |l to AB, 
and B’C’ is |l to BC. § 136 
SAO DAT=—"7OBGAG 
and ZAO0BOi—ZOBCS § 102 
«. ZOBA — ZOBC = ZOB A’ — ZOBC’. Ax. 2 
That is, ZO BAs=—ZA0 4BAL Q.E.D. 


7. From any point O within the quadrilateral A BCD lines are drawn 
to the vertices A, B, C, D, and are bisected by A’, B’, C’, D’. Prove that 


VA BAS — 07 B eA D 
Given the lines OA, OB, OC, and OD Cc 
drawn from any point O within the quad- 
rilateral ABCD to the vertices A, B, C, | : 
pnd) D-respectively: also A’, B.C’, and DY, 7-7-7 «2 2 oe 
the mid-points of OA, OB, OC, and OD 4 B 
respectively; also A’B’ and C’B’, including the 2 O’B’A’, 
To prove that Zi OBA t= 207 BAAe 
Proof. A’B’ is || to AB, 
and B’C’ is || to BC. § 136 
& LITO SACO) 
and AOR AI— yA OBA @ § 102 
-. ZCBO + ZOBA = 2ZO0’B’0 + ZOB‘A’. Ax. 1 
That is, ZOBA = ZC'B'A’, by Ax. 11. Q.8.D. 


- 8. If a pendulum swings at the point O, cutting two parallel lines at P 
and Q respectively, the ratio OP : OQ is constant. 


Given OQ and OQ’, any two positions of 
‘the swinging pendulum which cuts the line 
AB in P and P’, and CD in Q and QY, AB 
and OD being |. 


To prove that 66 is a constant ratio. 
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OP OP’ 


Proof. ae eg 
0Q 0 


§ 273 
ape ONR ; 
Therefore the value of the ratio — does not change for any posi- 
tion of the pendulum OQ. i 


SOPR., 
.. the ratio — is constant. Q.E.D. 
0Q 


9. Through a fixed point P a line is drawn cutting a fixed line at X. 
PX is then divided at Y so that the ratio PY : YX is constant. Find the 
locus of the point Y as X moves along the fixed line. 

Given the line PX drawn to a fixed line AB \ : 
at X from a fixed external point P, divided so Lee Aye = 
that PY : YX is the constant ratio m:n. 


Required to find the locus of the point Y as e / \ 
= : B 


AX moves along the fixed line AB. x axe 
Construction. Through Y draw YY’ || to AB. § 2388 
Then YY’ is the required locus. Q.E.F. 


Proof. Draw any other line PX’ from P to AB, cutting AB at X’ 
and YY’ at Y’. 


Then TENG 3 MONE es IO BEDE § 278 
Since TENE GNXC ESOT Given 
.. YY’ divides PX’ in the given ratio m:n. Ax. 8 


Since YY’ divides any line drawn from P to the fixed line AB in 
the ratio m:n, it divides every line from P to AB in the ratio m:n. 
.. YY’, a line drawn through Y || to AB, is the locus of the point 
Y as X moves along the fixed line AB. Q.E.D. 


10. From the point P on the side CA of the triangle ABC parallels 
to the other sides are drawn meeting AB in Q and BC in R. Prove that 
AQYOB = BARRE, C 

Given the lines PQ and PR drawn || to CB 


and AB respectively from any point P in the E S 
side CA of AABC, cutting AB and CB in Q 
and R respectively. 
To prove that INDE QE} 0 ted Or a Q 2 
Proof. PQ is ll to CB. Given 
eA OM OB =A Ps POs § 273 
Also PR is || to AB. Given 
Sg AUR 3 ANG e988 Te Ore § 2738 


-. 4Q: QB = BR: RC, by Ax. 8. Q.E.D.. 
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11. In the triangle ABC, P and Q are taken on the sides CA and BC 
so that AP: PC = BQ: QC. AR is then drawn parallel to PB, meeting 
CB produced in R. Prove that CB is the mean 
proportional between CQ and OR. 


Given, in the A ABC points P and Q, 
taken on the sides CA and BC respectively, 
so that AP: PC = BQ: QC; also line PB, 
and AR drawn || to PB, meeting CB pro- 
duced in R,. 


To prove that CO CB CBT OR: 
Proof. Draw the line PQ. e 
Since Bae Ge 1EAO! ss Ja (QO, Given 
.. PQ is ll to AB. § 276 
& OO Oi ees Gzl. § 274 
Also PB is |lto AR. Given 
5 (C183.5 (Ole OR Orato § 274 
-- CQ: CB=CB: CR, by Ax. 8. Q.E.D. 
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1. The corresponding altitudes of two similar triangles have the 


same ratio as any two corresponding C 
sides. On 


Given CD and C’D’, corresponding 
altitudes of the two similar A ABC 
and A’B’C’. A DB. Ale Di GER 
CD CA CB AB 


To prove that = =e = & 
P CAD AEs CAS CSB IMAG 


Proof. LA=LA’. § 282 
«. rt. AADC and A’D’C’ are similar. § 287 
CD CA 
OD OA” ee 
Now, in the similar A ABC and A’B’C’, Given 
CA CB AB 
= 2s : 282 
AG GAB? AB’ § 
CD CA CB AB 
BS = = = by Ax. 8. .E. D. 
CU OAs Cie TAG es aS 


TEACHERS’ EDITION 


179 


2. The base and altitude of a triangle are 15 in. and 7 in. respectively. 
The corresponding base of a similar triangle is 3.75 in. Find thecor- 


responding altitude. 


Given CD and C’D’, cor- a 
responding altitudes of the 
two similar A ABC and 
A’B’C’, AB and A’B’ be- 
ing corresponding bases, 
‘AB = bin CDi 1n.; 
and A’B’ = 3.76 in. ie es 
Required to find C’D’. 
Solution. ZL Ata RAG, 
- rt. AADC and A’D’C’ are similar. 
CD COD a= AD AGIs 
Likewise Zsa 
-. rt. A BDC and B’D’C’ are similar. 
CD CAD PD) Bee 
bb VME INDY es Oe IBID S, 
OS AE) 2 fe3/D) = VIO cosy 1D 
, AD+ BD _ A’D’ + BD! 
POAT AM Aa ee 
That is, HS = es 
AD ALD: 
Then A853 TNA bY JAD BSN OY 
But CD CAD SPA DRAG, 


$5, Alli AE SCF DK CIOE 
fo US eee = 3 Cie 
4, SCD — LSS. 
a Gis ay 
Therefore the length of C’D’ is 1.75 in. 


(old 


ALES DIGGER’ 


§ 282 
§ 287 
§ 282 
§ 282 
§ 287 
§ 282 
Ax.8 
§ 265 


§ 267 


Ax. 11 


§ 265 
Proved 
Ax. 8 
Ax. 9 
§ 261 
Ax. 4 
Q.E.F. 


3. If two parallels are cut by three concurrent transversals, the corre- 
sponding segments of the parallels are proportional. 


Given the two Il lines AH and BF cut by the 
three concurrent transversals OA, OC, and OF, in 
the points A, C, #, and B, D, F respectively. 

To prove that AC:CH = BD: DF. 

Proof. Fie.1. In AOCA and ODB, 

ZLACO— ABDO, 
and ZOAC=ZOBD, § 100 


A Cc E 


B ‘A 


IN Ce. 
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-. AOCA and ODB are similar. § 286 

weA: Oe) =O CERO § 282 
Similarly, in A OCE and ODF, 
ZOCE =Z ODF, 


and ZChO—ZADHO. § 102 
-. A OCE and ODF are similar. § 286 
CH DE= OC VOD: § 282 
oe ACs BD = Ch DE. Ax. 8 
Or AC:CE = BD:DF, by § 265. Q.£.p. 
Proof. Fic. 2. In AOCA and ODB, 
LC OAC) Ob: § 60 
and AC OAD O} § 100 ACE 
.. AOCA and ODB are similar. § 286 
i AG? BD = OCOD: § 282 0 
Similarly, in AOCE and ODF, 
ZEOC=ZFOD, §60 + D = 
and ZOCE =ZODFE. § 100 Fic. 2 
.. AOCE and ODF are similar. § 286 
OH DE aOCHOD: § 282 
2 AC: BD=CHSDE. Ax. 8 
Or AC:CE = BD: DF, by § 265. Q.E.D. 


4. The point P is any point on the side OX of the angle XOY. From 
Pa perpendicular PQ is let fallon OY. Prove that for any position of P 
on OX the ratio OP: PQ ts constant, and the ratio PQ: OQ is constant. 

Given PQ a line drawn from P, any point on 
side OX of Z XOY, 1 to OY, cutting OY in Q. 

To prove that the ratio OP: PQ is constant; 
also that the ratio PQ: OQ is constant. 


~ P pT 
Proof. Take P’ any other position of P on 
OX, and draw P’Q’ 1 to OY, cutting OY in Q’. 
The rt. A OPQ and OP’ are similar. § 287 
hy QUE 8 OW24 SS IRM BIEL. § 282 
Bo (ONE Se EX OVE IEMA § 265 


a. Ole 2 
.. the value of the ratio — does not change for any position of P. 
.. the ratio — is constant, 
PQ 


From the similar A OPQ and OP’Q’, 
POT EO 003007 § 282 
5 LED SOND) st 2 8 ONE § 265 
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. the value of the ratio = does not change for any position of P. 
ge LO 
The ratio 0Q is therefore constant. Q.E.D, 


5. In drawing a map of a triangular field with sides 75 rd., 60 rd., 
and 50 rd. respectively, the longest side is drawn 1 in. long. How long 
are the other two sides drawn? 


Given the triangular field _A BC, represented by the map designated 
A’B’C’; also AB= 75 rd., BC = 60rd., CA = 50rd., and A’B’=1in 
Required to find B’C’ and C’A’. 


Solution. A ABC and A’B’C’ are similar. Given 
Kees ZLIB) OATES ee LOSI EHO § 282 

Gh Wallens IK 6) cee lene Je Oe § 265 

Me MOO L==alenw3 (Orgs IE) 

yD) JEOP Seta § 261 

ey JBC ees Ax. 4 

Again, AUB ACB a= AIG RRA” § 282 
reper eA =A Ba ACOs § 265 

SS, US 2 EDs Ge, Ax. 9 

So -AGO ves af § 261 

BVAC C= Ax. 4 

Therefore the lengths ce BC aad A’C’ are ¢ in. and 2 in. 
respectively: Q.E.F. 


6. This figure represents part of a diagonal scale used by draftsmen. 
The distance from 0 to 10 is 1 centimeter, or 10 millimeters. Show how 
to measure 5 mm.; 1 mm.; 0.9 mm.; 0.5 mm.; 1.5 mm. On what 
proposition does this depend? 


The divisions on the diagonal scale are IIT e 
millimeters, as here shown. Hence to meas- ; iH 
ure 5 mm. move the diagonal scale to the : 
right or left five divisions, or 5 mm.; to pacaneueaa | 


measure 1 mm. move the scale to the right 
or left one division. In the ninth parallel to the base line (counting 
from the top), the first segment on the right represents a length of 
0.9 mm. The first segment on the right of the fifth parallel repre- 
sents a length of 0.5 mm. The first two segments together on the 
same parallel represent a length of 1.5 mm. 

This problem depends on Prop. IX, § 278. 
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7. This figure represents a pair of proportional compasses used by 
drafismen. By adjusting the screw at O the lengths OA and OC, and the 
corresponding lengths OB and OD, may be varied proportionally. Prove 
that AOA B is always similar to AOCD. If OA =3in. and OC =din., 
then AB is what part of CD? 


Given the figure ABCD representing a pair of pro- * { 
portional compasses; also lines AB and CD. 
To prove that A OAB is similar to A OCD. O 
Proof. _ LZAOB=ZCOD. § 60 
Also OA:0B=OC: OD. Given 
.. AOAB and OCD are similar, by §288. Q.£.p. 
Again, given OA = 3 in. and OC = 6 in. C D- 
To find AB as expressed by a part of CD. 
Solution. 0OAZOC= AB: CD. Given 
Soo Ab: OD. Ax. 9 
A tA IE SOU OY. § 261 
eae == CG. Diaby “Ax: Q.E. F. 


8. ABCD is any polygon and P is any point. On AP any point A’ 
is taken and A’B’ is drawn parallel to AB as shown. Then B’O’ and 
C’D’ are drawn parallel to BC and CD. Is D’A’ parallel to DA? Is 
A’BC'D similar to ABCD? Prove it. 

Given PA, PB, PC, and PD, lines drawn to the a 
vertices A, B, C, and D of the polygon ABOD © \ 
from any point P; also A’B’ drawn from any 
point A’ in AP |] to AB, meeting PBin B’; and 
lines B’C’ and CO’ D’, asshown in the figure, Il to BC 
and CD respectively, and A’D’ joining A’ to D’. 


To prove that 1. D’A’ is ll to DA, 
and that 2. A’B’C’D’ is similar to ABCD. 

Proof. 1. A’B’ is \l to AB, Given 
Oe PAG As Boe Be § 278 

Also BC’ is ll to BC. Given 
Ge IP IBY OI PIE} = IOP IEG). § 273 

Again, O’D’ is |i to CD. Given 
Oy IEKOP BI ENC EAD OID) § 278 
(PAC EBACE, 

Therefore PA PB PO PD’ Ax. 8 

PAg se Ds, 
Or PA PD’ Ax. 8 


. D’A’ is ll to DA, by § 276. QE, 
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Proof. 2. Since TEVA evel Sa RIE Q Tes, § 278 
and ZAP BA'SYAA EBs Iden. 
, A PA’B’ and PAB are similar. § 288 


In like manner, A PB’C’ and PBC are similar, 
APCD and PCD are similar, 
and A PA’D and PAD are similar. 
Then VAC Bmpr ig tH BC xs BCS we C’D’ DED ee AD 
AB a Bee Bee eC. CDS ED aera 
That is, FAGD ee AC am OOD aem eA GDye ; 
AB BC CDAD 
Then polygons A’B’C’D’ and ABCD have their corresponding sides 
proportional. 


§ 282 


Ax. 8 


Furthermore HEN ASIAN as ADEN BAND 
and VES OFT SSS N= SAGES EX § 102 
ony ele Ae CDi =e Anti /4C Bis Ax. I 
That is, ZA0(B Ag A6 BA. exe, Jel 


Similarly, it may be shown that 
ZUCB =Z DCB. 


Again," VES EIDN OK eS VAI I OXOF 
and ZPD A’ =ZPDA. ~  -§ 102 
SOLE = ZPD AC ZPD = ZPDA, Ax. 2 

That is, ZA‘D OC = ZADC. 


Similarly, it may be shown that 
ZBAD I= ZBAD: 
Then polygons A’B’C’D’ and ABCD have their corresponding 


angles equal. 
-. A’B’C’D’ is similar to ABCD, by § 282. !QeheD: 


9. If two circles are tangent externally, the corresponding segments of 
two lines drawn through the point of contact and terminated by the circles 
are proportional. 


M 
Given the lines A.A’ and BB’ drawn through 4 BY 
P, the point of contact of the © PB’A’ and ee 
PBA tangent externally, and terminated by 


the circumferences. B | 
To prove that RAS PAG PBEPB NW 


Proof. Draw AB and A’B’. 
Also draw the common internal tangent MN. 
Now Z BAP is measured by $arc BP, § 214 
and ZBPN is measured by $arc BP. § 220 
pAb — ZN Ax. & 
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Similarly ZB’A’P is measured by farce B’P, § 214 
and ZB’PM is measured by dare B’P. § 220 
LD AGP = /4bePeMe Ax. 8 
But ZBPN =2ZBPM. § 60 M 
(2 2 BAIPT—ABSAGEs Ax. 8 Ba 
Again, ZAPB = ZAGP Ba § 60 
Therefore the ABPA and B’PA’ are Vy! 
similar. g286 8 i 


Hence PA : PA’ = PB: PB’, by § 282. Q.£.p. 


10. If two circles are tangent externally, their common external tangent 
is the mean proportional between their diameters. 

Given d and d’, the diameters of the two © whose centers are O and 
O’ respectively, tangent externally at point P; also MN, their common 
external tangent. 

To prove that d:MN=MN:d’. 

Proof. Draw OO’, the line of centers. 

Also draw PB, the common internal tangent, 
cutting MN in B. 


7 as 


Then draw BO and BO’. 


Now ZMBO=ZOBP, 

and ZAOcs Nea BOF § 192 
-. ZMBO + ZO°'BN = ZOBP + ZPBO’. Ax.1 
But ZMBO42ZO0BN+ ZOBP4+ ZPBO = 2 rt. A. § 43 
= ZLOBP + ZPBO= +4 of 2rt74, or 90°, Ax. 4 
$5 QUO) eatin Ze Ax. 11 
Now OO’ passes through P. § 197 
-. & BPO and O’PB are rt. A. § 185 

.. ZPOB is the complement of Z BO’P. 
Also Z POB is the complement of Z OBP. § 107 
8 LZ IBO IO SA Os) § 58 
.. rt.& OPB and O’PB are similar. § 287 
on OB) — ela VOeExs § 282 
But PB= MB=NB=3MN. § 192 
- OP:4+MN=4MN: OP. Ax. 9 
oie IO MN NES OL OCR: Ax. 3 
Now CORP andida—2O7Rs § 168 
xo i MN MING, bye Axn9: Q.E.D, 


11. AB and AC are chords drawn from any point A on a circle, and 
AD is a diameter. If the tangent at D intersects AB and AC at E and 
F, the triangles ABC and AEF are similar. 
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Given AD, the diameter of the © whose center is O; AB and AC, 
two chords drawn from A, cutting the tangent to the O at D in points 
and F reepectivay ; also the line BC. 

To prove that LABC and AEF are similar. 

Prof. LOAB=ZCAB. Iden. 

ZLBCA ig measured by 4 are AB. $214 

That is, BCA is measured by 4(arc ABD — 


arc BY). Ax.Y 
LE ig measured by 4 (arc ACD — are BD). § 221 
But are ABD = are ACD. $175 


- arc ABD—are BD=arcACD—are BD. Ax.2 
Then LBCA=ZE. Ax. 8 
v. BABC and AEF are similar, by $266. a 2.». 


12. If AD ond BE ure two whitudes of the triangle ABC, the triangles 
DEC ond ABC are similar. 

Given AD and BE, two altitudes of the A ABC; 
alo the line DE. 

To prove that & DEC and ABC are similar. 

Proof. ¥ic.1. Inthert. AADC and BEC, Given 


A ee Iden. 
v, tt. ADO and BEC are similar. $287 4 
4. AC+ BC =DC: EC. § 282 
Then in the & ABC and DEC, 
we have TE pal \ ty Iden. 
and AC: BC = DC: EC. Proved 
“. BABC and DEC are similar, by $ 288. 2ED. 
Fic.2. Inthe tt.4ADC and BEC, Given E 
ZLDCA = Z BCE, Ea DL Ne 
“. 1t.B ADC and BEC are similar. § 287 as 
v. AC: BC = DC: EC. § 222 SA 
Now LACB=ZECD. 3H ~*~ 
«. BABC and DEC aresimilar, by $288. ¢.u.v. Fic. 2 
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1. The perimAers of two similar polygons are 18 in. and 14 in. If a 
side of the fird 12 3 in., find the corresponding side of the second. 

Given A Band A’P’, two worresponding sides of the two similar poly- 
gons Mand UM’, whose perimeters are p and y respectively ; p =1% in., 
p =14 in., and AB =3 in. 

Required to find A’. 
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Solution. Dip) a= ALB eAGh ge 
ty Sele Se AGRE 
cn LOpAGhe—AD: 
in AGBE= Ny 
Therefore A’ B’ = 24 in, 


§ 291 
Ax. 9 
§ 261 
Ax. 4 


Q.E.F. 


2. In two similar triangles ABC and A’B’C’, AB = 6 in., BC =Tin., 


7G AN=8 in., and AcBa= Ons hinds vand CCA 


Given, in the two similar A A BC and A’B’O’, AB=6in., BC=Tin., 


CA] Sins, and A’bo=9 in: 
Required to find B’C’ and C’A’. 


Solution. From the similar A ABC and A’B’C’, 
PAG AGB ass Cec. 


O(n 8 708 EMO 
525 Lai oO Gs, 
a, LBC = Mss 


Again, from the similar A ABC and A’B’C’, 
AUB PA ba CA CLA 


Me Ont9 10) FOLAG 
ce (OO pra 
os OE =o), 


(0 iC = A020) in. and.OCAG=— 121, 


3. The corresponding bases of two similar triangles are 11 


§ 282 
Ax. 9 
§ 261 
Ax. 4 


§ 282 
Ax. 9 
§ 261 
Ax. 4 


Q.E.F. 


in. and 


13 in. The altitude of the first is 6 in. Find the corresponding altitude 


of the second. 


Given CD and O’D’, corresponding altitudes of the two similar 


A ABC and A’B’O’, AB and A’B’ be- C 


Cc 
ing corresponding bases ; 4 B= 11 in., 
A’B’ = 13 in., and CD =6 in. 


Required to find C’D’. A D BA eD2 B’ 
Solution. TINA § 282 
», rt. A ADC and A’D’C’ are similar. § 287 
$5 CID C0 = ADR ANITZ, § 282 
Likewise Yd om Vl dee § 282 
. .. rt.A BDC and B’D’C’ are similar. § 287 
A OUD (CID = J8HD)g Tes § 282 
EAD ACD BD BY. Ax. 8 
tPA) eB DPA CD eee BED. § 265 
: AD+BD_A’D + BD $ 267 
AD ACD; 
That is, AGES Di = ACRE ALIS Ax. 11 
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Then AB: A’B’=AD:A’'D’. § 265 
But CDS CDC TAD Aap Proved 
ALB ACB oD OOD. Ax. 8 

ceo leht Sh A De Ax. 9 

oil Cai 18. § 261 

on COD git Ax. 4 

«. CD’ = 7; in. Q.E.F, 


4. The perimeter of an equilateral triangle is 51 in. Find the side of 
an equilateral triangle of half the altitude. 


Given, in the equilateral A ABC and A’B’C’, O’D’, the altitude of 


A A’B’C’, equal to half CD, the alti- C (Ue 
tude of AABC; also AB+ BOC + 
CA = 51 in. 
Required to find A’C’. ie - ee aed 
Solution. Jaden se JING § 145 
*, rt. & ADC and A’D’C’ are similar. § 287 
JNO NAC! = (GID 3 O07, § 282 
But CD’ =4CD. Given 
os (CLS CID 9) 9 
AC PAL Ce — eile Ax. 9 
In A ABC, AUB = “A Ol BC, Given 
v AC=4(AB+4 AC + BO) =17. 
eA Oe 2s Ax. 9 
£9 A’O" = 17. § 261 
RecA Coe SO Ax. 4 
Grea Oa Seo uns Q.E.F. 


5. The sides of a polygon are 2 in., 24 in., 84 in., 3 in., and 5 in. 
Find the perimeter of a similar polygon whose longest side is 7 in. 

Given the similar polygons AC and A’C’, with side A’B’ corre- 
sponding to side AB. AB=5in., BC=3in., CD=3}in., DE = 
24in., AH = 2 in., and A’B’=7 in. Denote the perimeters of poly- 
gons AC and A’C’ by p and p’ respectively. 

Required to find p’. 


; p AB 
Solution. ee VB’ § 291 
But p=54+84 344 23 4 2 = 153. Ax. 11 
coy LO SCG Ax. 9 
Huo = OF, § 261 
* p' = 225, AK 
. p’ = 225, in, Q.E.F. 
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6. The perimeter of an isosceles triangle is 13, and the ratio of one of 
the equal sides to the baseis 1%. Find the three sides. oO 


Given AB, the base of the isosceles A ABC whose 
perimeter is 13, the ratio of side AC to base AB 


being 13. 
Required to find AB, AC, and BC. 
Solution. ACTA Belk Given 
les BEA, § 261 
a EAB == 22 CO, Ax.4 4 B 
But ING 1X6, § 62 
Then AB4+AC+ BC =23 AC. Ax. 1 
pos ACs, Ax..9 
PA Cs=—s0; Ax. 4 
Then BC =5, Ax. 9 
and AB ids INKY 
tA B= SAO band BC ="5; Q.E.F. 


4. The perimeter of a rectangle is 48 in., and the ratio of two of the 
sides is 3. Find the sides. D fo} 


Given the rectangle A BCD whose perimeter is 48 in., 
" the ratio of AD to DC being 3. 


Required to find the sides of rectangle A BCD. A B 
Solution. AD = BO, and AB=CD. § 125 
Since AND S IDO Sek, Given 
AD=3 DC. § 261 
Then BC =2 DC. Ax, 
- AD+ BC + AB + DC = 33 DC. Ax. 1 
«. 88 DC = 48. LOR) 
DO = 14: Ax. 4 

Then Ae —= 10 by, Axx..3% Q.E.F 


8. In drawing a map to the scale yypy55, what length will represent 
the sides of a county that is a rectangle 25 mt. long and 10 mi. wide? 
Answer to the nearest tenth of an inch. 


Solution. The length of the county, expressed in inches, is 25 x 
5280 x 12, or 1,584,000 in. ; the width of the county is 10 x 5280 x 12, 
or 633,600 in. Since the map is drawn to the scale zgq595, 15.8 in. 
will represent on the map the length of the county, and 6.3 in. the 
width. Q.E.F, 
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9. Two circles touch at P. Through P three lines are drawn, meeting 
one circle in A, B, C, and the other in A’, B’, C’ respectively. Prove the 
triangles ABC, A’B’C’ similar. 

Given (Fig. 1) two © whose centers are O and O’ tangent exter- 
nally at P, through which lines 4A’, 
BB’, and CC’ are drawn, having their 
extremities on the circles; also AABC © 


and A’B’C’. } 
To prove that A. ABC and A’B’C’are F or 

similar. 
Proof. ZBCA=ZBPA, Fie. 1 

and VES BSA GIONS tess He IVI EIANG. § 217 
But VAT 63 BY\ at EIB § 60 


Sy PZ IBO me VAT EM CLOG Ax. 8 
Likewise, it may be shown that 
OA —=0/a 0 SAG Ga 
Therefore A ABC and A’B’C’ are similar, by § 286. Q.E.D. 
Given (Fig. 2) two © whose centers are O and 
O’ tangent internally at P,*through which lines 
AA’, BB’, and CC’ are drawn, cutting the inner 
circle at A, B, C respectively, and terminating 
in the outer circle at A’, B’, C’, respectively ; 
also & ABC and A’B’C’. 
To prove that A ABC and A’B’C’ are similar. 


Proof. ZHAI =a ALB. 
and ZAG OL: = ACPI BG 
But PAIN ET 8S VI a IBY 


need OB = ACOs 

Likewise, it may be shown that 
LENIN Ol PAI INK OK 
Therefore AABC and A’B’C’ are similar, by § 286. Q. E. D. 


10. If two circles are tangent internally, all chords of the greater circle 
drawn from the point of contact are divided propor- 
tionally by the smaller circle. 


Given the © whose centers are O and O” tan- 
gent internally at P; also PA’ and PB’, any two 
chords of the larger circle cut at A and B respec- 
tively by the smaller circle. 

To prove that PA’: A’A = PB’: BB. 
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Proof. Draw AB and A’B’. 
Draw the common tangent MN through P. 
Then ZPBA is measured by $+ arc PA. 
Also Z NPA is measured by $ arc PA. 
BR, VAIE IB Yel es VEIN TEAL. Ax.8 mM 


Again, 7 PB’ A’ is measured by farce PA’. § 214 
Also ZNPA’is measured by fare PA’. § 220 


So EIA AY Se ZIP EY AWevey JE 
But ZNPA is ZNPA’. Iden. 
Dy VAI ENB IA Easel Ax. 8 
5, Fab J33 VSAM WO IE §1038 


. PA’: A’A = PB’: BB, by § 278. a... 


11. In an inscribed quadrilateral the product of the diagonals is equal 
to the sum of the products of the opposite sides. 

Given AC and BD, the diagonals of the quadrilateral 2 pas C 
ABCD inscribed in the © ABC. | 


To prove that AC x BD=ABxDC+ADx BC. KY) 


Ci 


Proof. Draw DE, making é 
LEDC =ZA DB. 
Then in the A ABD and ECD, 
ZLADB=ZEDG. Hyp. 
Also PAID 8 2 A IDXOT Bi § 217 
-. AABD and ECD are similar, § 286 
Py JOXGE 3 ID I63 = JEN! 3 AMIE. § 282 
SIC Se As = IDI Se ITO § 261 
Furthermore in the A AED and BCD, 
YL OSNID) VA (OED). § 217 
Also, since LADBi= ZED, Hyp. 
- ZADB+ZBDE=2ZEDC+ZBDE. Bx. 1 
Or ZADE= ABDC. Abs lil 
«. A AED and BCD are similar. § 286 
Ao, AUD JSD) BUI) RIO § 282 
Ai IBID Se AlI0) = AID Se TeX § 261 
But DB x EC =DC x AB. Proved 
- DBx EC + BDx AE=DC x AB+ AD x BC. INS il 
« BD(EC + AE)=DC x AB+ AD x BC. 
Since EO +AEF=AC, ANSes id) 


« BD x AC=DC x AB4+AD-x BC, by Ax. 9. a.8.D. 
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Exercise 47. Page 181 


1. The tangents to two intersecting circles, drawn from any point in 
their common chord produced, are equal. 


Given AB, the common chord of the two in- 
tersecting ©; also tangents PM and PN drawn 
from any point P in AB produced to the ©. 


To prove that Ve — ore 
Proof. PM’ = PA x PB, 
and PN’ =PA x PB. § 302 
.. PM’ = PN’. : Ax. 8 
ae VND Yit AX acs Q.E.D. 


2. The common chord of two intersecting circles, if produced, bisects 
their common tangents. 


Given MN and PQ, the common tangents of MD = 
the intersecting ©; also AB, their common 
chord, cutting MN in C and PQ in D. ) 
To prove that CM=CN; also DP= DQ. eX 
Proof. CM’? =CBx AC Q 
and CN’ =CBx AC. § 302 
-. OM? = ON", Ax. 8 
sm Oee—1 (CNN. Ax. 5 
Similarly DP DO: Q.E.D. 


3. If two circles are tangent externally, the common internal tangent 
bisects the two common external tangents. 


Aalst ie 
Given AB and CD, the common external aye 
tangents of the © tangent externally at P; 
also HF, the common internal tangent, cut- WAS 
ting AB and CD in E and F respectively. 7D 
To prove that HA = EB, and FC = FD. c 
Proof. LA = EP, 
and EB= EP. § 192 
= A= EB: Ax. 8 


Similarly, it may be shown that 
FC = FD. Q.E.D. 
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4. If a line drawn from a vertex of a triangle divides the opposite side 
into segments proportional to the adjacent sides, the line bisects the angle 
at the vertex. 


Given, in A ABC, line CM drawn, cutting AB in M so that 
AM:MB= AC: BC. 
To prove that CM bisects 2 C. 


Proof. The bisector of the 7 ACB must pass through M. § 279 
Hence CM has the two points C and M in common with the bisector 

of the Z ACB. 
Therefore CM must coincide with that bisector. § 54 
.. CM bisects the Z ACB. Q.E.D. 


5. If three circles intersect one another, the common chords are 
concurrent. 


Case 1. When a portion of the plane is common to the three inter- 
secting circles. 

Given AB, CD, and HP, the common chords 
of three intersecting ©, inclosing the area DPB 
common to the three ©. 

To prove that AB, CD, and EP are concurrent. 


Proof. Let two of the chords, 4B and CD, meet at O. 
Join the point of intersection # to O, and suppose that HO produced 
meets the arc ABE in P, and the arc EDC in Q. 


Then HOSGOr PAO Te BO: 
also HO <~00'=D0 x CO; § 299 
But AOD bO'= DO C.0; § 299 
set OFX IO P= HO x. O@: Ax. 8 
pe OT OO: Ax, 4 
That is, point Q coincides with point P. 
«. AB, CD, and HP are concurrent, by § 154. Q.E.D. 


Case 2. When the three intersecting circles inclose a portion of 
the plane not included by any one of the circles. 


Given AB, CD, and EF, the common chords of Y 
three intersecting ©, inclosing HBD, a portion of ofB 
the plane not found within any of the three ©. E77 

To prove that AB, CD, and EF are concurrent. C 


Proof. Let two of the chords, CD and EF, intersect at O. 
Draw OB, and produce it to meet the arcs CDB and EBA. 
Suppose that OB cuts the arc CDB in G, and the arc EBA in A. 
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Then OB > 0G = OD x 0¢; 
and OB x OAr— OF OF. § 303 
But ODS OG ss VISE OM, § 303 
o, Ole x OCLs Olas x OAs Ax. 8 
OG = Oxzk Ax. 4 
That is, point G coincides with point A. 
-. AB, CD, and EF are concurrent, by § 154. Q. B.D. 


6. The square on the bisector of an exterior angle of a triangle is 
equal to the product of the segments determined by this bisector upon 
the opposite side, diminished by the product of the other two sides. 

Given the A ABC; also CD, the bisector of the 
exterior 72 BCH, meeting AB produced in D. 

To prove that CD? = AD x BD—AC x BC. 

Proof. Circumscribe the © ABC about the A ABC. Z 

Produce DC to meet the © again at F, and draw BF. 


Then Zea § 217 
Also ADOC = ZACA, § 60 
But ZBCDi= 2D CA. Given 
Be CD AOA Ax. 8 
« ZBOD + ZACB=ZFCA + ZACB. Ax. 1 
That is, ZEIN CID) es VZNENG NBS, Ax. 11 
.. the A ADC and FBC are similar. § 286 
ahs. TAG! VAG) es 186) (ON) § 282 
» FOx CD=AC x BC. § 261 
Now FelIL) 2 18390) 2 FS DY Se OTD) § 303 
= (FC + CD) x CD Ascot 

= FC x CD + CD’. 
. AD x BD=AC x BC + CD’. Ax.9 


«. €D?= AD x BD— AC x BO, by Ax.2. Q.£.p. 

7. If the line of centers of two circles meets the circles at the consecu- 
tive points A, B, C, D, and meets the common external tangent at P, then 
BASED = 2B arOs 
Given XY, the com- 


mon external tangent 
of the © whose centers D CB A P 
are O and O’; also the 


line of centers OO’, 

cutting the two © at 

the consecutive points A, B, C, D, and YX produced at P. 
To prove that PA x PD=PB x PC. 
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Proof. Draw the radii OX and O’Y. 
Then the 4 PXO and 
PYO’ arert. 4. § 185 
.. the A POX and 


PO’Y are similar. § 287 D 
ZO aP.On 
= OX: 0'Y. § 282 
x LAOS ONE 
SILOP ROE, SLU: 
2 RO OXIOXG— PO 10 Ya OL § 268 
But OXG—10A and OW—= 0: § 162 
PO — OAT OX-= PO'— OC? OY. Ax.9 
That is, IPA OR CS IROS OG 
eeEVA GEO et OXEN OGY 5 § 265 
Since PONOXE— POs Oeye Proved 
- PO+O0X:O0X=PO0+O0'Y: OY. § 267 
But OX = OB, and O'Y=O'D. § 162 
- PO+ OB:0X =PO’+ OD: OY. Ax. 9 
That is, EB OXE— PD Ore 73%. al 
Ss 12RD OP.C3 (OG, § 265 
fis LEAL 2 EXO) SI EI5 2 PID), Ax. 8 
.. PD x PA = PB x PC, by § 261. Q.E.D. 


8. The line of centers of two circles meets the common external tangent 
at P, and a secant is drawn from P, cutting the circles at the consecutive 
points EH, F, G, H. Prove that PE x PH = PF x PG. 

Given P, the point 
ef intersection of the 
common external tan- 
gent Y_X of the © whose 
centers are O and 0’, 
with the line of centers 
OO’, which cuts the © 
at the consecutive points A, B, C, D; also PH, a secant that cuts the 
© at the consecutive points #, F, G, H. 

To prove that IPI SS Teel EVO SE TAGE 

Proof. Draw the radii OX, OF, OF, and O’Y, O’G, O/H. 

Draw OM and O’N | to PH. 

Since the Z O’PN is common, 

.. the rt. 4 OMP and O’NP are similar. § 287 
se On Os = OMRON: § 282 
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Now the 4 OXP and O’YP are rt. 4. § 185 


Since the Z YPO’ is common, 
». the rt. 4 XOP and YO’P are similar. § 287 
ie JOS IEC = NOP HOE, § 282 
Se OME OI SCAGOo"e Ax. 8 
But OXE- OH, ands O-¥e— Ona. § 162 
2 OM! SOY SOI 3 Cel, Ax. 8 
Draw O’H’ |l to OF. 
Then ZIM OVA ACOE § 102 
-. the rt.A FMO and H’NO’ are similar. § 287 
=O Me OaNe==i OH EOE. § 282 
But OMEAOAN =O FE OGE:. Proved 
-. OH = OH’, and coincides with it. 
Since O’H’ is |l to OF, Hyp. 
OSH NS ll tonO EE, 
Be, 1EXOD EXO NUT eM sf § 273 


In the same way it may be proved that 
PO SPOC= PES PG. 
liebe eG = PH PH, Ax. 8 
By JIE I2al I AY SIAC lone SAAGIG Q.E.D. 


Exercise 48. Page 187 


1. If aand } are two given lines, construct a line equal to x, where 
x —Vab. Consider the special case of a = 203. 


Given the two lines a and b. a ee 
Required to construct x, where } B 
zt =Vab. we = 
Construction. Draw anylineAE,and =~ me 
on AE take AC =a, and CB =b. / Z \ 
On, 4B "as ray diameteredescribe a, a2 ey ae eee EB 
semicircle. siete C b B 
At C erect the | CH, meeting the © at H. § 228 
Then CH is the required line z. Q.E.F. 
Proof. AUG! (Cie (Ol AOT5s. § 297 
Oe Wana ett Op BSS Y) 
eae § 261 
a. =Vab, by Ax. 5. Q.E.D. 


In the special case, where a = 2, and b = 3, construct a equal to two 
times, and 6 equal to three times, some unit of measure, and proceed 
as in the above. The required line a is here equal to V6. 
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2. If m and n are two given lines, construct a line equal to x, where 


xL=V2mn. _™m 
Given the two lines m and n. Et 
Required to construct «, where 7 =V2mn. H 
Construction. Draw any line AH, and on AH en aS 
take AC =m, and CB=2n. Patt Vik aia 
On AB as a diameter describe a semicircle. Amd mB 
At C erect the 1 CH, meeting the © at H. § 228 
Then CZ is the required line z. Q.E.F. 
Proof. AG: CH =CH: CB. § 297 
Os Ue SP 8 OAT Ax. 9 
. 2? = 2mn. § 261 
*. ©=V2mn, by Ax. 5. Q.E.D. 


3. Determine both by geometric construction and arithmetically the 
third proportional to the lines 14 in. and 2 in. 


Given the two lines a and b of length 14 in. and 2 in. respectively. 
Required to construct the third pro- Gie bl ie 
A 


portional to a and b. See Sea 
Construction. Draw two lines A_X and eos \ 
AY containing any convenient angle. poe és 
On AX take AB= a, and BC =b. “Be. 
On AY take AD =, and draw BD. 
From C draw CE || to BD, meeting AY at £. § 233 
Then DE is the third proportional required. Q.E.F. 
Proof. AB: BC=AD: DE. § 273 
GOO =O eB) Ax. 9 
.. DE is the third proportional to a and b, by § 260. Q.z.p. 
Solution. One Di==) Or DE: Proved 
Soe Al ese em dase! BY ce Ax. 9 
14 x DE =2 x 2. § 261 
». DE = 2%. Ax. 4 
.. DE = 22 in. Q.E.F. 


4. Determine both by geometrical construction and arithmetically the 
third proportional to the lines 4 in. and 3 in. 


Given the two lines a and b of length 4 in. and 8 in. respectively. 
Required to construct the third proportional to a and b. 
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Construction. Draw two lines AX and AY containing any con- 
venient angle. 


On AX take AB equal to a, and 4~<s2-----57--—-— eee peas x 
BC equal to b. Oe Ha 
On AY take AD equal to b, and Wee 
draw BD. PLS 
From C draw CE || to BD, meet- ee 
ing AY at E. § 233 oe 
Then DE is the third proportional required. Q.E.F. 
Proof. AB: BC =AD:DE. § 273 
he aI OV ah Ax. 9 
.. DE is the third proportional to a and b, by § 260. Q.x.p. 
Solution. GOODE. Proved 
edo =o DE Ax. 9 
ee DOE 8} vera § 261 
“, DE'= 21. Ax.4 
.. DE = 2} in. Q.E.F. 


5. Determine both by geometric construction and arithmetically the 
fourth proportional to the lines 1} in., 2 in., 2} in. 


Given the three lines a, b, and 


c of length 14 in., 2 in., and 2} in, ee aaa NE tee ae x 
respectively. pie 
Required to construct the fourth D ee Re 
proportional to a, b, and ¢. Dae 
a 
Construction. Draw the two lines Tia sy. 


AX and AY containing any convenient angle. 
On AX take AB= a, and BC = 0. 
On AY take AD =c, and draw BD. 


From 0 draw CE |l to BD, meeting AY at £, § 233 

Then DE is the fourth proportional required. Q.E.F. 

Proof. AB: BC=AD: DE. § 273 
POR W PG BID Dis Ax. 9 

.. DE is the fourth proportional to a, b, and ¢, by § 259. @.5.p. 
Solution. (eat eae OY Dp Proved 
1d: 2= 21: DE. Ax. 9 

» 1} x DE =2 x 2h. § 261 

#. DE = 33. Ax. 4 


.. DE = 33 in, Q.E.K 
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6. Determine both by geometrical construction and arithmetically the 
mean proportional between the lines 1.2 in. and 2.7 in. 


Given the two lines a and 6 of length H------. a 
1.2 in. and 2.7 in. respectively. Peer oS ' 
Required to construct the mean pro-  / | y 
portional between a and b. | ‘ Si A 
Construction. Draw any line AF. Ad Oe OB Be ee 


On AE take AC =a, and CB=b., 
On AB as a diameter describe a semicircle. 


At C erect the 1 CH, meeting the circle at H. § 228 

Then CH is the mean proportional required. Q.E.F. 

Proof. AC: CH = CH: CB. § 297 
Sy CPSC PEL =O 81S (0s Ax. 9 

.. CH is the mean proportional between a and 0, by § 260. @.£.p. 
Solution. CCH — CHO; Proved 
Ss Ae Olsl ONES Ax. 9 

w OH? =1.2 x 2.7. § 261 

sy (Gla a aly, Ax. 5 

o, (Cheha gsi Q.E.F. 


7. Find geometrically the square root of 5. Measure the line and thus 
determine the approximate arithmetical 


value. 7 ~ 
Given the line a of length one unit. / x 
Required to construct the V5. (ai 
Construction. Draw any line AZ. 
On AE take AC =1, and CB=5. 
On AB as a diameter describe a semicircle. 


At C erect the | CH, meeting the © at H. § 228 

Then CH is the V5 required. Q.E.F. 

Proof. AC:CH=CH:CB. § 297 
ay Ng (CNEC ONE ER TS, Ax.9 

-. OH = 5, § 261 

. CH =V5, by Ax. 5. Q.E.D. 


On measuring CH we find its approximate length to be 2.2. 
8. A map is drawn to the scale of 1 in. to 50 mi. How far apart are 
two places that are 28, in. apart on the map ? 


Solution. Since 1 in. on the map represents a distance of 50 mi., 
.. 2,85 in. represents a distance of 2.3; x 50 mi., or 104}2 mi. 
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9. Find by geometric construction and arithmetically the third propor- 
tional to the two lines 13; in. and 22 in. 
Given the two lines a a B b C 


and 6 of length 1,4 in. Sis Ste ei Neh = 
and 28 in. respectively. U rs Se pe 
Required to construct eee a 
the third proportional to ee 
aand b. BPN. 
; IP 
Construction. Draw two ce 
lines AX and AY containing any convenient angle. 
On AX take AB=a, and BO=b. 
On AY take AD = 5), and draw BD. 
From C draw CE || to BD, meeting AY at E. § 233 
Then DE is the third proportional required. Q.E.F. 
Proof. AUB ABC) ALD EED Ey. § 273 
OO) 0 wD) Ey. Ax. 9 
.. DE is the third proportional to a and b, by § 260. q.u.p. 
Solution. a@:>b=—0: DE. Proved 
1,8, : 23 = 23: DE. Ax. 9 
-. 13, x DE = 23 x 23. § 261 
-. DE = 5§2. 
«. DE = 5§2 in. Q.E.F. 


10. Divide a line 1 in. long in extreme and mean ratio. Measure the 
two segments and determine their lengths to the nearest sixteenth of an inch. 

Given the line AB, 1 in. long. 

Required to divide AB in extreme and mean ratio. 

Construction. Divide AB internally at C and externally at O’ in 
extreme and mean ratio. § 311 

Then AB: AC = AC: CB, and AB ?sAC7=AC/ CB. QE. F. 

Solution. Let « = the number of inches in AC. 

Then 1 — x = the number of inches in OB. 


Since FAR PANO ==2Al Cn. § 310 
“py AN gin eee role ears Ax. 9 
Os (ee Eel hay § 261 
Sy) Soap ale vACX. al! 
.e+e+i=3. - ANG Al 
UeCie as  V/. 4x. 5 
0 martha V5). AX. 2 
jee 


2 


200 BOOK III]. PLANE GEOMETRY 


Hence AC= —— 1) 1, = a in., approximately, 
and CB =1 in. —}2 in. = 5 in., approximately. 
Let y = the number of inches in AC’. 
Then 1+ y =the number of inches in C’B. 
Since PARRA C4 —nAlC a CAB. § 310 
l:y=y:14+y Ax. 9 
yoalt+y. § 261 
y—y= Ax. 2 
P-yti=} Ax. 1 
y—t=43V5. Ax. 5 
.y=k04v5). Ax. 1 
Las 
y= soyeu 
CaN GH = Jel ae ins a in. = 142 in., approximately, 
and. C’B =1 in. + 148 in. = 212 in., approximately. q. E.F. 


11. Divide a line 5 in. long in extreme and mean ratio. Measure the two 
segments and determine their lengths to the nearest siateenth of an inch. 

Given the line AB, 5 in. long. 

Required to divide AB in extreme and mean ratio. 

Construction. Divide AB internally at C and externally at C’ in 
extreme and mean ratio. § 311 

Then) AA C =A CCB andeA BA CoA C4504: Q.E.F. 

Solution. Let « = the number of inches in AC, 

Then 5 — x = the number of inches in CB. 


Since AIBS 9 aC} Se AKO! (O18 § 310 
ROC ele Oi Ax. 9 
S07\= 25 — 5a. § 261 
oF + 5x4 2B = 125, INS Ik 
aeons V De, Ax. 5 
*. 2 = §(—13- V5). ee) 
eee 1) 
fe 2 
Hence AC= ae ~ a 1) in. = = in. = 3), in., approximately, 
and CB = 5 in. — 3, in.= 133 in., approximately. 
Let y = the number of inches in AC’. 
Then 5+ y =the number of inches in C’B, 
Since ALB RPA Ome CaO 4B. § 310 


Oe =e Ot Ya Ax. 9 
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ws y2 = 25 + By. § 261 

~ y%— by = 25. AK 2, 
y?— Sy +28 = 135, | AC oail 
. YS RaL ES. Ax. 5 
~y=t+$hvb4 3. Ax. 2 


Hence AC’= solved 1) i = 


i= 16 in. = 8,; in., approximately, 
and C’B = 5 in. + 8), in. = 13,; in., approximately. Q.£.F. 
12. Divide a line 6 in. long in extreme and mean ratio. Measure the 


two segments and determine their lengths to the nearest sixteenth of an inch. 


Given the line AB, 6 in. long. 
Required to divide AB in extreme and mean ratio. 


Construction. Divide AB internally at C and externally at C’ in 


extreme and mean ratio. § 311 
Mhene AG A C= ACs Cb. and eA BA C24 C2104. Q.E.F. 
Solution. Let x = the number of inches in AC. 
Then 6 — x = the number of inches in CB. 
Since AUB eA! =A CCB. § 310 

eC eat + Ola. Ax. 9 

Mee Ob — (Oa. § 261 

ete Og) 45. | Ax. 1 
ie a See Ory Be Ax. 5 
 2=4+8V5—-8. Ax. 2 


ONS kee ENP 


Hence AC= lnk 1) ie be in. = 31} in., approximately, 
and CB = 6 in. — 313 in. = 25, in., approximately. 

Let y = the number of inches in AC’, 
Then 6 + y = the number of inches in C’B. 

Since AIBA Cr ACA ClB, § 310 

«= O:y=y:64+y. Ax. 9 

PA) OF == Oo Gi § 261 

ye — 6y = 36. Ax, 2 

Sy h = Byers ies AG.s 9) Ax.1 

~Y—3=43V5. Ax. 5 

 y =8(4v5 +1). Ax.2 

Hence AC’= x oa 1) = 18) in. = 944 in., approximately, 


and C’B = 6 in. + 942 in. = 1543 in., approximately. Q. 5. 
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13. Through a given point P within a given circle to draw a chord AB 


so that the ratio AP : BP shall equal a given ratio m:n. of 


Given P, any point within the © whose center is SOG 


O; also the ratio m:n. 
Required to draw through P a chord AB, so that 
ald 2Py 1P133 = 4S Te 


Construction. Draw OP and produce it toa point C, 


so that OR SRC eqn. § 307 
Find z, the fourth proportional to n, m, and the radius. § 307 
With C as center and a as radius cut the © at A. 

Draw CA, and draw OB || to AC. § 233 
Draw AP and BP. 
Then APB is a straight line, and the chord required. Q.E.F. 
Proof. OPE PO= win = OB COA Const. 
COPA OB Ck CAs § 265 
Also AaB OR Vas Cir. § 100 
.. the A POB and PCA are similar. § 288 
ee, PENN E83 AON Bia § 282 
Since OPC is a straight line, 

.. APB is a straight line. 
Also APS BP PCO OP: § 282 
But POOR ins Const. 
pe AED Pan, DY A Xa Se Q.E.D. 
14. To draw two lines inaking an angle of 60°, and to construct all the 

eircles of } in. radius that are tangent to both lines. DL 
Required to draw two lines making an angle of aN 

60°, and to construct all the © of } in. radius that oa 

are tangent to both lines. vi 4 
Construction. Draw a straight line O’B’ of con- ze fen Ay : 


venient length. 
With O’ and B’ as centers and radii O’b’ describe arcs intersecting 
et Dr Draw O’D’ and B’D’. 
Draw any line AB, 
At any point O on AB draw OD, making Z BOD equal to Z B’O’D’, 


and produce DO to E. § 232 
Draw FG and HK, the bisectors of 4 BOD and DOA respec- 
tively. § 231 


Then dvaw RS || to DE at the distance of } in. from DZ, cutting 
FG and HK in M and N respectively. § 233 
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Also draw VT || to DE at the distance of $ in. from DE, cutting 
FG and HK in P and L. , § 233 

From M, N, P, and LZ as centers, with radii equal to 4 in., 
describe ©. 

Then the © whose centers are 
M, N, P, and £ are the re- 


quired ©. Q.E.F. 
Proof. The A O’B’D’ is equi- 
lateral. Const. 
.. the AO’B’D’ is equiangu- 
lar. § 75 
Bo AIO = GO § 107 
ZBOD=Z BOD. Const. 

ZB OD 602. Ax. 8 


The points M, NV, P, and L are 
each equally distant from lines 
AB and DE, and are each $ in. from the lines AB and DE. Const. 

Hence the © whose centers are M, N, P, and L, described with } in. 
as a radius, are tangent to lines 4B and DE, by § 184. © 8,59), 10, 


15. To draw through a given point P in the arc subtended by a chord 
AB a chord which shall be bisected by AB. 

Given P, any point on the arc AB subtended by chord AB in the 
© whose center is O. 

Required to draw through P a chord which shall 
be bisected by chord AB. 


Ez 
Construction. Draw the radius OP, cutting ABatC. 4 C78 


On CO take CD = PC. Sete 
Draw DE || to BA, meeting the © in £. § 233 
Draw chord EHP, cutting the chord AB in F. 
Then HP is the required chord. Q.E.F. 
Proof. In A PDE, 
CF bisects PD, and is |l to DE. Const. 
.. CF bisects £P. § 1385 
That is, AB bisects chord EP. Q.E.D. 


16. To construct two circles of radii $ in. and 1 in. respectively, 
which shall be tangent externally; and to construct a third circle of 
radius 3 in., which shall be tangent to each of these two circles and 
inclose both of them. 
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Construction. Construct A ABC so that AB = 2 in., AC = 23 in., 
and BC = 1} in. § 237 

From C as center, with 
radius 4 in., describe a ©. 

From B as center, with 
radius 1 in., describe a ©. =" 

Again, from A as center, Va 
with radius 3 in., describe / 
a O. 

Then the © whose cen- 
ters are A, B, and C are \ HOSS Fa 
the © required. OE Se ON i pee 


Proof. The radii of the or: 
© whose centers are B and C respectively are 1 in. and 4 in. 

Since BC is 1} in., Const. 
these two © are tangent externally. 

The radius of the © whose center is A is 3 in. 

Since AB is 2 in., Const. 
the © whose center is B is tangent internally to the © whose cen- 
ter is A’. 


7h 


7 
va 


[Pn cen nan pan nnne--s 
! 
i 
1 
’ 


Similarly, since AC is 24 in., Const. 
the © whose center is C is tangent internally to the © whose center 
is A. Q.E.D. 


17. To draw through a given external point P a secant PAB to a given 
circle so that the ratio PA: AB shall equal the 
given ratio m:n. 


Given P, any point outside the O ABC; also 
the ratio m:n. 

Required to draw a secant PAB so that 
RAAB = inn: 


Construction. Draw PC tangent to the ©. § 246 
Divide PC at D so that the ratio PD: DC is equal tom:n. § 306 
Find k, the mean proportional between PD and PC. § 309 


From P as center, with radius k, describe an arc cutting the © 
ABC at A. 
’ Then draw PA, and produce it to meet the © again in B. 

Then PAB is the required secant. Q.E.F. 


Proof. Draw AD and BC. 
PDYPASS PA eG: Const, 
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But PA:PC =PC: PB. § 302 
Sy TEA I Esl = PX! 12s, INS Ae 

-. AD is ll to BC. § 276 

ey JEAN BOLE IID I INOF, § 273 

But IEID IDC ies Const. 
35 URAL elles =O Why OK, Sho Q.E.D. 


18. To draw through a given external point P a secant PAB to a 
given circle so that AB? = PA x PB. 


Given P, any point outside the © ABD. B 
Required to draw a secant PAB so that 
AB’ = PA x PB. 


Construction. Draw the tangent PD. § 246 x 
Divide PD internally at C in extreme and mean pe- 3. D 
ratio ; § 3811 
that is, so that PCC Di=ICD ee: 


With P as center and CD as radius describe an arc cutting the 
© at A. 
Draw PA, and produce it to meet the © again at B. 


Then PAB is the secant required. Q.E.F. 
Proof. Draw AC and BD. 

PCAOD=CDeED: Const. 

5 TXO CIA 3 EAL BI eI O) Ax. 9 

But [EYE 3 IID IID G JETS. § 302 

PCr PASE DISPB: Ax. 8 

PaeA Csi to BD: § 276 

Pl © el Ate ODE ALES § 273 

SI2U geaap Ax. 9 

But JEXG! 3 Eva IEA a TEI), Proved 

52, AUD 1210) 
Sy IEA 2 AU Pie dos py EMEP Ax. 9 
-. AB’ =PA x PB, by § 261. Q.E.D. 


19. An equilateral triangle ABC is 2 in. on a side. To construct a 
circle which shall be tangent to AB at the point A 
and shall pass through the point C. / 

Given the equilateral A A BC, whose side is 2 in. Ht 

Required to construct a © which shall be tan- Se 
gent to AB at A and shall pass through C. i 
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Construction. At A erect AH 1 to AB. § 228 
Draw OM, the 1 bisector of AC, meeting A in O. §§ 229, 228 
From O as center, with a radius equal to OA, describe a ©. 

Then this © is the required ©. Q.E.F. 


Proof. The © constructed is tangent to line AB 


at A. § 185 
Furthermore, since OM is the 1 bisector of 
CA, Const. 


O is equally distant from A and C. 

.. the © passes through C. 
Hence the © constructed is tangent to AB at A and passes 
through C. Q. E.D. 


20. To draw through one of the points of intersection of two circles a se- 
cant so that the two chords that are formed shall be in the given ratiom: n. 


Given P, a point of intersection of the inter- 
secting © whose centers are O’ and O; also the G= 
ratio m:n. 

Required to draw through P a secant so 
that the two chords formed shall be in the 
ratio m:n. 


i 


Construction. Draw the line of centers O’O, and divide O’O at A so 


that 0°.A:0OA=m:n. § 306 
Draw PA. 

Through P draw line GF 1 to PA, having its extremities in the 

given ©. § 228 

Then GF is the required secant. Q.E.F. 


Proof. Let fall from O’ and O the Js O’H and OD, cutting GF in 
E and D respectively. 


Then O’E and OD are each || to AP. § 95 
OLN 5 Ove SS IHEP, § 275 

But OZAT OAR 71a Const. 
CH PD Pi I ie Ax. 8 

But EP =4FP, and DP=}GP. § 174 
- ¢FP:4GP=m:n. Ax. 9 

Or MEE Golan Ts Q.E.D. 


21. In a circle of 3-in. radius chords are drawn through a point 1 in, 
from the center. What is the product of the segments of these chords ? 
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Given M, a point 1 in. from the center O of the O APB whose 
radius is 8 in. Let AB be a diameter of the given © 
drawn through M. 


Required to find the product of the segments of 
any one chord drawn through M in the © APB. P 


Solution. The product of the segments of any chord @Q' pe) 
drawn through M in the © APBis constant. § 299 PR 
Therefore BM x AM is always the product of 
the two segments of any one chord drawn through M in the 
© APB. 


Now BM = BO— OM. EACXen UL 
«. BM =3—1, or 2. Ax. 9 
Again, AM=AO+4+ OM. Ax. 11 
« AM=3 +441, or 4. Io 9) 
Hence BM x AM =2 x 4, or 8, by Ax. 8. Q.E.F. 


22. The chord AB is 3 in. long, and it is produced through B to the 
point P so that PB is equal to 12 in, 
Find the tangent from P. M 

Given PBA a secant, and PM a 
tangent, to the ©; AB=8 in., and 


PB 12h A B P. 
Required to find PM. 

Solution. PM’ = PB x PA. § 302 

Now PA=PB+AB, Io, 13] 

2 PAv= 12-3, or 16: Noe, Y 

Then PM’ = 12 x 15, or 180. Ax. 9 

= 180, or 6 V5. Ax. 5 

Therefore PM=6V6bin. Q.E.F. 


23. Two lines AB and CD intersect at O. How would you ascertain, 
by measuring OA, OB, OC, and OD, whether or not the four points A, 


B, C, and D lie on the same circle ? D B 
Given the lmes AB and CD intersecting at O. Q 
Required to determine, by measurement, whether Cc 

A, B, C, and D lie on the same ©, A 
Solution. If A, B, C, and D all lie on the same ©, 

then OA x OB=OC x OD. § 299 


Hence, after measuring OA, OB, OC, and OD, if these measures 
satisfy the proportion, the four points all lie on the same ©. Q.E.F. 
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24. This figure represents an instrument for finding the centers of cir- 
cular plates or sections of shafts. OC is a ruler that bisects the angle 
AOB, and AO and OB are equal. 
Show that, if A and B rest on the cir- 
cle, OC passes through the center, and 
that by drawing two lines the center can [— 

Crem 
be found. 


Given any ©. 
Required to determine, by means of 
the instrument shown in the figure, the center of the given ©. 


Construction. Place the ruler in position and trace a line MN along 
the edge OC of the ruler. 

Then move the position of the ruler so that the arms A and B 
again touch the ©, and trace another line M’N’ along the edge OC 
of the ruler. 

Then £, the point of intersection of the lines MN and M’N’, is the 
center of the given ©. Q.E.F. 


Proof. OC bisects the Z A OB. Given 

«. OC is the locus of points equidistant from AO and BO. § 152 

But the center of the given © is equidistant from A and B.  § 162 

Therefore the center of the given © lies in OC; that is, OC passes 
through the center of the ©. 

Hence MN, the line traced along the edge OC of the ruler, passes 
through the center of the ©. 

.. M’N’ also passes through the center of the ©. 

.. E, the intersection of the lines MN and M’N’, is the center of the 

given ©. Q.E.D. 


25. If three circles are tangent externally each to the other two, the 
tangents at their points of contact pass through the center of the circle 
inscribed in the triangle formed by joining the centers of the three 
given circles. 


Given the three © whose centers are A, B, and C tangent exter- 
nally each to the other two ; the © HGK inscribed in the triangle 
inclosed by the lines AB, AC, and BC; and the tangents FG, 
DH, and HK drawn through the points of contact of the © G, H, 
and K. 

To prove that FG, DH, and EK pass through the center of the 
© GHK., 


TEACHERS’ EDITION 209 


Proof. The lines FG, DH, and EK are either concurrent lines or 
they are not concurrent lines. 

Suppose that FG, DH, and EK are not concurrent lines (Fig. 1). 

Let FG and EK intersect in Z, FG and DH in F, and DH and 
EK in D. 

Then the lines DE, LF, and FD inclose the A FFD. 

Let FG be denoted by p, DH by m, and EK by n. 


Fre. 1 


Let the sides of A HDF, namely ED, EF, and FD, be denoted by 
a, b, and ¢ respectively. 


Now SE GEE 
EG=EK, 
and IDNEE SION § 192 
-p=m— ¢, (1) 
p—b=n, (2) 
and mM=n—a. (8) 
From (1) and (2), m—n=bt+e. Ax. 2 
From (3), =i =a. Ax. 2 
a= Oi 01-1103 Ax. 8 
. @a+64+c=0. Ax. 1 


.. the A FFD cannot exist; that is, points #, F, and D are one 


and the same point. 
.. the lines FG, DH, and HK are concurrent lines. § 154 
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Let O (Fig. 2) be the common point of intersection of the lines 
FG, DH, and EK (Fig. 1). 
Draw GH, GK, and HK. 
Draw OR, OS, and OT, the 1 bisectors of GH, GK, and HK 
respectively. 


Fie. 2 
Now OG Oke § 192 
.. point O lies in OS. § 150 
Again, OG 0H: § 192 
“. point O lies in OR. § 150 
Also OH OKs § 192 
.. point O lies in OT. § 150 


Therefore O, the common point of intersection of OG, OH, and 
OK, is the common point of intersection of lines OR, OS, and OT. 

But the common point of intersection of OR, OS, and OT is the 
center of © GHK inscribed in the A ABC. 

.. O, the common point of intersection of the lines OG, OH, and 
OR, is the center of the © GHK. 

Therefore FG, DH, and EK (Fig. 1) pass through the center of 
the © GHK, Q. E. D. 
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26. In the isosceles triangle ABC, C is a right angle and AC is 
4in. With A as center and a radius 2 in. a circle is described. Required 
to describe another circle tan- 
gent to the first and also tan- 
gent to BO at the point B. 


Given the isosceles AA BC, 
right-angled at C, with AC / 
=4in.; also a © described / 
about A as a center with a | 
radius of 2 in. 

Required to construct a O 
tangent to the given © and 
tangent also to BC at the 
point B. 


Construction. Through B 
draw DH 1 to BC. § 228 
Take BD = 2 in. 
Draw DA. 
Draw FO, the L bisector of DA. §§ 229, 228 
Let FO cut DE in O. 
With O as center and OB as radius draw a ©. 
The © with center O is the required ©. Q.E.F. 


Proof. Draw the line of centers, OA. 
Let OA cut the given © in G. 


Since O lies in the L bisector of DA, Const. 
BIO AN) § 150 
Now IDI aA Tiley Const. 
and vA Gea) 201m Given 
ee) B= AG, 
‘ -. DO— DB = AO— AG, Ax. 2 
or OB = OG. 
That is, OG is a radius of the © with center O. 


“. point G lies on the © with center O. 
.. the two © are tangent at point G. 


Since OB is | to BC, Const. 
.. the © with center O is tangent to BC at the point B. § 184 
.. the © with center O satisfies the conditions. Q.E.D. 


Discussion. If BD =2 in. is taken on the other side of BC, the 
solution will be a circle internally tangent to the given circle, 


De BOOK III]. PLANE GEOMETRY 


27. Find the center of a circle of 4 in. radius, so drawn in a semicircle 
of radius 2 in. as to be tangent to the semicircle itself and to its diameter. 


Given ACB, a semicircle 
whose radius is 2 in. 

Required to find the cen- 
ter of a © of } in. radius, 
so drawn in the semicircle 
ACB as to be tangent to 
the semicircle ACB and 
the diameter AB, 


Construction. Through O, the center of the semicircle, draw a 1 to 
AB, taking OD = } in. § 228 
Through D draw a |l to AB. § 233 
With center O and a radius of 14 in. describe an arc cutting the 
lin Mand JN, 
With M and WN as centers and a radius of 3 in. describe two ©. 


Then the © with centers M and W are the required ©. Q.E.F. 
Proof. Since M and N are at a distance of 3 in. from AB,  § 128 
.. the © with centers M and WN are tangent to AB. § 184 


Draw the lines of centers, OM and ON, cutting the small © in 
£ and F. 
Then OH = OM + ME. Ax. 11 
ys OF = Ve pi. 2) Ax. 9 
«. OF is a radius of the semicircle. 
Similarly OF is a radius of the semicircle. 
.. the small © are tangent internally to the semicircle. 
.. the © with centers M and WN satisfy the conditions. Q.E.D. 


28. To inscribe ina given circle a triangle similar to a given triangle. 

Given the © whose center is O’, and AABC. 

Required to inscribe 
in the given © a A sim- 
ilar to A ABC, 

Construction. Circum- 
scribe the © A BC about Na! . 
NABC. §240 4. YB igh ci wear ie 

Draw the radii OA, 
OB, and OC, 

Then draw any radius O’A’ in the given ©, and draw the radius 
O’B’, making with O’A’ an Z equal to 7 AOB. § 232 


C 


I 
1 
' 
\ 

\ 
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Next draw O’C’ so that it makes with O’A’ an Z equal to ZCOA. § 232 
Draw A’B’, A’C’, and B’C’. 


Then A A’B’C’ is the required A. ‘ Q.E.F. 

Proof. A AOB and A’O’B’ are similar. § 288 
Likewise A AOC and A’O’C’ are similar, 

and A BOC and B’O’C’ are similar. § 288 

«. A ABC and A’B’C’ are similar. § 293 

Therefore A A’B’C’ is the required A. Q.E.D. 


29. To draw two straight line-segments, having given their sum and 
their ratio. 


Given A B, the sum of two straight line- rus 
segments whose ratio is m:n. 
Required to find the two straight line- H 
segments. sewer. 
Construction. Draw AM so that ZMAB m ace \ 
is any convenient Z. or 
On AM take AC =m, and CE =n. Oe ss 
Join points B and £ by line BE. 
Through C draw CH || to EB, meeting AB in H. § 233 
Then AH and HB are the two required straight line-segments. Q.E.F. 
Proof. CH is || to EB. Const. 
Bo AUeRETS eae CHE. § 273 
But AC CH= m:n. Const. 


5 Halal Gy J6 (IN) 9 (fly, WON IO toh Q.E.D. 
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Exercise 50. Page 196 


1. A square and a rectangle have equal perimeters, 144 yd., and the 
length of the rectangle is five times the breadth. Compare the areas of 
the square and rectangle. 

Since the perimeter of the square is 144 yd., a side of the square is 
144 yd. + 4, or 36 yd. 

Since the perimeter of the rectangle is 144 yd. and the length is 5 
times the breadth, 


if x = the number of yards in the breadth, 
then 5a = the number of yards in the length, 
and 12% = the number of yards in the perimeter. 
.. 124 = 144, 
Sy SUP, 
is DOO): 
3 38 


_ Square 36x 26 9 
“yectangle 60x12 5 
5 


ns. 


2. On a certain map the linear scale is 1 in. to 10 mi. How many 
acres are represented by a square 3 in. on a side? 
Since 1 in. represents 10 mi., ? in. represents } of 10 mi., or 73 mi. 
*, a square 3 in, on aside represents 160 
15 15 8 
74 X 74 sq. mi. = z x a x B40 A. = 36,000 A. Ans. 
3. Find the ratio of a lot 90 ft. long by 60 ft. wide to a field 40 rd. long 


by 20 rd. wide. 
lot tro 90 x 60 a 90 x 60 § 318 
field 40 x 16} x 20x 16} 40 x 88 x 20 x 83 


3 
9 3 

— xX BOxAxF? _ 38 
4D x 20 x 33 x 33 121 
20 11, Set 
19 


ns, 
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4. Find the area of a gravel walk 8 ft. 6 in. wide, which surrounds a 
rectangular plot of grass 40 ft. long and 25 ft. wide. Make a drawing to 
scale before beginning to compute. 


This drawing is made to the scale of 1 in. to 


1G6)ft. 

The area of the plot of grass is 40 x 25 sq. ft., 
or 1000 sq. ft. § 820 

The area of the plot of grass and the gravel walk together is 
47 x 32 sq. ft., or 1504 sq. ft. § 320 


Therefore the area of the gravel walk = 1504 sq. ft. — 1000 sq. ft. 
= 504 sq. ft. Ans. 


5. Find the number of square inches in this cross section of an Lbeam, 
the thickness being 4 in 
The area of the upright part of the beam “ 
oD 
=8ixisq.in.=1}sq.in.  §320 # 
The area of the remainder of the beam Te 
a Le AS 0, Ss PORSIOG MI § 320 — -2347 > 
Therefore the area of the whole beam 
= 14 sq. in. + 7 sq. in. = 18 sq.in. Ans. 


6. What is the perimeter of a square field that contains exactly 
an acre? 


1 A. = 160 sq. rd. = 160 x 272.25 sq. ft. = 43,560 sq. ft. 
-, one side of the field =V43,560 ft. = 208.71 ft. 
-, the perimeter of the field = 4 x 208.71 ft. = 834.84 ft. Ans. 


7. A machine for planing iron plates planes a space 4 in. wide and 
18 ft. long in 1 min. How long will it take to plane a plate 22 ft. 6 in. 
long and 4 ft. 6 in. wide, allowing 51 min. for adjusting the machine ? 


1 in. = } of 7, ft. = J, ft. 


3 
The number of minutes required Dy 
= 774 4 (gsi 18) = 45x 9 x 2A 
18 x Zx2x IB 
Z 


Therefore the total number of minutes required 
= 135 min. + 51 min. = 186 min. = 3 hr. 6 min. Ans, 
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8. How many tiles, each 8 in. square, will it take to cover a floor 24 ft. 
8 in. long by 16 ft. wide ? 
_ area of floor 242 x 16 


b — = § 318 
area of tile FiOS 
4 
14 f 
eS Sea 
BxXAX7Z 


Therefore the number of tiles required is 888. 


9. A rectangle having an area of 48 sq. in. is three times as long as 
wide. What are the dimensions ? 


Let x = the number of inches in the width. 
Then 8a = the number of inches in the length, 
and 3x7 = the number of square inches in the area. § 320 
ot = 40. 
Go He NGG, 
aS pase 
ES el 2 


Therefore the dimensions are 12 in. and 4 in. 


10. The length of a rectangle is four times the width. If the perimeter 
is 60 ft., what is the area? 


Let x = the number of feet in the width. 
Then 4% = the number of feet in the length, 
10x = the number of feet in the perimeter, 
and 42? = the number of square feet in the area. 
7 10'¢ —='60. 
aad — Ox 
w 42? = 144, 


Therefore the area is 144 sq. ft. 
11. From two adjacent sides of a rectangular field 60 rd. long and 40 rd 
wide a road is cut 4 rd. wide. How many acres are cut off for the road ? 


If ABCD represents the field, the two rec- p FC 
tangles HBCF and GKFD represent the road. g/_———__1 


Area of EBCF = 40 x 4 sq. rd. § 320 sid 
= 160 sq. rd. 
Area of GK FD= 56 x 4 sq. rd. § 320 
= 224 sq. rd. A EB 


Area of road = 160 sq. rd. + 224 sq. rd. 
= 384 sq. rd. = $84 A.=2.4 A, 
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12. From one end of a rectangular sheet of iron 10 in. long a square 
piece is cut off, leaving 25 sq. in. in the rest of the sheet. How wide is 
the sheet ? 


Let x = the number of inches in the width of the sheet. 
Then 102 = the number of square inches in the area, 
and x? = the number of square inches cut off. 
me LO eit? == 25: 
x? —10x% 4 25=0. 
z—5=0. 
t=O. 


Therefore the width of the sheet is 5 in. 


Exercise 51. Page 200 


1. Find the area of the parallelogram whose base is 2.25 in. and whose 
altitude is 14 in. 


Area = 2.25 x 14 sq. in. § 322 
= 2} x 11 sq. in. 
3 
ae x A Sino seine 
A 3 
2. Find the area of the parallelogram whose base is 3.44 in. and whose 
eG CE Area = 3.44 x 14 sq. in.’ § 322 
= (3.44 + 1.72) sq. in. 
= 5.16 sq. in. 


3. Find the area of the parallelogram whose base is 2.7 ft. and whose 
altitude is 1.2 ft. 


Area = 2.7 x 1.2 sq. ft. § 322 
= 8.24 sq. ft. 
4. Find the area of the parallelogram whose base is 5.6 ft. and whose 
altitude is 2.3 ft. Area = 5.6 x 2.3 sq. ft. § 322 
= 12.88 sq. ft. 


5. Find the area of the parallelogram whose base is 2 ft. 3 in. and 
whose altitude is 7 in. 
2iteomns— 27/105 
Area = 27 x 7 sq. in. § 322 
= 189 sq. in. 
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6. Find the area of the parallelogram whose base is 3 ft. 6 in. and 
whose altitude is 2 ft. 


3 ft. 6 in. = 34 ft. 


Area = 8} x 2 sq. ft. § 322 
== 7/ sq. its 
7. Find the area of the triangle whose base is 1.4 in. and whose altitude 
ee Area = } x 1.4 X 1} sq. in. § 325 
= 1.05 sq. in. 
8. Find the area of the triangle whose base is 2.5 in. and whose altitude 
130.8 in. Area = } x 2.5 x 0.8 sq. in. § 325 
=MeSgsins 
9. Find the area of the triangle whose base is 63 ft. and whose altitude 
CONE Area = } x 6} x 3sq. ft. § 825 
= 9} sq. ft. 


10. Find the area of the triangle whose base is 5.4 ft. and whose altitude 


is 1.2 fi. Area = } x 5.4 x 1.2 sq. ft. § 825 


= 3.24 sq. ft. 


11. Find the area of the triangle whose base is 1 ft. 6 in. and whose 


altitude is 8 in. 1 ft.6in. = 1k ft. ; 8in. = z ft. 


Area = 4 x 1} x 2 sq. ft. § 825 
=4 x } x $8q. ft. 
=A )Sqe tt. 


12. Find the area of the triangle whose base is 3 ft. 8 in. and whose 
altitude is 3 ft. 8 ft.8in. = 32 ft. 
Area = } x 32 x 3 sq. ft. § 325 
=x 13 x 8 sq. ft. 
= 1) sq. ft. = 53 sq. ft. 


13. Find the area of the trapezoid whose bases are 2 ft. and 1 ft. and 


whose altitude is 6 in. 6 in. =} ft. 


Area = 4 x 4(2 +1) sq. ft. § 829 
=}4x4x38sq. ft. 
= $ sq. ft. 
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14. Find the area of the trapezoid whose bases are 2} ft. and 1} ft. 
and whose altitude is 9 in. 


Opin 3 ft. 
Area = 3 X 3 (23 + 13) sq. ft. § 329 
=4x ¢ x 33 sq. ft. 
4x 3x 4) sq. ft. 
45 = 118 sq. ft. 


II 


15. Find the area of the trapezoid whose bases are 8 ft. 7 in. and 2 ft. 
and whose altitude is 14 in. 


Slits, Ch bec 
Area = 


ny 


Eta alain otite 

1} (875 + 2) sq. ft. § 329 
zx $3 sq. ft. 

q. ft. 


taal 
xX X wi 


co 


II 
me reP De De OO 


DD Blo 
x Fi 
Rn mM 


16. Find the area of the trapezoid whose bases are 5 ft. 6 in. and 8 ft. 
and whose altitude is 2 ft. 


5 ft. 6 in. = 53 ft. 

Area = } X 2(5} + 38) sq. ft. § 329 
4x 2x 42 sq. ft. 
= 42 sq. ft. = 84 sq. ft. 


17. Find the altitude of the parallelogram whose area is 10 sq. in. and 


As Ses 
whose base is 5 in. ihe, ew § 322 
area 
———— 
b 


= 10 j = i 
==) 0 ans 921 


18. Find the altitude of the parallelogram whose area is 6 sq. in. and 
whose base is 6 in. oer ab. § 322 


area 


b 


Lip ee 
= fis al Ta, 


19. Find the altitude of the parallelogram whose area is 28 sq. ft. and 
whose base is 7 ft. Mteaee ah: § 322 
__ area 
b 
= 45 tt. = 4 ft. 
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20. Find the altitude of the par- 
allelogram whose area is 27 sq. ft. 
and whose base is 6 ft. 


Area = ab. § 322 
area 
a= — 
b 
= 421 ft. = 4) ft. 


21. Find the altitude of the par- 
allelogram whose area is 30 sq. ft. 
and whose base is 12 ft. 


Area = ab. § 322 
_  _ area 
kT 
= 29 ft. = 24 ft. 


22. Find the altitude of the par- 
allelogram whose area is 80 sq. in. 
ond whose base is 16 in. 


Area = ab. § 322 


23. Find the altitude of the tri- 
angle whose area is 49 sq. in. and 
whose base is 14 in. 


Area = oe 


5 § 325 
Ms 2 xX area 
ES 
7 
ait ae eee ty 
; 


24. Find the altitude of the tri- 
angle whose area is 48 sq. in. and 
whose base is 12 in. 
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Area = ©. § 325 
_ 2x area 
Re Ws 
4 
Beat Sy eo 
12 


25. Find the altitude of the tri- 
angle whose area is 50 sq. ft. and 
whose base is 10 ft. 


Area = °. § 325 


_ 2x area 
. eb 
5 
SO re ee 
19 


26. Find the altitude of the tri- 
angle whose area is 160 sq. ft. and 
whose base is 20 ft. 


Area = a § 325 
2x area 
b 
8 
os Pee ete 
29 


27. Find the altitude of the tri- 
angle whose area is 110 sq. yd. and 
whose base is 10 yd. 


Area = : §$ 325 
2x area 
q=— 
6 
11 
= 2S eed: 
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28. Find the altitude of the tri- 
angle whose area is 176 sq. yd. and 
whose base is 32 yd. 


Area = a § 325 
2 
2 X area 
a= —_—_—__ 
b 
11 


= 2XUS ett yd 
32 yd. yd. 


29. Find the altitude of the 
trapezoid whose area is 38 sq. in. 
and whose bases are 5in. and 6 in. 

Area =4a(b+4+ 0’). § 329 
1 area 
a a ’ 
2 b+ 0 


2 x area 
b+ 
Q5c33 
——__ — In. 
6+ 6 


and C= 


30. Find the altitude of the 
trapezoid whose area is 15 sq. in. 
and whose bases are 4 in. and 6 in. 


Area = 44a(0+ 0’). § 329 
1 area 
i eS fe 
2 b+ 0 
rae Fee cena 
b4+vU 
2515. 
= In, 


4+6 


53 
a 
1) 
gp 


=) Shay 


31. Find the altitude of the 
trapezoid whose area is 13 sq. ft. 
and whose bases are 9 ft. and 5 ft. 


Area=}a(b+0’). § 3829 


1 _ area 
a ial A ss 
2 x area 
a= ———_ 

b+ 0 


and 


32. Find the altitude of the 
trapezoid whose area is 70 sq. yd. 
and whose bases are 9 yd. and 


11 yd. 


Area=}a(b+ 0). § 829 


2 x area 
a = ———_ 

b+ 
me 2exe0 
SOaat 


and 


yd. 


( 
ete de 


29 
Z 


= Mf niKsle 
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1. Given the sides of a right tri- 
angle, 30 ft. and 40 ft., find the 
hypotenuse. 

ce? = a? + 0B. 

2 ann 
=V302 + 40? ft. 
= V'900 + 1600 ft. 
= V 2500 ft. 
= 50 ft. 


§ 337 
Ax. 5 


2. Given the sides of a right tri- 
angle, 45 ft. and 60 ft., find the 
hypotenuse. 

(Pies Of ab ee 
- c=Va? +b? 
= V 45? + 602 ft. 
= V 2025 + 3600 ft. 
= V 5625 ft. 
= Orkte. 


§ 337 
INTE) 


3. Given the sides of a right tri- 
angle, 20 ft. and 30 ft., find the 
hypotenuse to two decimal places. 

c? = a? + 0. § 337 
.caVar+ Ax. 5 
= V 20? + 30? ft. 
=-V400 + 900 ft. 
=V 1800 ft. 
= 86.06 ft. 


4. Given the sides of a right tri- 
angle, 1.5 in. and 2.5 in., find the 
hypotenuse to two decimal places. 

C2 ete § 3837 
.c=Vae+ Ax. 5 
= V1.5? 4 2.52 in. 
=V 2.25 + 6.26 in. 
=V8.65 in. 
O20 


5. Given the sides of a right tri- 
angle, 2 ft.6 in. and 3 ft., find the 
hypotenuse to two decimal places. 

Piet Hale. § 337 
eC = NV OF 10- Ax. 5 
=V 2.5% + 3? ft. 
=V6.25 + 9 ft. 
=v 1b 2) tte 
== SO a 


6. Given the sides of a right tri- 
angle, 3 ft. 8 in. and 2 ft., find the 
hypotenuse to two decimal places. 

2 = a2 + 0. § 837 
-c=Va? + b2 Ax. 5 
= V (32)? + 2? ft. 
=V 13.4444 4 4 ft. 
=V17.4444 ft. 
= 4518 ft: 


7. Given the hypotenuse and one 
side of a right triangle, 50 jt. and 
40 ft. respectively, fing the other 


Sica drr Rae § 338 
~*~ a=VC2— Ax. 5 
— V502 — 40? ft. 
= V2500 — 1600 ft. 
= 900 ft. 
= 30 ft. 


8. Given the hypotenuse and one 
side of a right triangle, 35 ft. and 
21 ft. respectively, find the other side. 


a? = c2 — 02, § 338 
. ave — b2 Ax. 5 
= 352 — 21? ft. 
= V 1225 — 441 ft. 
=V784 ft. 


= 28 ft. 
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9. Given the hypotenuse and 
one side of a right triangle, 10 ft. 


and 6 ft. respectively, find the 
other side. 
a? = c? — 6%. § 338 
. a=vVvc2 — b2 Ax. 5 
=v 10? — 6? ft. 
=v 100 — 36 ft. 
= V64 ft. 


as ic: 


10. Given the hypotenuse and 
one side of a right triangle, 1.2 in. 
and 0.8 in. respectively, find the 
other side to two decimal places. 


a2 = c?2 — b?, 
. &4=Vc — b2 
= V 1.2? — 0.8? in. 
=V1.44 — 0.64 in. 
— V.80 in. 
= 0.89 in. 


§ 338 
Ax. 5 


2238 


11. Given the hypotenuse and 
one side of a right triangle, 3 ft. 4in. 
and 2 ft. respectively, find the other 
side to two decimal places. 

C= C2 be. 
Oa VE a 
= V (34)? — 2? ft. 
=V11} — 4 ft. 
=V7,1111 ft. 
= 2.67 1. 


12. Given the hypotenuse and 
one side of a right triangle, 6 ft. 
2 in. and 5 ft. respectively, find the 
other side to two decimal places. 


§ 338 
Ax. 5 


a? = c? — B2. § 338 
oo G=VCA— v2 Ax. 5 
= V (61)? — 8 ft. 
= V1389 — 25 ft. 
= V 1362 — 999 ft, 
=V 482 ft. 
A se = 3.61 ft. 


13. A ladder 38 ft. 6 in. long is placed against a wall, with its foot 


23.1 ft. from the base of the wall. 


How high does it reach on the wall ? 


a? = c? — b?, § 338 
eee aoe 
= V 38.52 — 28.1? ft. 
=V61.6 x 15.4 ft. 
=V4 x 15.4 x 15.4 ft. 
= 2 oL5.4 ft. 
= 30.8 ft. 
14. Find the altitude of an equilateral triangle with side s. 
Given the equilateral A ABC with side s. 
The 1 CD bisects AB. § 85 Cc 
h2 = s? — (48)2. § 338 
toi V/.82 — (2 8)? Ax. 5 
=V2—42=V38 ane D) wae 


=4s V3. 
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15. Find the side of an equilateral triangle with altitude h. 


Given the equilateral A ABC with altitude h. C 
3s? — (1.8)? = h?. § 338 
s—1se=h?, 
P= Wh. Fe 3 ea 
Stic ay, 
3 
2=4/[* = = 2hafi=an f=? 2 v3. 
16. The area of an equilateral triangle with side s is } s* V3. 
Given the equilateral A ABC with side s. Cc 
To prove that the area of AABC = }s? V3. 
Proof. Let the altitude of the A be h. 
Then 2 = 8? — (4 8)2, g3ss 4 DB 
Sav S4—=l(40S) = Ax. 5 
Lage Ne i 
Area =483 x4 13-3 § 325 
=43? V3. Q.E.D. 


17. Find the length of the longest chord and of the shortest chord that 
can be drawn through a point 1 ft. from the center of a circle whose 
radius is 20 in. A 

The longest chord through the given point P is the 
diameter AB through P. § 181 

-. the longest chord is 2 x 20 in., or 40 in. 

The shortest chord through the given point P is the CX7j>~D 


CD to the diameter AB. Ex. 1, p. 104 B 
Now PB = OB — OP = 20 in. — 12 in, = 8 in.,, 
and AP=AO+ OP = 20 in. + 12 in. = 32 in. 
Again, PC = PD, § 174 
and PC x PD=AP x PB. § 299 
-. PC’ = 82 x 8. Ax. 9 
-, PC =V32 x 8 in. = V256 in. = 16 in. 
Then CaS ONEE SBP ay, 


Therefore the longest chord is 40 in. and the shortest is 82 in. 


18. The radius of a circle is 5 in. Through a point 8 in. from the 
center a diameter is drawn, and also a chord perpendicular to the diame- 
ter. Find the length of this chord, and the distance (to two decimal places) 
from one end of the chord to the ends of the diameter, 
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Given the diameter AB through the point P and the chord CD L 
to ABat P. OA =5in., OP=8 in. 


Required to find the length of CD, AO, and BC. a 
Solution. : ‘ Pa: /. 
Then CP-= OC — OP’. 337 oC 
. CP? = 5 — 82, pe SB 
CP =V5— 3 in. = V25 —9 in. d 
1G65in. = 4 In. 
CDE25CR § 174 


= 264 In. =o lle 
Again, ee Rue — (thay 
AC* = AP*+ CP § 337 
- AC =~ AP’ +P 2 _/g2 4 42 in. = -V64 + 16 in. 
= V80 in. = 8.94 in. 
BC? = CP” peas § 337 
“es CoN); CP? + PB’ =v 42 4+ 2? in. =V16 + 4 in. 
20 in. = 4.47 in. 


19. In this figure the angle C is a right angle. From the relations 
AC?=AB x AF (§ 294) and CB’ = AB x BF, show that AC’ + OB’ = AB’. 

Given the rt. DAE, pa the aleionde CF. 

To prove a AC? + COB = AR’ 


Proof. AC*= AB x AF, 


and CB*=ABx BF. § 294 

.. 4674 0B? =ABx AF+ABXBF Ax.1 4 7 B 
= AB(AF + BF) = AB x AB. Ax.9 

-. AC*4+CB*= AB’. Q.E.D. 


20. If the diagonals of a quadrilateral intersect at right angles, the 
sum of the squares on one pair of opposite sides is equivalent to the sum 
of the squares on the other pair. 


Given the quadrilateral A BCD, with the diago- R Cc 
nals AC and BD intersecting at rt. A at O. O 
To prove that AB? + CD = hO 2 DAs [eee 
Proof. AB’? = AO" + OB", ZA le 
and CD? = 00? + DO”. § 387 
= AB OD SAO SOB 400 D0 2 Ax 
Also BO = OB +00", 
and DA? =A0'+ DO’. § 337 


(ihe siaD A =40) 4208 4.OCf IDO | AX: 1 
.. AB’ + OD’? = BC’ + DA’, by Ax. 8. QE, D. 
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Exercise 53. 


1. Find the length, to two deci- 
mal places, of the diagonal of the 
square whose side is 7 in. 

d? = 5? + 87. 
wo d=V8? + 8? 
=V 7 + 72 in. 
98 in. 
= 9.8995 in. 
9.90in. Ans. 


2. Find the length, to two deci- 
mal places, of the diagonal of the 
square whose side is 10 in. 


§ 337 
Ax. 5 


d? = s? + 8?, § 337 
 d=V84 2 Ax. 5 
=V10? + 10? in. 
= V200 in. 
= 14.142 in. 


14.14 in. Ans. 


3. Find the length, to two deci- 
mal places, of the diagonal of the 
square whose side is 9.2 in. 

OP OP 5 
. d=V82 + 32 
= V9.2? + 9.2? in. 
= -V 169.28 in. 
= 13:010nm: 
13.01 in. Ans. 

4. Find the length, to two deci- 
mal places, of the diagonal of the 
square whose side is 1 ft. 6 in. 

Itt] Gina —wisainy 


§ 337 
Ax. 5 


d2 = g2 + 82, § 337 
o d=Vs2 4+ 82 Ax. 5 
= V18? + 18? in. 
= V 648 in. 
= 25.455 in. 
25.46 in. Ans. 
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5. Find the length, to two deci- 
mal places, of the diagonal of the 
square whose side is 2 ft. 3 in. 

Ot tory 2 eine 


G7 = 82-482: § 337 
o d=V82 4+ 8? Ax. 5 
=V27? + 27? in. 
= V 1458 in. 
= 88.188 in. 
88.18 in. Ans. 


6. Find the length, to two deci- 
mal places, of the side of the square 
whose diagonal is 4 in. 


d2\ = 3? + 52 § 337 
2s? = d? 
ee 
2 
2 
b OS 4V2 in 
—2V2 in. 
= 2 x 1.4142 in. 
= 2.8284 in 
2.83 in. Ans. 


7. Find the length, to two deci- 
mal places, of the side of the square 
whose diagonal is 8 in. 


d* = 32 4 s2, § 337 
2. 2.84 = a2 
EL 
2 
‘Si Le 
De wee?, 
.8=}x 8V2in 
=4V2 in. 
= 4 x 1.4142 in 
= 5.6568 in. 


5.66 in. Ans. 


TEACHERS’ EDITION 


8. Find the length, to two deci- 
mal places, of the side of the square 
whose diagonal is 5 ft. 


Cae SEH § 337 
SR Sa 
Ses 
2 
2 
= =1ava 
Ze 2 
s=i4x 5V2 ft 
= 2.5 x 1.4142 ft 
= 3.5356 ft. 
3.54 ft. Ans. 
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9. Find the length, to two deci- 
mal places, of the side of the square 
whose diagonal is V5 in. 


§ 337 


1.58 in. Ans. 


10. Find the length, to two decimal places, of the side of the square 


whose diagonal is 2 ft. 6 in. 


Diol — ons 


d? = s* + 82. 


. 232 = d?, 


32 
2 


d2 


§ 887 


Z sa 
Cplneciie 
2 2 


=i x 30 V2 in. 
= 15 x 1.4142 in. 


= 21.213 in. 


21.21 in. Ans. 


11. The minute hand and hour hand of a clock are 6 in. and 43 in. 
long respectively. How far apart are the ends of the hands at 9 o’clock ? 
At 9 o’clock the hour hand OH points at 9 and the minute hand 
OM points at 12, and the hands are therefore perpendicular to each 


other. 


Given OM = 6 in. and OH = 44 in. and 20 = art. Z. 


Required to find HM. 


Solution. HM’ = OM’ + OH”. § 337 
b= OM: OH: Ax. 5 
= V6? + (44)? in. Ax. 9 
= V36 + 20.25 in. 
— V56.25 in. 


= fqay iho 
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12. A rectangle whose base is 9 and diagonal 15 has the same area as 
a square whose side is x. Find the value of x. 


C= de 07 § 338 
.a=Ve2—v Ax. 5 
=v 15? — 92 
=V 225 — 81 
=V144 
== 12, 
Area of rectangle = 12 x 9 = 108. § 320 
Area of square = x?. § 820 
ata OS. 


-, g =V108 = 10.392. 


13. A ring is screwed into a ceiling in a room 10 ft. high. Two rings 
are screwed into the floor at points 5 ft. and 12 ft. from a point directly 
beneath the one in the ceiling. Wires are stretched from the ceiling ring 
to each floor ring. How long are the wires? (Answer to two decimal 
places.) 


c? = q? + b?. § 337 
*. C=Va? + 62. Ax. 5 
“. C=V10? + 5? ft. and c=V10? + 12? ft. 

=V100 + 25 ft. = V100 + 144 ft. 
=V125 ft. =V244 ft. 
Sid SOc. = 6235 hte 


Therefore the wires are 11.18 ft. and 15.62 ft. 


14. The sum of the squares on the segments of two perpendicular chords 
is equivalent to the square on the diameter of the circle. D 
E 


Given the L chords AB and CD, intersecting 
at P, and the diameter BE. 
To prove that AP’+ PB*+ CP’+ PD’ = BE’. 


Proof. Draw AC, ED, and BD. 
The Z BDE isa rt. Z. § 215 
« BD? 4+ ED’?= BE”. °§ 387 
BD’ = PB’ + PD’, 


and AC” = AP" + CP’. § 887 
-. BD? + AG? = PB’? + PD’? + AP*+ CP?, Ax.1 
Now since the Z P isart. Z, Given 


arc AC + arc DB = 180°, § 219 
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Also arc HD + arc DB = 180°. Given 
» arc AC + arc DB = arc ED + arc DB. Ax. 1 
Alera. —arcieeDs Ax. 2 

*. chord AC = chord ED. § 170 

«. AC? = ED’. Ax. 5 


Substitute ED” for its equal, AC”, 
BD 2 ED = PB PD AAP + OP. © AxK:9 
Substitute BE” for its equal, BD’? + ED 
BE? = PB’ +PD'+AP’+CP*. Ax.9 
That is, AP’+ PB?+CP*?+PD*= BE’. Q.5, D. 


15. The difference of the squares on two sides of a triangle is equivalent 
to the difference of the squares on the segments of the third side, made by the 
perpendicular on the third side from the opposite vertex. C 


Given the A ABC, with CP 1 to AB and BC 
greater than CA. 
To prove that BC?— CA?= PB’*— AP’. 


: plan B 

Proof. BC? = CP? + PB’, 
and CA’ = CP’ +AP, — § 887 
-. BO’— CA’ = PB’— AP”, by Ax. 2. Q.E.D. 


16. In an isosceles triangle the square on one of the equal sides is 
equivalent to the square on any line drawn from the vertex to the base, 
increased by the product of the segments of the base. OC 


Given the isosceles A ABC, with AC equal to 
BC and CDany line drawn from C to AB. 
To prove that BC”? =CD?+ADx DB. 


Proof. Draw CM 1 to AB. 
Since CD is any line drawn from C to AB, A4CDA and BDC are 
in general supplementary unequal 4. 
Suppose Z BDC is obtuse. 


A LEED ESE: 


Then BC* = CD’ + DB* + 2DB x MD. § 342 

That is, BC” = OD? + DB x (DB +2MD). 

Now AM = MB. § 85 

That is, AM = DB+ MD. Ax. 11 
. AM + MD = DB +2 MD. Ax. 1 

That is, AD =DB+2MD. Ax. 11 


Substitute DB + 2 MD for its equal, AD, 
BC? =CD*?+ AD x DB, by Ax.9. @=.D 
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Exercise 54. Page 211 


1. To compute the area of a triangle in terms of its sides. 

Given the A ABO, with sides a, b, and c opposite 
the angles A, B, and C respectively. 

To compute the area of A.A BC in terms of a,b, and c. 


Solution. At least one of the angles A or B is acute. 
Suppose 7 A is acute. 
Draw CD 1 to AB. 
In the A ADC, h2 =v? — AD”. 
In the AABC, a? =b? + c2—2c x AD. 
$2 + (oe a2 
2c ; 


eo AD = 
Substitute this value for AD, 
(? + c2 — G)2 


(PS re Ax. 9 
_ 4b%c? — (b? + c? — a?)? 
oS 4c? 
_ (2b + 0? + c? — a?) (2 be — b? — c? + a?) 
4¢? 
_ [@ +6)? — a2] fa? — 0 — 0)?] 
at 4c? 
_(@+b+eO+e—aa+b—c(a—b+oe) 
4¢? 
Let a+o6+c=2s. 
Then 6+4+c—a=a+b+c—2a=28—2qa=2(s— a), 
a+b—c=a+b+c—2c=2s—2c=2(s—c), 
and a—b+c=a+b6+c—2b=28—2b=2(s—bd). 
x pea 28 X 208 — @) X 2 (8 — 0) X 2(8— 0) 
4 ¢? 
__ 48(s — a) (s — b) (s — c) 
C c 
2 
i Bie SG eG )S b) (s —c). Ax. 5 
Area of AABC =ich § 325 


= 50x V8 O6-DE—9 


= Vs8(s— a)(s — 6) (s—c). QE. 
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2. Find the area, to two decimal places, of the triangle whose sides are 


4, 5, 6. Oe ag b 4: 6 = A8: 
ems —1p Ola aes 


Area = V7.5 X 3.5 X 2.5 x 1.5 Ex. 1 
=V 98.4875 
= Oval, 9.92. Ans. 
3. Find the area, to two decimal places, of the triangle whose sides are 
hint 2s=54647=18. 
a See Ole Sins 
Area=V9xX4x38x2 Ex. 1 
=V216 
= 14.696. 14.70. Ans. 


4. Find the area of the triangle whose sides are 6, 8, 10. 


2s=648410= 24. 
Se 8 =} of 24 = 12. 


Area 12 x 654 x 2 Ex. 1 
=V24 x 24 
= 24, 24, Ans. 


5. Find the area, to two decimal places, of the triangle whose sides are 


6, 8, 9. 23s=6+8 + 9= 23. 
-. $= 4 0f 23 = 11.5. 
Area =V 11.5 x 5.5 x 3.5 X 2.5 Exe b 


=V553.4875 
= 23.525. 23.58. Ans. 


6. Find the area, to two decimal places, of the triangle whose sides are 


7, 8, 11. 9s=748411=26. 
-. 8 =} of 26=18. 
Area =v 13° x 6 xX.5 x 2 Ex. 1 
= V780 
= 27.928. 27.98. Ans. 


7. Find the area, to two decimal places, of the triangle whose sides are 


LONE 2s8=9+410+411= 30. 
ace s =} of 30=15. 
Area=V15x6x5x4 1Dp-% al 
=v 1800 


= 42,426, 42.43. Ans. 
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8. Find the area, to two decimal places, of the triangle whose sides are 


1.2, 3, 2.1. 
28=124842.1=6.3. 


. $= of 6.3 = 3.15. 


Area =V3.15 X 1.95 x 0.15 x 1.05 Ex. 1 
= V0.96744375 
= 0.983. 0.98. Ans. 


9. Find the area, to two decimal places, of the triangle whose sides are 
TZ Ss 
2s=11412413= 36. 
*. s=t of 36=18. 


Area=V18x7x6x5 Ex. 1 
= V3780 
= 61.481. 61.48. Ans. 


10. To compute the radius of the circle circumscribed about a triangle 
in terms of the sides of the triangle. 


C 
Given the © circumscribed about the 
A ABC, the sides of which are a, 0, and c. \ 
A 


To compute r in terms of a, B, c. B 
Solution. Draw CP 1 to AB, draw the 
diameter CD, and draw BD. 
Then BCC A CDE. OR. § 305 D 
or ab = 2rh. 
ON) Sse eS ee ee 
But h == Vs(s— a) (s— 0) (s— 0). Ex. 1 
4 
* ab = — V's(s— a) (8 —b) (8 — 0. 
c 
abe 
Q.E.F. 


Me G2 Gan Geo 


11. Compute the radius of the circle circumscribed about the triangle 
whose sides are 3, 4, 5. 
28=3844+4+5=12. 


SOL ZO. 
abe 
ee = pe es Pe Ex. 10 
4 vs (s — a) (s — b) (s—c) 
4 8x4x5 
4V6x3x2x1 
SC Aaxeo 
ce Tee Se Be 2.5. Ans. 


7 4Sc6r — Y2 


TEACHERS’ EDITION 233 


12. Compute the radius of the circle circumscribed about the triangle 
whose sides are 27, 36, 45. 


2s = 27+ 36+ 45 = 108. 
-. 8=} of 108 = 54. 
abe 
Pin 
4 -V's(s — a) (s — b) (s—e) 
ea 27 x 86 = 45 
4V54 x 27x 18x 9 
27 x 36 x 45 
4V27 x 27x 18 x 18 


on x ex 45 
ee ee 


Ex. 10 


= 48 = 22.5. 22.5. Ans. 
13. Compute the radius, to two decimal places, of the circle circum- 
scribed about the triangle whose sides are 7, 9, 11. 
28=74+9+411= 27. 
. 8=4 of 27= 133. 
abe 
Ps 
4 V's(s — a) (s — b) (s — c) 
= LS Se lal 
4/133 x 6} x 42 x 23 
= US Sisal 
4V27 x18 x 9x 8 
a Use 
V27x 13x 9x5 
7x 9x11 
9V3x138x5 


Ex. 10 


iy 
= 6.514. 5.51. Ans. 
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14. Compute the radius, to two decimal places, of the circle circum- 
scribed about the triangle whose sides are 10, 11, 12. 
2s8=10411+412=33. 
» S=4 of 33 = 16}. 
* abe 
~ 4Vs(s— a) (8— db) (s—0) 
i sxe ial ye ak 
~ 4 V6} x 6] x 5} x 43 
= i) Senko 
438 x ie x idx 2 
ORs a2 
Vioo x de x lle 9 
= LOSS x 12 
Vi x 8? x 8x 18 
_10x 11x12 
~ 11x 3-39 
_ 40 40 40 


= —— = — V39 = — x 6.245 = 6.405. 
V39 39 39 6.41, Ans. 


r Ex. 10 


15. To compute the medians of a triangle in terms of its sides. 
Given the A ABC, with m the median on the side 

AB. 
To compute m in terms of the sides. b a 


Solution. Let a, b, and ¢ be the sides opposite the 
AA, B, and C respectively. 


2 
a? +? = 2(;) 4 2m, § 343 


2 
a + Bao + ome. 


2a% 4+ 2b? =c2 + 4m?, 
o. 4m? = 2 a? 4.262 — c?, 
_ 2 +0)—e 
Sa eae 
 m=4V2(a24 0) — 2. QE.F 
Similarly mw =4 V2 (b? + c2) — a2, 
1 
2 


and m” = 4V2(a? + c?) — b. 


m2 
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16. Compute the three medians, to two decimal places, of the triangle 
whose sides are 3, 4, 5. 


Here: =3.-0'= 4, ¢= 5. 
. m=4V2(a2+b2)—e2 m =4V2(b+c2)—a? m’=4V2(a2+c2)—0? 


Ex. 15 
=4V2(824+42)—52 = = 4.-V 242452) 8? )=—- = 4-20.82 452) — 2 
=4V2 x 25— 25 =4V2 x 41-9 =}4V2 x 34—16 
=4-V50 — 25 =4V82—9 =}V68—16 
=4x5 =4x 8.544 =}x7.211 

= 2.5. = 4,272. = 3.606. 


Therefore the three medians are 2.5, 4.27, and 3.61. 


17. Compute the three medians, to two decimal places, of the triangle 
whose sides are 6, 8, 10. 

Hered — 6x8. c= 10: 
 M=FtV2(24R2)—2 mM =4V2(P42)—@ m’=4V2(02+2)— LP 


Ex. 15 
=$V2(6?4+8?)—102 =4V2(8?4+102)—62 =4V2(62+102)—8? 
=4V2x100—-100 =4V2x164— 36 =}4V2 x 136 — 642 
= 4200 —100 = 4/328 — 36 =1V272 — 64 
—}$V100 =4V 292 =4V208 
=}x10 =x 17.088 =} x 14.422 
= 5. = 8.544. =7.211. 


Therefore the three medians are 5, 8.54, and 7.21. 


18. Compute the three medians, to two decimal places, of the triangle 
whose sides are 6, 7, 8. 
Jeter Oy WS UO teh 
.m=FV2(a2+B2)—e2 m’=4V2(P402)—a? m’=4V2(a24+02)— 0? 
Ex. 15 
=}$V2(6472)—8% =4V2(74+82)-6 =4$V2(62+82)—7? 
=}Vv2 x 85— 64 =}4V2 x 113— 36 =4V2 x 100—49 


=4V170— 64 = 4-226 — 36 = $V 200 — 49 
=4V106 =4V190 =}V151 

=} x 10.295 =} x 13.784 =} x 12.288 
= 5.148. = 6.892. = 6.144. 


Therefore the three medians are 5.15, 6.89, and 6.14. 
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19. Compute the three medians, to two decimal places, of the triangle 
whose sides are 7, 9, 11. 
| Hereris= i650 e—— 
vee m=$V2(24P)—2 m=4V2(P +2) —a2 m/=4V2(e2+e)—2 


Ex. 15 
=4V2(724+9)—112 =4V2(9?4112)—7? 9 =3V2(74112)—9? 
=4V2x130—-121 =4V2x 202—49 =}$V2x170—81 
=}4V260 —121 =4V404— 49 =4V340— 81 
=4$V139 =4V355 =4$V259 
=}$x 11.789 =} x 18.841 =} x 16.093 
= 5.894. = 9.421, = 8.047, 


Therefore the medians are 5.89, 9.42, and 8.05. 


20. If the sides of a triangle are 7, 9, and 11, is the angle opposite the 
side 11 right, acute, or obtuse? 


Now Li? < 771+. 9, 
for 121<49 + 81. 
Therefore the Z opposite the side 11 is acute. § 341 


21. The square constructed upon the sum of two lines is equivalent to 
the sum of the squares constructed upon these two lines, increased by twice 
the rectangle of these lines. 


Given the lines AB and BC and their sum AC. A Be¢ 
To prove that AC*?= AB’ + BC?+2ABxBC. ! bart 
Proof. Construct the square AK GC upon AC, and 
the square A DEB upon AB. ee os = 
Produce BE and DE to meet KG andCG at H ty t 4 
and F respectively. K H ¢ 
Now AK, BH, and CG are || lines, 
and AC, DF, and KG are || lines. § 95 


-. the sides of the square HHGF are each equal to BC, and the sides 
of the rectangles DK HE and BEFC are equal to AB and BC. § 184 
.. square AKGC=square ADEB + square EHGF + rectangle 
DEHE + rectangle BEFC. 
Now square AKGC = AC”, 
square ADEB = AB”, 
square HHGF= BC, 
rectangle DK HE = AB x BC, 
and rectangle BEFC = AB x BC. § 320 
-- AC? = AB’ + BO” + 2 AB x BC, by Ax. 9. QE. D, 
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22. The square constructed upon the difference of two lines is equivalent 
to the sum of the squares constructed upon these two lines, diminished by 
twice their rectangle. 


elad 

Given the lines AB and AC, and BC their dif- “4 
ference. pia B 

To prove that BC?= AB*4 AC°-2ABxAC. | } 

Proof. Construct the square AGFB upon AB, H 
the square ACKH upon AC, and the square CDEB 7{-~~b7~~~~ Ve 
upon BC. 1 bias Artie, 4 

Produce ED to meet AG in L. 2 ca 


The dimensions of the rectangles LG FE and HLDK are ABand AC. 
Now the square CDEB is the difference between the whole figure 
and the sum of these rectangles. 
That is, square CDHB=square AGFB+ square ACKH — rec- 
tangle LGFE — rectangle HLDK. 
Now square CDEB = BC’, 
square AGFB = AB’, 
square ACKH = AG 
rectangle LGFE = AB x AC, 
and rectangle HLDK = AB x AC. § 320 
.. BC? = AB* + AC?—2ABx AC, by Ax. 9. Q.E. D. 


23. The difference between the squares constructed upon two lines is 
equivalent to the rectangle of the sum and difference of these lines. 


Given the square ABDE constructed upon AB, and the square 


CBFG constructed upon BC. ie 
To prove that A4B’— BO”=(AB+BC)(AB—BC). 7-4 
Proof. Produce CG to meet DH in H. Kh \H A 


The difference between the square ABDE and the 
square CBFG is the polygon A C@FDE, which is com- 


posed of the rectangles ACHE and GFDH. a 
Produce AF to I and CH to K, making HI and i 
HK each equal to BC, and draw IK. A CB 

Then rectangle HH KI = rectangle GFDH. § 323 


.. the difference between the squares ABDE and CBFG is equiva- 
lent to the rectangle ACKI which has for dimensions AJ, equal to 
AB+ BC, and AC, equal to AB— BC. 


Now square A BDE = AB’, 
square CBFG = BC", 
and rectangle ACKI=(AB+ BC)(AB—BC).  § 820 


-. AB?— BC” =(AB+ BC)(AB— BC), by Ax.9. Q.u.D. 
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Exercise 55. Page 223 


1. The sides of a triangle are 0.7 in., 0.6 in., and 0.7 in. respectively. 
Is the largest angle acute, right, or obtuse ? 


The largest 4 are the base 4 opposite the equal sides. § 113 
The largest 4 cannot be right or obtuse. § 109 
Therefore the largest Z is acute. 


2. The sides of a triangle are 5.1 in., 6.8 in., and 8.5 in. respectively. 
Is the largest angle acute, right, or obtuse ? 


The largest Z is the Z opposite the side 8.5 in. § 113 
Since 8.52 = 5.1? + 6.8? 

the A is a rt.A, § 337 

and the largest Z is a rt. Z. § 109 


3. Find the area of an isosceles triangle whose perimeter is 14 in. and 
base 4 in. (one decimal place). 


Since the perimeter is 14 in. and base 4 in., one of the equal sides 
= 4 of (14 in. — 4 in.) = Sin. 


*, O27 = 5? — 22, § 338 
. a=V8 — 2 in, = V25 — 4 in. = V21 in. Ax. 5 
Area of A= 4ab § 3825 
=4V21 x 4s8q. in. 
=2V21 sq. in. 
= 2 x 4.58 sq. in. 
= 19 .16)sq. in. 9.2 sq.in. Ans. 


4. Find the area of an equilateral triangle whose perimeter is 18 in. 
(one decimal place). 


Here one side = } of 18 in. = 6 in. 


a? = 62 — 32, § 338 
. a@=V6 — 3 in. = V36 — 9 in. = V27 in. Ax. 5 
Area of A=}ab § 325 
=4V27 x 6 sq. in. 
= 3 -V27 sq. in. 


= 3 x 5.20 sq. in. 
= 15.60 sq. in. 15.6 sq. in. Ans. 
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5. Find the area of a right triangle, the hypotenuse being 1.7 in. and 
one of the other sides being 0.8 in. 


The square on the third side = 1.7? —0.8?. § 338 
. the third side = V1.7? — 0.8? in. 
=V2.89 — 0.64 in. 
—V2.25 in. 
= Os 
Area of A=t4 ab=4x0.8x1.5sq.in. § 325 
= 0.6 sq. in. 


6. Find the ratio of the altitudes of two triangles of equal area, the base 
of one being 1.5 in. and that of the other 4.5 in. 


ees area of Ist A Paves ax1.5 . § 327 
area of 2d A a x 4.5 
Ly ae? ag eta: 
Gi Asya ak 


7. The bases of a trapezoid are 34 in. and 30 in., and the altitude is 
2in. Find the side of a square having the same area. 


Area of trapezoid = 4a(b + 0’) § 329 
= 4 x 2(84 + 30) sq. in. 
= 1x 64 sq. in. 
= 64 sq. in. 
+. one side of equivalent square = V 64 in. = 8 in. 


8. What is the area of the isosceles right triangle in which the hypote- 
nuse is V2. 


Here G10: 

SoU Fare § 337 
(V2)? = 242. 

207 = 2. 

Gale 

5 Wott 1s 
Area of A= 4 ab § 325 

= 4 x 1x1 


10505 
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9. What is the area of the isosceles right triangle in which the hypote- 
nuse is 7-V2. 


Here = 0% 
o. h? = a? + a?. § 3837 
(7 -/2)" les 
207 = 98. 
a? = 49, 
sen Opes 
Area of A= $ab § 325 
zie Ob Sg. Gul 
a ani 


10. If the side of an equilateral triangle is 2 V3, what is the altitude 
of the triangle? the area of the triangle? 


Square on altitude = (2 ve) = (V3)? § 338 
., altitude = V/ (2 V3)?— (V3)? =V12—8=V9 =3. 
Area of A=4ab § 325 


=4x38x2vV3=38V3. 


11. Jf the side of an equilateral triangle is 1 ft., what is the area of 
the triangle ? 


Square on altitude = 12 — (3)?. § 338 
-. altitude =V1— 3 ft. =V3 ft.=4 V3 ft. 
Area of A= +4ab § 325 


=}4x}$V3x15sq. ft. = 3 sq. ft. 


12. If the area of an equilateral triangle is 43.8 sq. in., what is the 
base of the triangle? (Take V3 = 1.782.) 


Square on altitude = s? — (}$s)?. § 338 
2 2 o 
+. altitude = ‘ |s? — (55) =\ pe ae Pee 
2 4 2 
Area of A= tab. § 325 


» 48.3=4x 48V3xs=48 V3, 
». 48.3 = 48? x 1.782. 
48.3 = 0.483 s?. 
resi Os 


13. The sides of a triangle are 2.8 in., 3.5 in., and 2.1 in. respectively. 
Draw the figure carefully and see what kind of a triangle it is. Verify 
this conclusion by applying a geometric test, and find the area of the 
triangle. 
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Draw a line AB equal to 2.8 in. 
With A asa center and a radius equal to 3.5 in. describe an are, and - 
with Basacenter and a radius equal to 2.1 in. describe an arc intersect- 


ing the first arc at C. 
Then ABC is the A required. 
The A ABC is evidently a rt. A, 


for 3.5% = 2.82 + 2.12, § 337 
Area of A ABC =4 x 2.8 x 2.1 sq. in. § 325 
= 2.94 sq. in. 


Exercise 56. Page 224 
1. The area of a rhombus is equal to half the product of its diagonals. 
Given the rhombus ABCD, with its diago- 
nals AC and BD intersecting at O. 
To prove that area of ABCD =4(AC x BD). Wir a7 
Proof. In the A AOD and COD, ¥ 
ALD 30D) See Sel: 


ODE OD: Iden. 
and AO CO; § 131 
.. the A AOD is congruent to A COD, § 80 
5% ANDO Z COI, § 67 
eee) OrAe—alarbey § 26 

Now area of AABD=4BD x AO, 
and area of A BCD=4 BD x CO. § 325 
- AABD+ A BCD=}BD x (AO+4+ CO). Ax. 1 
That is, area of ABCD=4BD x AC, by Ax. 9. Q. E.D. 


2. Two triangles are equivalent if the base of the first is equal to half 
the altitude of the second, and the altitude of the 


first is equal to twice the base of the second. z 
Given the A ABC and DEF with the alti- 
tudes CH and FK; AB=i1 FK, and CH = C 
2 DE. 
To prove that A ABC and DEF are equiv- 
alent. 
Proof. Area of AABC=4ABxCH, 4 #2 8 DK E 
and area of ADEF =}4DE x FR. § 825 
But AB=4}FK and CH =2DkE. Given 
+ areaof AABC=4x4FK x2DE Ax.9 
=+DE x FK. 


«. area. of A ABC = area of A DEF, by Ax. 8. Q. ED, 
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3. The area of a circumscribed polygon is equal to half pe product of 
its perimeter by the radius of the inscribed circle. 


Given the polygon ABCDE, with perime- 
ter p, circumscribed about the © with ra- 
dius OF. 

To prove that area of ABCDE = 4p x OF. 


Proof. Draw the radii OF, OG, OH, OK, 
OL to the points of contact, and draw OA, 
OB, OC, OD, OE. 

Now Ol = OC = Oil = Oe SO § 162 

Area of AABO=4 AB x OF. § 325 

Likewise the area of each of the A BCO, CDO, DEO, and FAO is 
equal to half the product of its base by the radius of the inscribed ©. 

But the sum of these five triangles is the polygon, and the sum of 
the bases is the perimeter of the polygon. Asx. pl 

-. areaof ABCDE =%4p x OF, by Ax. 9. Q.E.D. 

4. Two parallelograms are equivalent if their altitudes are reciprocally 

proportional to their bases. 


Given the C7 P, with base b and altitude a, and the (7 P’, with 
base b’ and altitude a’, such that a:a/ = 0’:b. 


To prove that JP = JPY, 
Proof. JON 
and PI 6.0%. § 822 
Since Cite 0e 10: Given 
i= Wh § 261 
So de See yp osoe, Oy, Q.E.D. 


5. If equilateral triangles are constructed on the sides of a right tri- 
angle, the triangle on the hypotenuse is equivalent to the sum of the tri- 
angles on the other two sides. 


Given the rt. A ABC, with ACF the equi- 
lateral A constructed upon the hypotenuse, 
and ADP and BEC the equilateral A con- 
structed upon the other two sides. 

To prove that AACF=AADB+ A BEC. 

Proof. Now A ACF, ADB, and BEC are D 
similar. NADB AB? § 285 
“RACE Ge 

A BBC. BO 

AACF 4G? 


F. C 


and 
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_ AADB+ABEC _ AB? + BC? 

A ACF er el 

But AB* + BC? = AC’. § 387 
-- AACF =A ADB+A BEC, by § 263. 9.5.0. 


Ax. 1 


6. If similar polygons are constructed on the sides of a right triangle 
as corresponding sides, the polygon on the hypotenuse is equivalent to the 
sum of the polygons on the other two sides. 

Given the rt. A ABC, with P a polygon constructed upon the hy- 
potenuse AC, and P’ and P” polygons similar to P and constructed 
upon AB and BC respectively. 


To prove that PEPE PY, 
Proof i AB" 
: PAC’ 
PeeeRo- 
rae 333 
and Ee aa: § 
/ 7 Ap Rhr2 
Ip AC 
But AB’? + BC* = AC’. § 837 
 IPaIe SS IES eS OLR Q.E.D. 


7. If lines are drawn from any point within a parallelogram to the 
Sour vertices, the sum of either pair of triangles with parallel bases is 


equivalent to the sum of the other pair. DLE Q 
Given the J ABCD, with PA, PB, PC, \ ae 
and PD lines drawn to the four vertices from . 
any point within the 77. F B 
To prove that AABP+ ACDP=ABCP+A DAP. 
Proof. Through P draw HF 1 to AB. 
:. HF is 1 to DC also. § 97 
Then area of AABP=}(AB x PF), 
and area of ACDP =4(DC x PE). § 325 
-. AABP + ACDP=}(ABXPF)+4(DCxPE). Ax.1 
But AB= DOC, § 125 
and IU AS Oy ON ae PASS ill 
-. AABP + ACDP=}(AB x EF). Ax. 9 
But BABCD=AB x HE. § 822 
- AABP +ACDP=40/ ABCD. 
- ABCP +A DAP=}40/ ABCD. Ax. 2 


.. AABP + ACDP=ABCP+ ADAP, by Ax. 4. 0.8.0. 
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8. Every line drawn through the intersection of the diagonals of a 
parallelogram bisects the parallelogram. 


Given the line EF drawn through the in- ee 
tersection O of the diagonals AC and BD of 
the J ABCD. lene 


To prove that AFED=CEFB. + ei 
Proof. In the A AFO and CEO, 
AOAC; § 181 
LAO ALGO} § 100 
and LAT = Z. COE. § 60 
.. A AFO is congruent to ACEO. § 72 
Similarly A DOE is congruent to A BOF. 
In the A AOD and COB, 
AO = CO! 
and DO= BO; § 131 
and ZDOA=Z BOC. § 60 
.. A AOD is congruent to ACOB. § 68 
« AAFO+ ADOE+AAOD=ACEO+ABOF+ACOB. Ax.1 
That is, AFED = CEFB, by Ax. 9. Q. E. D. 


9. The line that bisects the bases of a trapezoid divides the trapezoid 


into two equivalent parts. jh 6) 
Given the trapezoid ABCD and the line HF 

drawn through the mid-points of the bases AB 

and CD. A E B 


To prove that AHFD and EBCF are equivalent. 


Proof. Let a represent the altitude to the given trapezoid. 
Then area of trapezoid AHFFD=1a(AE + DF), 


and area of trapezoid EBCF = }a(EB + FC). § 329 
But AE =EB, and DF = FC. Given 
« AH + DF = EB + FC. Ax. 1 


.. trapezoids AHFD and FBCF are equivalent, by Ax. 8. Q.E.p. 


10. If a quadrilateral with two sides parallel is bisected by either 
diagonal, the quadrilateral is a parallelogram. 


D 
Given the quadrilateral ABOD, with the || 
sides AB and DC, and with the diagonal AC ees 
bisecting the quadrilateral. A B 
To prove that ABCD isa Zl. 
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Proof. The given quadrilateral is a trapezoid. § 118 
Let the line a represent the altitude of the trapezoid A BOD. 

Now area of trapezoid ABCD=14a(AB+ DC), § 329 

area of AABC =4a x AB, 

and area of AACD=tax DC. § 325 

But area of A ABC = area of AACD. Given 

np Al Oe) One Ax. 8 

eA i=) Or Ax. 4 

Also : AB is || to DC. Given 

.. ABCD isa JC), by § 180. Q.E.D. 


11. The triangle formed by two lines drawn from the mid-point of either 
of the nonparallel sides of a trapezoid to the opposite vertices is equivalent 
to half the trapezoid. D C 


Given the trapezoid ABCD and the lines MB [| 
and MC drawn from M, the mid-point of AD, seeds e 
to the opposite vertices Band C. 


A B 
To prove that A MBC = 4 trapezoid ABCD. 


Proof. Let a represent the altitude of the given trapezoid. 
From M draw MN to N, the mid-point of BC. 


Then MN is || to AB and DC. § 137 
Now area of AMBN=}4x4ax MN, 

and area of AABM=}34x4a~x AB. § 325 
Also area of AMNC=}4x4ax MN, 

and area of AMCD=34x4a~x DC. § 325 

But MN =}3(AB+ DC). § 137 

- AMBN +AMNC=AABM+A MCD. Ax. 1 

That is, A MBC = ft trapezoid ABCD. Q.E.D. 


Exercise 57. Page 225 


1. Given a square, to construct a square of half its area. 


Given the square S. 
Required to construct a square equiva- 


C 
lent to $S. S PPI 
Construction. Draw a line AB equal to KES 
a side of S. A “MB 


On AB as a diameter describe a semicircle. 
At M, the mid-point of AB, erect a 1 cutting the Oat C. Draw CA. 
Construct the square S’ having a side equal to AC. 
Then S’ is the square required. Q.E.F. 
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Proof. Draw BC. 
RAC B= lartyZs § 215 
-. AC? + BG? =AB%. —-§ 887 s a 
Bat AC = BC. § 150 ee 
ee Ps Te ee a ties 
a 24C- — AB. Ax. 9 
eee MO te tbe Ax. 4 
mm Seis. Q.E.D. 


2. To construct a right triangle equivalent to a given oblique tri- 
angle. 


ve C 
Given the oblique A ABC. iss 
Required to construct a right A equivalent to 
A ABC. 
Construction. Through the vertex C draw CD, 
A Dime: 


the altitude of the A ABC. 
At A erect the 1 AP to AB and equal to CD, and draw PB. 
Then the rt. A ABP is the rt. A required. Q.E.F. 


Proof. Rt. AABP=A ABC, by § 826. Q.E.D. 
3. To construct a triangle equivalent to the sum of two given tri- 
angles. 


Given the A ABC and DEF, with bases 6 and 0’ and altitudes a 
and a respectively. 
Required to construct a A equivalent to the sum of A. A BC and DEF. 


Construction. Find m, the mean proportional between b and 4a, and 


m’, the mean proportional between b’ and 4a’. § 309 
Find ¢ so that c2 = m? + m’2, § 344 
Then any A, as T, having base 2c and altitude c is the A 

required. Q.E.F. 
Proof. Now area of A ABC = tab, 

and area of A DEF = tab’. § 325 
Also area of T= 4(c x 2c) § 325 

=a 
But c2 = m2 + m2, Const. 
and m? = 1 ab, and m2 = i ad’. Const. 
. f=tab+ ta’. Ax. 9 


« T=AABC+A DEF, by Ax. 8. Q.E.D. 
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4. To construct a triangle equivalent to a given triangle, and having 
one side equal to a given line. 


Given the A ABC and the line 1. 
Required to construct a A equivalent to A ABC, and having one 
side equal to l. 


Construction. Draw a, the altitude of the A ABC, and denote AB 
by b. 


Find a’, the fourth proportional to 1, b, and a. § 307 

Then any A, as T, having base / and altitude a’ is the A re- 

quired. Q.E.F. 
Proof. Now area of A ABC = fab, 

and area of AT= 44/1. § 325 

But VIO =O 10rs Const. 

CCl 00. § 261 

-4¢¢7l=tab. Ax. 4 

seen L=/ NCA. On DPA Se Q.E.D. 


5. To construct a rectangle equivalent to a given parallelogram, and 
having its altitude equal to a given line. 


Given the (J ABCD and the line l. 
Required to construct a rectangle equivalent to A BCD and having 
altitude J. 


Construction. Draw a, the altitude of the (J ABCD, and denote AB 
by 0. 


Find 0’, the fourth proportional to 1, a, and b. § 307 

Construct the rectangle R with base 0’ and altitude l. 
Then & is the rectangle required. Q.E.F. 
Proof. Now area of (J ABCD = ab, § 822 
and area of rectangle R = 1b’. § 320 
But PESOS Wo Const. 
Mik SUdos § 261 
+. rectangle R = (J ABCD, by Ax. 8. Q.E.D. 


6. To construct a right triangle equivalent to a given triangle, and 
having one of the sides of the right angle equal to a given line. 

Given the A ABC and the line l. 

Required to construct a rt. A equivalent to the A ABC, and having 
one of the sides of the rt. Z equal to J. 
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Construction. Draw a, the altitude of the A ABC, and denote AB 
by 0. 

Find a’, the fourth proportional to J, b, and a. § 307 

At either extremity of J erect a L to / and equal to a’. 

Connect the extremity of this 1 with the other extremity of 1, 
thus forming the rt. A T. 


Then T is the rt. A required. Q.E.F. 

Proof. The A Tisa rt. A. Const. 
Now area of A ABC = $ab, 

and area of AT = $l. § 325 

But UitD sO ee Const. 

Ol = ab. § 261 

-. ¢@71l=tab. Ax: 4 

atts Aol ABC. by Ax. 8: Q.E.D. 


7. To construct a right triangle equivalent to a given triangle, and 
having its hypotenuse equal to a given line. 


Given the A ABC and the line l. 
Required to construct a rt. A equivalent to A ABC and having the 
hypotenuse equal to 1. 


Construction. Draw a, the altitude of the A ABC, and denote ALD 
by 0. : 

Find a’, the fourth proportional to J, b, and a. § 307 

On l as a diameter describe a semicircle. 

Draw a line || to 1 and at a distance a’ from it, cutting the semi- 
circle in the points C’ and C”. §§ 228, 233 

Connect either C’ or C” with the extremities of 1, thus forming the 
Sele 


Then T is the rt. A required. Q.E.F. 

Proof. ner AC a= tierZ, 
and also Ji Of ies Ni § 215 
5 (ANIM IENEY i VANS § 68 

Now area of A ABC = $ab, 

and area of AT = }a@’l. § 825 
But LoWes 0h 50K Const. 
earl = tO § 261 
“ ¢@7/1=tab. Ax. 4 


- rt. ATH=AABQ, by Ax. 8. Q.E.D. 
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8. To divide a given triangle into two equivalent parts by a line 
through a given point P in the base. 


Given the A ABC, and P a point in the base o 

AB. D 
Required to draw through P, a line that shall 

divide the A ABC into two equivalent parts. vay; Paar 


Construction. Draw BD to the mid-point of AC, and draw PD. 
Draw BE || to PD, cutting AC in E£, 


Draw PE. 
Then PE is the line required. Q.E.F. 
Proof. The A DAB and CDB have equal bases AD and DC, and the 
same altitude, and are therefore equivalent. § 826 
- ADAB=4tA ABC, § 327 


In the A APE and DAB, 
the A ADP is common, 
and DEE =< DPB: § 326 
for they have the same base DP and equal altitudes, the 1 between 
the || lines DP and EB. 
iar eal == NEARS 


 AAPE=4 A ABC, by Ax. 9. Q.E.D, 
9. To draw from a given point P in the base AB of a triangle ABC, 
a line to AC produced, so that it may be bisected AD 
by BC. / 


Given the A ABC, and P a point in AB. 
Required to draw a line from P to AC produced 
so that it may be bisected by BC. 


Construction. Bisect AP in E. § 229 
Draw FH || to AC, cutting BC in A. § 233 

Draw PH, and produce PH to meet AC produced in D. 
Then PD is the line required. Q.E.F. 
Proof. Since PE = HA. Const. 
and EE is || to AD, Const. 
fy JENS IB), § 135 
That is, PD is bisected by BC. Q. EK. D. 


10. To find a point within a given triangle such that the lines from 
this point to the vertices shall divide the triangle into three equivalent 
triangles. 
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Given the A ABC. 

Required to find a point within the A ABC such that the lines 
from this point to the vertices shall divide the A 
into three equivalent A. 


Construction. Draw the medians AF and BD, in- 
tersecting at the point P. 


Then P is the point required. aur 4 Eee 


Proof. The third median CE passes through the point P. Ex. 5, p. 78 
AAEC=}4A ABC, 


and AABD=4 4A ABC. § 327 
+ AAEC=A ABD. Ax. 8 
Subtract from each A the common quadrilateral AE PD. 
Then AEBP=A DPC. Ax. 2 
Also 1S AW IIE af TH oH 
and AAPD=ADPC. § 326 
5 (KN AWUIP Sa UZ Ax. 8 
. AAEP+ AEBP=AAPD+ADPC. Ax. 1 
That is, NABP=NAPG. 
Similarly A ABP=A PBC. 
Se ANB Pa eA 1 \ PIB Ce DY Axa Se Q.E.D. 


11. To divide a given triangle into two equivalent parts by a line 


GXORROITIAL EO. DOO ND. SOUR H 
g@ rs, 
Given the A ABO. ve lay 
Required to divide the A ABC ci La | 
into equivalent parts by a line ll to a on ae 
AB. A D is gy Bi 


Construction. Draw CD, the altitude of the A ABC. 
Draw MN equal to CD. 


Find NH so that MN”: NH?=2:1, § 355 
On CD take CG equal to NH, and through G draw HF'|l to AB. 
Then HF is the line required. Q.E.F. 
Proof. Since EF is |l to AB, Const. 
the A ABC and EFC are mutually equiangular. 
.. the A ABC and EFC are pee § 285 
-. AABC: A EFC = CD’: 0G’. § 335 
» MN ABC:A EFC = MN*: NH’. Ax. 9 
But MN’: NH? = 2:1. Const. 


5 VN 2UEKO! SVN JNO! = AB ony Nore, 9). Q.E.D, 
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12. Through a given point to draw a line so that the segments inter- 
cepted between the point and perpendiculars drawn to the line from two other 
given points may have a given ratio. 

Given the points P, A, and B not 
in the same straight line, and the Oe 
lines m and n. 


\ 


\ 
\ 


RN 


Required to draw through Pa @ 
line so that the segments intercepted al 
between P and the Js from B and Ve =e al abies) y 
A to it have the given ratio m:n. A 

Construction. Draw PA and PB. 


Then draw PG, making any convenient 7 with PA; and PH, 
making any convenient Z with PB. 
Suppose PA > PB. 
On PG lay off PD =n, and PC =m. 
Then draw DA. 
Also draw CK || to DA, meeting PA in K. § 233 
On PH lay off PE = m, and PF =n. 
Then draw EB. 
Also draw FR || to HB, meeting PB or PB produced in KR. § 288 
Finally, draw KB and AR. 
From P let fall the _ PY to AR, cutting KB and AR in X and 


Y respectively. § 227 
Then PY is the line required. Q.E.F. 
YEN IG 
3 — =—. 273 
Proof. PA PD § 
PC im 
But ess Const. 
: Dai 
ie Ax. 8 
P. n 
PB am 
Likewi — =. 
ikewise PR na 
PK — PB Ax. 8 
Ara: 
-. KB is || to AR. § 276 
-. KBis to PY. § 97 
Xen KG 
eels eg 273 
Furthermore PY PA § 
Se Seas by Ax. 8 Q.E-D. 
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13. To find a point such that the perpendiculars from it to the sides of 
a given triangle shall be in the ratio p, q, r. C 


Given the A ABC and the lines p, q, r. 


Required to find a point such that the 4s Dp 
from it to the sides AB, AC, BC of the given al 


A ABC shall be in the ratio p, q, r. 
Construction. At A erect the ls AM 
and AW to the sides AB and AC re- 
spectively, making AM =p, and vy. 
AN =: § 228 mi 
At B erect the 1 BR to the pi 
side BC, making BR=r. § 228 ys Be 


Through M, N, and & draw oe me Raeae, saoet 9 
the lines MS, NT, and RW || to NN 
AB, AC, and BC respectively. § 233 


Let MS and NT intersect at D, and MS and RW at £. 
Draw AD and BE. 
Produce AD and BE to intersect at P. 
Then P is the point required. Q.E.F. 
Proof. Draw PG, PH, and PK 1 to AB, AC, and BC respectively. 
Also draw DX and DY 1 to AB and AC respectively, and HV 


and HZ 1 to AB and BC respectively. § 227 
The rt. A AGP and AXD are similar. § 286 
RG aE A 
ae a § 282 
Also the rt. A AHP and AYD are similar. § 286 
Se ieN eiagel 
ae aa § 282 
eG PH 
Dx = py’ Ax. 8 
Similarly co ake Nea ae 
EV EZ j 
Since DX = EV, § 128 


PG PK PH 


Ripa nz DY ASE 
But IDG 4), 
Da qd; 
and EZ=r. § 128 
Be = mad = sce by Ax. 9. Q.E.D. 
Pp q i 
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Exercise 59. Page 232 


1. Find the radius of the square whose side is 5 in. 
Given the square 4 BOD with AB = 5in. 
Required to find OA. 
Solution. OA=4AC. § 131 
AC? = AB’ + BC’. § 337 
» AC =VAB*+ BC? Ax.5 
—s\) & + 6 in. 
=V50 in. 
= AVAL aba. 


er QAI, Of OUL Me 3.0411, 


2. Find the side of the square whose radius is 7 in. 


Given in the square 4A BCD the radius OA = 7 in, 
Required to find AB. 


Solution. AC? = AB’ + BC’. 
: AG? = 2 AB’. 
Since INO! es LOWEN 
AB n/2 Ode 
=V2 x 7? =V98 
= 9,899 in. 


3. Find the radius of the equilateral triangle whose side is 2 in. 


Given the equilateral A ABC with AB = 2 in. 
Required to find the radius OA. 
Solution. OA=2CF. Ex. 5, p. 78 
CF? = BC? — FB’. § 337 
s CF =n) BC’ = FB" Ax. 5 


= V2? — 7? in. = V3 in. = 1.782 in. 


EO Aga 22 Ofelia Zell alee iN, 
253 


§ 337 


§ 181 
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4. Find the side of the equilateral triangle whose radius is 3 in. 


Given in the equilateral A A BC the radius equal to 8 in. 
Required to find the side of the A. 


Solution. CF=%AO0 Ex. 5, p. 78 
= 8 of 3 in. = 4.5 in. 
BC? = FB* + OF. § 337 
FB=1 BO. 
fo BO =. Be? Or. Ax. 9 
3 BC? = CF”. 
BC =%0CFV3 
= 3V3x4.5in.=3 V3in. =38x 1.782in. 
= 5.196 in. 


5. Find the apothem of the equilateral triangle whose side is V3 in. 
Given the equilateral A ABC with AB =Vv3. 


Required to find OD, the apothem. Cc 
Solution. AD’ = AB’ — BD’. § 338 - 
- AD=\V AB’ — BD Ax. 5 

=y/ (V3)? = v3) in. A 

== VS — 0.76 in. 

= V 2.26 in. 

= 1 bun. 

OD =1AD Ex. 5, p. 78 


TOL! ON) ==) 0.0.10 


6. Find the side of the equilateral triangle whose apothem is 2 V3 in. 


Given in the equilateral A A BC the apothem equal to 2 V3 in. 
Required to find the side of the A. 


Solution. AD=3 0D. Ex. 5, p. 78 
OD =2V3 in. Given 
» AD =8 x 2V3in. = 6 V3 in. 
AD? = AB’ — BD’. § 338 
Since BD=%4AB, 


AD’ = AB*—i4AB’? —8 AB’. 

(6 V3)? = 3 AB’. 

.. AB? = $ of (6 V3)? = 4 of 108 = 144. 
», AB =V144 in, = 12 in. 
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7. How many degrees are there in the angle at the center of an equi- 
angular triangle? of a regular hexagon ? 
Aut Ol OC c— 120% 
A = 4 of 360° = 60°. 
8. Given an equilateral triangle inscribed in a circle, to circumscribe 
an equilateral triangle about the circle. 
Given the equilateral A ABC inscribed in the ©. 
Required to circumscribe an equilateral A about 
the ©. 
Construction. Draw the radii OA, OB, and OC. 
Through A, B,and C draw lines 1 to OA, OB, and 
OC respectively, and intersecting at the points D, H, and F. 


Then A DEF is the A required. Q.E.F. 
Proof. Chord AB= chord BC = chord CA. Given 
AlCeAUs— arcu C == areiGsA. § 172 


«. A DEF is the equilateral circumscribed A, by § 367. Q.".p. 


9. Given an equilateral triangle inscribed in a circle, to inscribe a 
regular hexagon in the circle, and to circumscribe a Reo 80 
regular hexagon about the circle. LI 

Given the equilateral A ABC inscribed in the 
© with center O. sk 

Required to inscribe a regular hexagon in the oO 
© and to circumscribe a regular hexagon about SSN 
the ©. MDN 

Construction. Draw the radii OD, OL, OF 1 to the chords AB, BC, 
CA respectively. 

Draw the lines AD, DB, BE, EC, CF, and FA. 
Draw the radii OA, OB, and OC. 

Through A, D, B, E, C,and F draw lines 1 to OA, OD, OB, OE, OC, 
and OF respectively, and intersecting in the points M, N, P, Q, R, S. 

Then ADBECF is the regular inscribed hexagon required, and 
MNPQRS is the regular circumscribed hexagon required. Q.4.F. 


FE 


Proof. Chord AB = chord BC = chord CA. Given 
are Alp arebO. = areiC_A. § 172 

D, E, and F are the mid-points of the arcs AB, BC, and CA 
respectively. § 174 
.. ADBECF is a regular inscribed hexagon. § 370 


Again, MN, NP, PQ, QR, RS, and SA are tangent to the O. § 184 
«. MNPQRS is a regular circumscribed hexagon, by § 371. @.x.p. 
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10. Given a square inscribed in a circle, to inscribe a regular octagon 
in the circle, and to circumscribe a regular octagon about the circle. 

Given the square ABCD inscribed in the © with center O. 

Required to inscribe a regular octagon in the © 
and circumscribe a regular octagon about the ©. 

Construction. Draw the radii OH, OF, OG, and 
OH 1 to the chords AB, BC, CD, and DA 
respectively. 

Draw the lines AZ, HB, BF, FC, CG, GD, 
DEL SEPA, 

Draw the radii OA, OB, OC, and OD. 

Through A, H, B, F, C, G, D, H draw lines 1 to OA, OF, OB, OF, 
OC, OG, OD, OH respectively, and intersecting in the points M, N, 
By altars, Tar 

Then AEBFCGDH is the regular inscribed octagon required and 
MNPQRSTU is the regular circumscribed octagon required. @.=.F. 


Proof. Chord AB = chord BC = chord CD = chord DA. § 65 
RALCHAUS = aATCED © ——arci©)) are DA® § 172 

.. LE, F, G, H are the mid-points of the arcs AB, BC, CD, DA 
respectively. § 174 
.. AEBFCGDH is a regular inscribed octagon. § 370 


Again, MN, NP, PQ, QR, RS,ST,TU, UMaretangenttotheO. § 184 
.. MNPQRSTU is a regular circumscribed octagon, by § 871. Q.E.p. 


11. How many degrees are there in the angle at the center of a regular 
octagon ? in each angle of a regular octagon ? in the sum of these two angles ? 
Each Z at the center = } of 860° = 45°. 
Each Z of the regular octagon = 180° — 45° = 135°. § 364 
The sum of an Z at the center and an Z of the regular octagon = 
180°, by § 364. 


12. What is the area of the square inscribed in a circle of radius 2 in. ? 


Given a square inscribed in the © of radius 2 in. 
To find the area of the square. 


Solution. AB* + BC? = AC*. § 387 

But AB = BO, § 65 

and AC =2A0. § 131 
». 24B" = 4A0", 


». AB? = 2(2)? = 8 sq. in. Ax. 9 
That is, area of square = AB’ =8 sq. in. Q. BE. FB, 
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13. The apothem of an equilateral triangle is equal to half the radius. 
Given the equilateral A ABC, OC its radius, and OP its apothem. 
To prove that OP = OC: 


Proof. The proof is the same as the proof for Problem 5, Exercise 16. 


14. Prove that the apothem of an equilateral triangle is equal to one 
fourth the diameter of the circumscribed circle. From this show how an 
equilateral triangle may be inscribed in a circle. 

Given OD, the apothem of the equilateral A A BC, 
about which the © A BC is circumscribed ; also 4 OF, 


De 
the diameter of the circumscribed ©. os 
To prove that OD={of the diameter AOE. | ee j 


Proof. OD=4A0. Ex. 13, p. 232 
But AO =+4 of the diameter 4 OZ. 
«. OD =+ of the diameter AOE, by Ax. 9. Q.E.D. 
-, to inscribe an equilateral A in a given ©, proceed as follows : 
Bisect the radius OA. § 229 


With O as a center and } OA as a radius describe a ©. 
Draw a chord AB of the given © ABC tangent to the inner © at 
any point D. § 246 
Then draw AC and BC tangent to the inner ©, meeting at C. § 246 
Then the A ABC will be an inscribed equilateral A of the O ABC. 


Exercise 60. Page 235 


1. Find the ratio of the perimeters and the ratio of the areas of two 
regular hexagons, their sides being 2 in. and 4 in. respectively. 

(ORT c= Fi 8t sis ABA: § 875 

Qi = 22; 4% = 127221: 4, § 374 


2. Find the ratio of the perimeters and the ratio of the areas of two 
regular octagons, their sides having the ratio 2:6. 
i pe 2i2 Cis § 375 
Orne Ore— ier— Oe § 374 
3. Find the ratio of the perimeters of two squares whose areas are 
121 sq. in. and 80} sq. in. respectively. 


Here OCHA 30 = A. 
Now DSU RB § 874 
But SP cea ga OF 


Sy OP Ba eS COI == BEG Ie 
pip =V4:V1=2:1, 
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4. Find the ratio of the perimeters and the ratio of the areas of two 
equilateral triangles whose altitudes are 3 in. and 12 in. respectively. 
DEP Seisa=— eee — Orel 2) ales, 
(8 tts BS a eS SO RAE ESE I 


5. The area of one equiangular triangle is 9 times that of another. 
Required the ratio of their altitudes. 
S2uSGr— OO a) ow 
8:8 =Va:Va =V9:V1=3:1. 
5 SUE SSO BSe ik 


6. The area of the cross section of a steel beam 1 in. thick is 12 sq. in. 
What is the area of the cross section of a beam of the same propor- 
tions and 1} in. thick? 

Chey == 1Paa ables 
12:a@°=1: 4. 
. a =12x $4 = 248 = 1538. 153 sq. in. Ans. 


7. Squares are inscribed in two circles of radii 2 in. and 6 in. respec- 
tively. Find the ratio of the areas of the squares, and also the ratio of 
the perimeters. 97 ki? 92. G2 — 12; 32 = 1:9, "8876 

2 SPY SAO = Wass § 375 


8. Squares are inscribed in two circles of radii 2 in. and 8 in. respec- 
tively, and on the sides of these squares equilateral triangles are constructed. 
What is the ratio of the areas of these triangles ? 


9. A round log a foot in diameter is sawed so as to have the cross 
section the largest square possible. What is the area of this square? What 
would be the area of the cross section of the square beam cut from a log of 
half this diameter ? 


In the rt.A ABO, 
AOQ=6in., BO=6in., and AB=s. 
AB’ = AO’ + BO” § 837 
= 6? + 6?= 36 + 86 = 72. 
*, area of square = 72 sq. in. 
CP ORES Ae eae Bet. 
CHS (PP) = IP BOP Noes i Ree 
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4a’ = 72. 
Gh = ie} 
-, area of second square = 18 sq. in. 


10. Every equiangular polygon inscribed in a circle is regular if it has 
an odd number of sides. 


D 
Given the equiangular polygon ABODE of an Ve — 
odd number of sides inscribed in a ©. E Cc 


To prove that ABCDE is regular. \ y 
Proof. Jl, Jae VE IBY Given 
-. are BODE = are CDEA. §214. 4 ~—78 
Subtracting each of these equal arcs from the circumference, 
arc HA B= are ABC, Ax. 2 
Subtract the common arc AB. 
: arc HA = are BC. 
In like manner, arc AB = arc CD, 
are BC = arc DE, 
arc CD = arc EA. 


-, arc AB = arc BC = arcCD = arc DE = arc HA. Ax. 8 

-. chord A B= chord BC = chord CD = chord DE = chord EA. § 170 
Now the polygon ABODE is equiangular. Given 
.. the polygon A BCDE is regular, by § 357. Q.E.D. 


11. Every equilateral polygon circumscribed about a circle is reqular 
if it has an odd number of sides. 

Given the equilateral polygon ABODE, of an 
odd number of sides, circumscribed about theO 7 
whose center is O. 

To prove that A BCDE is regular. 


Proof. Draw the linesOA, OB, OO, OD, and O£#. 


In the A ABOand BCO, AB= BC. Given A B 
ZAObA— ACBO: § 192 
OB = OB. Iden. 
.. A ABO is congruent to A BCO. § 68 
» OA = OO, § 67 
Similarly OC = OE. 
sen Aa OURS. Ax. 8 
In like manner, OA O08 = 00 0D =0F. 


That is, a © may be circumscribed about A BCDE with O as center. 
.. the polygon ABCDE is regular, by § 365. Q.E.D. 


260 BOOK V. PLANE GEOMETRY 


Exercise 61. Page 241 


1. Two circles are constructed with radii 1A, in. and 4} in. respectively. 
The circumference of the second is how many times that of the first ? 


CeCe ei § 382 


2. The circumference of one circle is 3 times that of another. The square 
on the radius of the first is how many times the square on the radius of the 


second ? ai? agp ave § 382 
SP OIF SEACH Sie ie 
* 723972 = 37:12 =9:1=9. 


3. The circumference of one circle is 24 times that of another. The equi- 
lateral triangle constructed on the diameter of the first has how many 
times the area of the equilateral triangle constructed on the diameter of the 


one BREE m3 1 BUM § 382 
6 CLS OY OTE 8 NG OR Os 
Os ahora = ORI 8 I cess 
O2Gh = OP 3G § 376 
Se VP ag eee 


4. A circle with a diameter of 5 in. has a circumference of 15.708 in. 

What is the circumference of a pipe that has a diameter of 2 wn. ? 
ORC Sip § 882 

= Drs VARs 0h GR. 
OG INS ((Ule} hdl, Pty 
ce 2 x 15.708 in. ye 
5 
5. A wheel with a circumference of 4 ft. has a diameter of 1.27 ft., 
expressed to two decimal places. What is the circumference of a wheel 
with a diameter of 1.582% ft. ? 


ChiCa— vate § 382 
SP OY SOS OK 
oc: 4 ft. = 1.583 : 1.27. 
3 
Fi 1.583 x 4ft. 5 ft. 


1.27 
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6. A regular hexagon is 2 in. on a side. Find its apothem and its 
area to two decimal places. 
Apothem = V2? — 12 in. = V3 in. = 1.782 in. 
Perimeter = 6 x 2 in, = 12 in. 
Area = 4 x 12 x 1.782 sq. in. = 10.392 sq. in. 
1.73 in., 10.89 sq. in. Ans. 


7. An equilateral triangle is 2 in. ona side. Find its apothem and its 
area to two decimal places. 
Altitude = V2? — 1? in. = V3 in. = 1.782 in. 
Apothem = 4 of 1.732 in. = 0.577 in. 
Perimeter = 3 x 2in. = Gin. 
Area = + X 6 x 0.577 in. = 1.731 sq. in. 
0.58 in., 1.78 sq. in. Ans. 


8. The radius of one circle is 24 times that of another. The area of 
the smaller is 15.2 sq. in. What is the area of the larger ? 
ShpSg== 12 ye § 390 
so Sis LD. ASQ elingea—(24) 2 i? = 2s Ghee 
*, $= 61 x 15.2 sq. in. = 95 sq. in. 


9. The radius of one circle is 8} times that of another. The area of 
the smaller is 17.75 sq. in. What is the area of the larger ? 
SiS Gases § 390 
eS icel fav 0 SCeelMas=—=(O)i= lett ere = OP 
», $= 109, x 17.75 sq. in. = 187.484 sq. in. 


10. The circumferences of two cylindrical steel shafts are respectively 

3 in. and 1h in. The area of a cross section of the first is how many 
times that of a cross section of the second? 

PT anC Cre § 382 

SEISteaurert 2s § 390 

3598S = gee 

=i 7 ei (12)\2=— 9) 144: 25 = 144 = 5.76. 


11. The arc of a sector of a circle 2} in. in diameter 1s 12 in. What 
is the area of the sector ? 
r= of 2tin. = 1} in. 
s=tra § 391 
=}x1} x1} sq. in. = 9 sq. in. 
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Exercise 62. Page 245 


1. If r denotes the radius of a regular inscribed triangle, a the apothem, 
s one side, A an angle, and C the angle at the center, show that s = rv3 8, 
pes Rp, Al SOU, CS WS 

Given the regular inscribed A ABC, with radius r, 
apothem a, side s, ZA, and ZC at the center. 


To prove that 1. s=rv3; 
A B 
Pp OP here 
Spee 00es E 
AiCs— 202 


Draw the radii OA and OB, and draw OE 1 to AB, cutting AB at 
D and the © at H. Draw AF and BE. 
TheniOAt=i7-5 OD S074 B= svZ BAC =A, and ZAOB = C: 


Proof. 1. E is the mid-point of the arc AB. § 174 
A Ole Ale O Ee § 394 
*. AB and OF bisect each other at D. § 151 
-- AD? = AO*— OD’. § 338 
That is, (48)? = r? — (47). 
$82? = 7? — fr, 
Os 
s=r V3. 
2. Since AB bisects OL, 
OD=+40E. 
That is, a@=4r. 
3. The A ABC is equiangular. § 75 
Ar= 60°; 
4, C = 120°, by § 364. Q.E.D. 


2. If x denotes the radius of a regular inscribed quadrilateral, a the 
apothem, s one side, A an angle, and C the angle at the center, show 
that s =r V2, PEAS A= 90°, C = 90°. 

Given the regular inscribed quadrilateral A BOD, 
with radius r, apothem a, side s, 7A, and ZC at the 
center O. 

To prove that 
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Draw the diagonals 4C and BD intersecting at O, and draw OF 
eto dsb: 
iteny OAl— 7 OE Vd Aub 13.674 AD) = Aande pal OBi—. CO. 


Proof. 1. AC =ABV?2. § 339 
« AO=+4ABV2. Ax.4 
That is, r=4sv2. 
r 
Me Get v2. 
2. OH=FAD=TAB=Fs. 
Substitute for s its equal r v2. 
Then a=tr V2. 
3. LBA Distatte 2. § 215 
ae 2) = OOP. 
4. C = 90°, by § 364. Q.E.D. 


3. If r denotes the radius of a regular inscribed hexagon, a the apothem, 
s one side, A an angle, and C the angle at the center, show that s =r, 
a= }trv3, A =120°, C = 60°. 

Given the regular inscribed hexagon A BCDEF, 
with radius r, apothem a, side s, ZA, and ZC at 
the center O. 


To prove that lo vsi= 7s 
2. a=irv3; 
SA 1202: 
4. C ='60°. 


Draw the radii OA and OB, and draw OK 1 to AB. 
GR OVAL = 9h, UC = oh, AUS Ze Valo ss Al, PA ANOS Or, 


Proots al, Si=—vits § 394 
2. AK =}AB. § 174 
Now OK? = 0A*— AK’. § 338 
That is, a = 17 —(F 8)" 
= 72 —fr? = 872, Ax. 9 
6 = 4% V3. 
3. Pap dpe =?) ee § 145 


srAl—ie Olea) Tbs Z — 120% 
4, C = 60°, by § 364. Q.E.D, 
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4. If r denotes the radius of a regular inscribed decagon, a the apothem, 


8 one side, A an angle, and C the angle at the center, show that 


gar (Vb—1) 
2 


,a=trrv/10 +2-V5, A = 144, C = 36°. 


Given AB, one side of a regular inscribed decagon with radius r, 
apothem a, side s, ZA, and ZC at the center O. 


x B 
To prove that lig Gi sedis 
2.a =trV104+2V5; 6 
3. A= 144°; 
AO = BO" 
Draw the radii OA and OB, and draw OK L A 
to AB. 
then OAl— 7 OK =a, AB — 31274 — A and ZAOB — OC; 
Proof. 1. OA: AB=AB:0OA—AB. § 897 
That is, T3S8 = Sir — Ss. 
nS) 1 —Sie § 261 
* 8 + sp=r?. 
. 48? + 4sr + 7? = 52, 
oe Qstrarv5. 
 Q@s=rVv5—4. 
r(V5 — De 
2 
2. AK=4AB. § 174 
Now OK? = 0A" — AK’. § 338 
2 
That is, e=7? — ee Ax. 9 
eo 28) 
16 
_ 1672 — 6r? + 2r2-V5 
he 16 
_ 72(10 + 2-V5) 
= aa j 
- a=irV1042V5. 
2 (10 — 2) 
3. Als = ete rt. 4. § 145 
» A=ofart.Z=144°, 
4, C = 86°, by § 364, 


Q. E.D, 
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Exercise 63. Page 247 


1. A jive-cent piece is placed on the table. How many five-cent pieces 
can be placed around it, each tangent to it and tangent to two of the 
others? Prove it. pare 

Given the © with center O and radius r. 

Required to find how many © of the same ra- 


dius can be described each tangent to the given _.----*\@ 

© and also tangent to two of the other ©. ve ae 
Construction. Draw any radius OA and pro- | 07 M 

duce it to O’, making AO’ = OA. oe oe 


With O’ as a center and OA as a radius describe a ©. 

With O and O’ as centers and radii equal to OO’ describe arcs 
intersecting at O”. 

With O” as a center and a radius equal to OA describe a ©. 

Then each of these © is tangent to the given © and also tangent 
to the other. 


Proof. Draw 0’0”, OO”. 
O0=007= 002 Const. 
.. A 00’0O” is an equilateral A. § 62 


Since OO’ = 2 OA, the © O and O’ are tangent to each other. 
Likewise © O and 0”, and © O’ and O” are tangent to each other. 


Again, LO AOR ZG 7 § 74 
ee O!—17404-— 160. § 107 
Since the whole angular space about O = 360°, § 41 


six 4, each equal to ZO, can be drawn about O. 

Therefore six equal © can be described, each tangent to the given 
© and also tangent to two of the others. Q.E.D. 

2. What is the perimeter of an equilateral triangle inscribed in a circle 
with radius 1 in. ? 

Here fiat 

Therefore s = V3 in. Ex. 1, p. 245 

Pi 70) =8s=8v3 in. 

3. What is the perimeter of an equilateral triangle circumscribed about 

a circle with radius 1 in. ? 


Here @=1 in. 
Since s=rv38 and a=}r, Ex. 1, p. 245 
Romie Okie Tee 
and s = 2V8 in. 


o p=8s=3x 2V3 in. =6 V3 in. 
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4. What is the perimeter of a regular hexagon circumscribed about a 
circle with radius 1 in. ? 


Here Gh iil 
Since $=*7 and a=trv3, Ex. 8, p. 245 
SP = Ue Se 5/3 
+v3 «3 3 
and s=2V3 in. 
29) S88 


=6x2V3in.=4 V3 mn. 


5. Required to circumscribe about a given circle a regular triangle. 


Given the O ABC. P 
Required to circumscribe a regular A about vat 
the © ABC. / \ bs 
Construction. Find the points A, B, C, the ver- e \, 
tices of an inscribed regular A. g§395/ N 
Through each of the points A, B, C draw a £2 OS aN 
tangent. § 246 Y “e * 
Let the three tangents intersect in the points P, Q, R. 
Then A PQR is the A required. Q.E.F. 
Proof. Now arc AB = are BC = arc CA, Const. 
and PQ, QR, and RP are tangents at A, B, and C.~ Const. 
-. A PQR is regular, by § 367. Q.E.D. 


6. Required to circumscribe about a given circle a regular quadrilateral. 


Given the © with center O. 
Required to circumscribe a regular quadrilateral 
about the © with center O. 


Construction. Find the points A, B, C, D, the ver- 

tices of an inscribed regular quadrilateral. § 392 

Through each of the points A, B, C, D draw a 

tangent. § 246 
Let the four tangents intersect in the points P, Q, R, S. 

Then the square PQRS is the regular circumscribed quadrilateral 

required. QE. F, 


Proof. Now arc AB=are BC = arc CD = arc DA, Const. 
and PQ, QR, RS, and SP are tangent at B,C, D,and A. Const. 
.. the quadrilateral PQRS is regular, by § 367. Q.E.D. 
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7. Required to circumscribe about a given circle a regular hexagon. 
Given the © with center O. ps Lf ae 
Required to circumscribe a regular hexa- 

gon about the given ©. 


Construction. Divide the © into six equal p< 
ares at the points A, B,C, D,E,and F. § 394 ~ 

Through each of the points A, B, C, D, E, 
F draw a tangent. § 246 - Al 4 

Let the six tangents meet in the points P, Q, R, 8, T, U. 

Then PQRS TU is the regular circumscribed hexagon required. @.u.F. 

Proof. Now arc AB = are BC = arc CD = arc DE = arc EF 


= are i Au—= 602; Const. 
and PQ, QR, RS, ST, TU, and UP are tangents at B, C, D, E£, F, 
and A. Const. 


«. the hexagon PQRSTU is regular, by § 367. Q.E.D. 


8. Required to circumscribe about a given circle a regular octagon. 
Given the © with center O. 

Required to circumscribe a regular octagon about the given ©. 
Construction. Divide the © into eight equal ae, 
ares at the points A, B, C, D, E, F, G, H. § 393 

Through these eight points draw Is to the 
radii drawn to these points, and designate the 
points of intersection of these 1s by P, Q, R, 


Sh UU, A Wie 
Then PQRSTUYV W is the regular circum- 
scribed octagon required. Q. E.F. 
Proof. The lines PQ, QR, RS, ST, TU, UV, VW, WP are tangent 
to the ©. § 184 
The eight points of contact are the vertices of a regular inscribed 
octagon. Const. 
-. PQRSTUY W is the regular circumscribed octagon required, by 
§ 368. Q.E.D. 


9. Required to circumscribe about a given circle a 
regular pentagon. 

Given the © with center O. 

Required to circumscribe a regular pentagon 
about the given ©. 

Construction. Divide the © into five equal arcs 
at the points A, B, C, D, E. § 398 
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Through these five points draw 1s to the radii drawn to the points, 
and designate the points of intersection of these 1s by P, Q, R, S, T. 
Then PQRSTis the regular circumscribed pentagon required. Q.£.F. 
Proof. The lines PQ, QR, RS, ST, TP are tan- ; Z. 
gent to the circle. § 174 D. g 


The five points of contact are the vertices of a So 7@ 
regular inscribed pentagon. Const. % a 
.. PQRST is the regular circumscribed penta- / 
gon required, by § 368. Q.E.D. eae 
10. Required to circumscribe about a given circle a regular decagon. 
Given the © with center O. PTS 


Required to circumscribe a regular decagon 
about the ©. ai 
Construction. Divide the © into ten equal arcs vi 


at the points A, B, OC, D, #, F, G, H,I,J. § 897 ne x 
Through these ten points draw -s to the radii ap / 
drawn to these points, intersecting in the points p 
MiNE BE) OvR 6500s MAN 
Then MNPQRSTUYV W is the regular circumscribed decagon re- 
quired. Q.E.F. 
Proof. The lines JAN, NP, PQ, QR, ES, ST, TU, UV, VW, WM, 
are tangent to the circle. § 174 
The ten points of contact are the vertices of a regular inscribed 
decagon. Const. 
«. MNPQRSTUY W isthe regular circumscribed decagon required, 
by § 368. Q.E. D. 


11. Required to describe a circle whose circumference equals the sum 
of the circumferences of two circles of given radii. 


Let c and c’ be the circumferences of two © with radii r and 1’ 


respectively. 
Required to describe a © with circumference equal to c + c’. 
Analysis. Ch. vm 

and C= Darr § 385 


Cr Ca Dit (ME). Ax. 1 
Construction. With any convenient point as center and r+?’ as 
radius describe a ©. 
This © is the © required. Q.E.F. 
Proof. The circumference of the © of radius r + 7’ is2r(r +7). 
That is, the circumference = 2 ar + 2a7r’ =c +c’, by Ax. 9. Q.E.D 
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12. Required to describe a circle whose area equals the sum of the 
areas of two circles of given radii. 


Given the two _ ve ay 
© whose centers Ae ‘ 
Fat , 
ie Gaia H 
are O and O” re- sf (pee eee : 
spectively, with vA j ‘ / 
radii r and 7” re- in Ne / 


spectively. —~ wie 
Required to construct a © whose area is the sum of the areas of the 
two given ©. 
Construction. Construct a rt. A with r and 7” as the legs. 
Let s denote the hypotenuse of this rt. A. 
With s as a radius describe the © whose center is 0”. 


Then the © whose center is O” is the © required. Q.E.F. 

Proof. The sum of the areas of the © whose centers are O and 0’ 
is wr? + mr’?, or a (r? + 7”), § 889 
But 72 4. 7/2 — 92, § 337 
.. the sum of the areas of the two given © = 7s?. Ax. 9 

Now the area of the © whose center is O” = 7rs?. § 389 
Therefore OG O07, Q.E.D. 


13. Required to describe a circle having three times the area of a 
given circle. eo ee 


Given the © whose / 
center is O and ra- / 
dius r. 277 

Required to con- / 
struct a © whose area r 
is three times the area e we 
of the given ©. Resta Te oe 

Construction. Construct a rt. A with one leg 7 and hypotenuse 27, 

Let s denote the other leg of this rt. A. 


With s as a radius describe the © whose center is O’, 


Then the © whose center is O’ is the © required. Q.E.F. 

Proof. 3 = (2r)? — r? § 338 
— 372 

Tse Onn. Ax. 3 

But wr? is the area of the © whose center is O, and 7s? the area 

of the © whose center is O’. § 389 


Therefore the © whose center is O’ has three times the area of the 
given ©. Q.E.D. 
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14. Required to construct an angle of 18°. 


Construction. Draw any line AB. C 
Divide AB internally at P in extreme and mean a 
ratio, so that AB: PB = PB: AP. § 311 awe 
From A asa center with PBasaradius describe ___, mk 
an are. Aa Es a 


From B as a center with a radius equal to AB describe an arc 
intersecting the former arc in C. 


Draw BC. 
Then draw BD, the bisector of the Z CBA. § 231 
Then the 7 DBA is the Z required. Q.E.F. 


Proof. By § 397, it is shown that 2 CBA is ,, of 4 rt. A. 
.. ZCBA isan Z of 36°. 
.. ZDBA isan Z of 18°, by Ax. 4. Q.E.D. 


15. Required to construct an angle of 36°. 


Construction. Draw any line AB. NO 
Divide AB internally at P in extreme and mean 7 
ratio, so that AB: PB = PB A P. § 311 ae 
From A as a center with PBasa radius describe —__ rg 8 
an are. Se ee o 


From B as a center with a radius equal to AB describe an arc 
intersecting the former arc in C. 


Draw BC. 
Then the 7 CBA is the Z required. Q.E.F. 
Proof. By § 397, it is shown that Z CBA is ;, of 4 rt. 4. 
.. ZCBA is an Z of 36°. Q.E.D. 


16. Required to construct an angle of 9°. 


Construction. Draw any line AB. C 
Divide AB internally at P in extreme and mean ce 
ratio, so that AB: PB = PB: AP. S Sila awe 

From A as a center with PB as a radius describe es Teese SS 

an are. Bin gt B 

From B as a center with a radius equal to AB describe an arc 
intersecting the former are in C. 

Draw BC. 

Then draw BD, the bisector of the Z CBA, and BE, the bisector of 

the Z DBA. § 231 

Then the 7 HBA is the Z required. Q.E.F. 
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Proof. By § 397, it is shown that 2 CBA is 7, of 4 rt. 4. 
.. ZCBA is an Z of 36°. 

But ZEBA is} ZCBA. Const. 
a AIBA NS anyZ Of 92s by, Ax.4, Q.E.D. 


17. Required to construct an angle of 12°. 
Construction. As in Ex. 14, construct ZA BC=18°. 
On AB construct the equilateral A ABD.  § 287 


Draw BE, the bisector of the Z ABD § 231 
Then the Z CBE is the Z required. Q.E.F. 
Proof. ZABD = 60°. §145 4 
.. ZABE = 30°. Ax. 4 8 
LE NSEC = ASS 
Now ZCBE=ZABE— ZABC. 
*, ZCBE = 30° — 18°, or 12°, by Ax. 9. Q.E.D. 
18. Required to construct an angle of 24°. 
Construction. As in Ex. 15, construct ZA BC=386°. D 
On AB construct the equilateral A ABD.  § 287 vas 
Then the Z CBD is the Z required. Q.E.F. cae 
Proof. Z ABD = 60°. Sie ayo 
ZABC = 86°. Copetm o wanton \. 
Now VORD oO ABD = ARO. © a 
SAC) =100 wet On OL 4 DV RAK Oe Q.E.D. 
19. Required to construct with a side of given C 
length an equilateral triangle. a x 
Given the line AB. vo SS 
Required to describe on AB as a side an equi- Wf x 
lateral A. {—.,, 
Construction. From A and B as centers with a 
radius equal to AB describe arcs intersecting at C. § 237 
Draw AC and BC. 
Then the A ABC is the A required. Q.E.F. 


20. Required to construct with a side of given length a square. 
Given the line AB. : ——-. 
Required to describe on AB as a side a square. H 


Construction. At point B erect BC 1 to AB, making 
IB Oi— ACB: § 228 4 B 


From A and O as centers with AB as a radius describe arcs 
intersecting at D. 


SS) 


272 BOOK V. PLANE GEOMETRY 


Draw AD and CD. 


Then ABCD is the square required. Q.E.F 
Proof. The quadrilateral ABCD is equilateral. Const. C 
Furthermore, ABCD isa QZ. § 120: ee 7 
Bh AIDS EN ie, WZ §124 | | 

-. 4A and C are rt. A. §124 | 

a | 

.. ABCD is a square, by § 65. Q.z.p. 4 B 


21. Required to construct with a side of given length a regular hexagon. 
Given the line AB, 
Required to construct a regular hexagon having AB as a side. 
Construction. Describe any © with AB as a radius. 
Apply AB as a chord successively six times to the © constructed. 
Then join the six points of division of the ©, thus forming the 
hexagon A BCDEF. 
Then ABCDEF is the regular hexagon required. Q.E.F. 


Proof. See § 394. 


22. Required to construct with a side of given length a regular octagon. 
Given the line AB. 
Required to construct a regular octagon having AB as a side. 
Construction. By § 393, construct any regular octagon T. 
Then construct the regular octagon T’ with AB asa side. § 312 
Then T’ is the regular octagon required. Q.E.F. 


23. Required to construct with a side of given length a regular 
pentagon. 
Given the line AB. 
Required to construct a regular pentagon having AB as a side. 
Construction. By § 398, construct any regular pentagon T, 
Then construct the regular pentagon T’ with ABasaside. § 312 
Then T’ is the regular pentagon required. Q.E.F. 


24, Required to construct with a side of given length a regular decagon. 
Given the line AB. 
Required to construct a regular decagon having AB as a side. 
Construction. By § 397, construct any regular decagon T. 
Then construct the regular decagon 7 with AB as a side, § 312 
Then T’ is the regular decagon required, Q.E.F 
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25. Required to construct with a side of given length a regular do- 
decagon. 
Given the line AB. 
Required to construct a regular dodecagon having AB as a side. 
Construction. By § 896, construct any regular dodecagon T. 
Then construct the regular dodecagon T’ with AB asa side. § 812 
Then T’ is the regular dodecagon required. Q. ELF, 


26. Required to construct with a side of given length a regular penta- 
decagon. 
Given the line AB. 
Required to construct a regular pentadecagon having AB as a side. 
Construction. By § 400, construct any regular pentadecagon T. 
Then construct the regular pentadecagon T’ with A Basa side. § 312 
Then T’ is the regular pentadecagon required. Q.E.F. 


27. From a circular log 16 in. in diameter a builder wishes to cut 


a column with its cross section as large a regular er 
octagon as possible. Find the length of each side. a A NS 
Given the octagon ABCDEFGH inscribed in | ? 
a © whose diameter is 16 in. a 
Required to find s. NG 7 Cc 
Solution. Draw the radii OA, OB, OC. A= B 
Draw AC, one side of the inscribed square, intersecting AB at I. 
Then OB is the L bisector of AC. § 151 
Now AC =rv2,_ 
and OK = }rv2. Ex. 2, p. 245 
.. BK = OB— 0K 
=r— 4 Yr V2 
aig (2 — V2) : 
Again, AB’ = AK’ + BK’. § 337 
That is, #8 = (4r- V2)" + [4r(2—V2)P 


=}r4+4r2(6—4-¥V2) 
=} + 372-7? V2 


=2r° — PV2 
= 712 (2 —V2). 
ea s=rvV2—v2. 
Since p= Sin. Given 
es s=8\/2-v2 in. 


= 8 x 0.766 in. = 6.128 in. 
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Exercise.64. Page 250 


1. Using the value 3.1416 for 7, 
find the circumference of the circle 
with radius 3 in. 

C= 2a" 
= 2x 3.1416 x.3 in. 
= 18.8496 in. 


2. Using the value 3.1416 for 7, 
Jind the circumference of the circle 
with radius 5 in. 


§ 385 


c=27r § 385 
= 2x 3.1416 x 5 in. 


= 81.416 in. 


3. Using the value 3.1416 for z, 
Jind the circumference of the circle 
with radius 2.7 in. 


C= 2707 § 385 
= 2x 3.1416 X27 ine 
= 16.96464 in. 


4. Using the value 3.1416 for 7, 
Jind the circumference of the circle 
with radius 3.4 in. 


€=2aTr § 385 
= 2 x 38.1416 x 3.4 in. 
= 21.86288 in. 


5. Using the value 8.1416 for 7, 
Jind the circumference of the circle 
with radius 74 in. 


c=2ar § 385 
= 2 x 3.1416 x 74 in. 
— 4 24rmne 


6. Using the value 3.1416 for 7, 
find the circumference of the circle 
with radius 6% in. 

C= 2inr § 385 
= 2 x 3.1416 x 62 in. 
= 42,4116 in. 


7. Using the value 3.1416 for 
a, find the circumference of the 
circle with radius 2 ft. 8 in. 


2 ft. 8 in. = 23 ft. 
C=2arr 

= 2 x 3.1416 x 23 ft. 

= 16.7552 ft. 


§ 385 


8. Using the value 3.1416 for 
a, find the circumference of the 
circle with radius 3 ft. 7 in. 


3 ft. 7 in. = 8y% ft. 


C= 277 § 385 
= 2 x 3.1416 x 38, ft. 
= 22.5148 ft. 


9. Using the value 3.1416 for 
a, find the circumference of the 
circle with diameter 9 in. 


C=7d 
= JS 14165< 9m 
= 28.2744 in. 


§ 384 


10. Using the value 3.1416 for 
a, find the circumference of the 
circle with diameter 12 in. 


Chm 
= 3.1416 x 12 in. 
= 37.6992 in. 


§ 384 


11. Using the value 3.1416 for 
aw, find the circumference of the 
circle with diameter 5.9 in. 


c= 7d 
= 8.1416 x 5.9 in. 
= 18.53544 in. 


§ 884 
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12. Using the value 3.1416 for 
m, find the circumference of the 
circle with diameter 7.3 in. 


c= 7d § 384 
= 3.1416 x 7.3 in. 


= 22.93368 in. 


13. Using the value 3.1416 for 
a, find the circumference of the 
circle with diameter 24 ft. 


c= and § 384 
= 3.1416 x 24 ft. 


= 7.854 ft. 


14. Using the value 3.1416 for 
a, find the circumference of the 
circle with diameter 384 in. 


c= 7d § 384 
= 3.1416 x 34 in. 


= 9.8176 in. 


15. Using the value 3.1416 for 
w, find the circumference of the cir- 
cle with diameter 29 centimeters. 


Cc=7d § 384 
= 8.1416 x 29 centimeters. 
= 91.1064 centimeters. 


16. Using the value 3.1416 for 
a, find the circumference of the cir- 
cle with diameter 47 millimeters. 


e=7d § 384 
= 3.1416 x 47 millimeters. 
= 147.6552 millimeters. 


17 Find the radius of the circle 
with circumference 7 3 
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§ 885 


Q 
II 
x wo 


=3 
lI 
bo 
ala sis q 


Il 
OO bh bo 
ox 


18. Find the radius of the circle 
with circumference 347. 


C= 2:77. § 385 
Cc 

r= — 
274 

_ Sin 

on 


= 3 of io == 12. 


19. Using the value 8.1416 for 
1, find the radius of the circle with 
circumference 15.708 in. 


6S ats § 385 
2 ed 
7 
15.708 . 
SSS il, 
3.1416 
= 15) Tin, 


5 PSO Da, eae Thole 


20. Using the value 3.1416 for 
a, find the radius of the circle with 
circumference 21.9912 in. 

C= 2iar: 
hee tac f 
Tv 
21.9912. 
= in, 
8.1416 
=Plile 
Cat Olan. = S210. 


§ 885 
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21. Using the value 3.1416 for 
a, find the radius of the circle with 
circumference 18.8496 in. 


OSs § 385 


2h ka 
7 
18.8496 . 
— in. 
8.1416 
= (9 ie 
~ P= of 6in. =/5 in. 


22. Using the value 3.1416 for 
a, find the radius of the circle with 
circumference 125.664 in. 


Cees § 385 


* 2r=— 
T 
125.664 . 
= in. 
3.1416 
= 40 in. 
+ r=tof 40in.= 20in. 


23. Using the value 3.1416 for 
a, find the radius of the circle with 
circumference 345.576 ft. 


C= 27K. 
Ne 2 
Tv 
ce 345.576 » 
3.1416 
= OMbtes 
- r=4 of 110 ft. 


= 56 it. 


§ 385 


24. Using the value 3.1416 for 
a, find the radius of the circle with 
circumference 3487.176 in. 


OSes § 385 


BOOK V. PLANE GEOMETRY 


T 
= 3487.176 | 
~ 8.1416 
VOR: 
ai Orel Ons 
= 555 in. 


25. Find the diameter of the cir- 
cle with circumference 15 7. 


C=. § 384 
a5 d= £ 
7 
© Ler. 
Mare 
ra 1185), 


26. Find the diameter of the cir- 
cle with circumference 7. 


c=7d. § 384 
‘Rs dae 
T 
are 
=— = 7, 
7 


27. Find the diameter of the cir- 
cle with circumference 2 mr. 


Chl, § 384 
ati ae 
us 
2 
So 
i 


28. Find the diameter of the cir- 
cle with circumference 7 7a?. 


c= 7d. § 384 
aie 
T 
Wiliaa? 
Ti v 
= 7a? 
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29. Using the value 3.1416 for 
a, find the diameter of the circle 
with circumference 188.496 in. 


¢=7d. § 384 
2s hs Ee 
7 
_ 188.496 . 


= in. 
3.1416 


= 60 in. 


30. Using the value 3.1416 for 
a, find the diameter of the circle 
with circumference 219.912 in. 


c= 7d. § 384 


a Fhe 
Tv 


219.912. 
— in. 
3.1416 

= OlEi. 


31. Using the value 3.1416 for 
a, find the diameter of the circle 
with circumference 3361.512 in. 


¢ = md. § 384 
kee & 
Tv 
3361.512 , 
= —— In. 
3.1416 
= 1070 in. 


32. Using the value 3.1416 for 
a, find the diameter of the circle 
with circumference 3173.016 in. 


oO Fl. § 884 
Se ta 
7 
31738.016 . 
= —— 1]n 
3.1416 
= 1010 in. 


33. Find the area of the circle 
with radius 5a. 


277 


Area = mr? § 389 
== r(OW) a 


= 25 322. 


34. Find the area of the circle 
with radius 27. 


Area = 7r? § 389 
= 7 (27)? 
=m X 4772 


= 47%, 


35. Using the value 3.1416 for 
a, find the area of the circle with 
radius 27 ft. 

Area = amr? 
= 3.1416 x 27? sq. ft. 
= 3.1416 x 729 sq. ft. 
= 2290.2264 sq. ft. 


36. Using the value 3.1416 for 
a, find the area of the circle with 
radius 4.8 ft. 

Area = mr? § 389 
= 3.1416 x 4.8? sq. ft. 
— 3.1416 x 23.04 sq. ft. 
— 72.382464 sq. ft. 


§ 389 


37. Using the value 3.1416 for 
a, find the area of the circle with 
radius 34 in. 

Area = mr? § 389 
= 3.1416 x (84)? sq. in. 
= 8.1416 x 94% sq. in. 
= 80.6796875 sq. in. 


38. Using the value 3.1416 for 
a, find the area of the circle with 
radius 43 in. 

Area = tr? § 389 
x= 3.1416 x (43)? sq. in. 
=3.1416 x 21.390625 sq. in. 
= 67.2007875 sq. in. 
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39. Using the value 8.1416 for 7, find the area of the circle with 
radius 2 ft. 6 in. 
PYG Odo, = PS) 16 
Area = mr? § 389 
= 3.1416 x 2.5? sq. ft. 
= 3.1416 x 6.25 sq. ft. 
= 19.635 sq. ft. 


40. Using the value 3.1416 for 7, find the area of the circle with 
Vadis 0 tbe 9 ins 
Cia, 8) ae CCAS) 1s 
Agee = = al § 389 
=' 3.1416 x 7.75? sq. ft. 
= 8.1416 x 60.0625 sq. ft. 
= 188.69235 sq. ft. 


41. Find the area of the circle with diameter 16 ab. 


r=td=4of 16ab=8ab. 
Area = tr? § 389 
= 7 (8 ab)? 
= 64 7a?b?. 


42. Find the area of the circle with diameter 24 7. 
r=td=¢ of 247? =12 77. 


Area = mr? § 389 
= 7 (12 7”)? 
= 14475. 
43. Using the value 3.1416 for 7, find the area of the circle with 
diameter 2.5 ft. r= 4d =} of 2.5 ft. = 1.25 ft. 
Area = wr? § 389 


= 3.1416 x 1.25? sq. ft. 
= 3.1416 x 1.5625 sq. ft. 
= 4.90875 sq. ft. 


44. Using the value 3.1416 for 7, find the area of the circle with 


diameter 7.3 in. ¢=4d =} of 7.8 in. = 8.66 in. 
Area = mr? § 389 
= 3.1416 x 3.65? sq. in. 
= 3.1416 x 13.3225 sq. in. 
= 41.853966 sq. in. 
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45. Using the value 3.1416 for z, find the area of the circle with 
diameter 32 yd. r=4d=4 of 33 yd. =} yd. 
Area = wr? § 389 
= 3.1416 x (44)? sq. yd. 
= 3.1416 x 424 sq. yd. 
= 10.5593 sq. yd. 
46. Using the value 3.1416 for z, find the area of the circle with 
diameter 43 yd. r=id=} of 43 yd. = 235 yd. 
Area = rr? § 389 
= 3.1416 x (34)? sq. yd. 
= 16.8002 sq. yd. 
47. Using the value 3.1416 for z, find the area of the circle with 
diameter 3 ft. 2 in. r=td=f of 8 ft. 2 in. 
= 4 of 38 in. = 19 in. 
Area = wr? § 389 
= 3.1416 x 19? sq. in. 
= 3.1416 x 361 sq. in. 
= 1134.1176 sq. in. 


48. Using the value 3.1416 for z, find the area of the circle with 


diameter 4 ft. 1 in. r=4d=$ of 4 ft. Lin. 
= $ of 49 in. = 24.5 in. 
Area = mr? § 389 


= 3.1416 x 24.5? sq. in. 
= 3.1416 x 600.25 sq. in. 
= 1885.7454 sq. in. 


49. Find the area of the circle with circumference 2 7. 


C= Zan. § 385 
Cc 2a 
“ r=—a=—=1. 
Pirie PAs 
Area = $7¢ § 388 
=tof27 
a ira 


50. Find the area of the circle with circumference 47. 


C= 20r. § 385 
c 4a 
r— — = — = 2 
Qi 2ar 
Area = 4+rc § 388 
=t+0f 2x47 


=47. 
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51. Find the area of the circle with circumference 7a. 


COS 27N. § 385 
c Ta Ob 


SS — 
vy Very | 2 


Area = 47¢ § 388 
ene 
=== Of a7, 
2 2 
_ 7a 
bone | 
52. Find the area of the circle with circumference 14 7a?. 
c= 2Qnr. § 385 
2 
fe ee Leng = 0". 
27 2Q9 
Area = $rc § 388 
=} of 7a? x 147? 
= 49 7a. 


53. Using the value 3.1416 for 7, find the area of the circle with 
circumference 18.8496 in. 


C= 2a § 385 
© 18.8496 , . 
or = — = ———_in. = 3 in. 
27 2x 3.1416 
Area = $rc § 388 


= 4 of 8 x 18.8496 sq. in. 
= 28.2744 sq. in. 


54. Using the value 3.1416 for z, find the area of the circle with 
circumference 329.868 in. 


OS Pipirs § 385 
c 829.868 . A 
. r= = ——— _in. = 82. : 
YOR! 2% 9.1410 aae 
Area = $7. § 388 


— } of 52.5 x 329.868 sq. in. 
— 8659.035 sq. in. 


55. Using the value 3.1416 for z, find the area of the circle with 
circumference 333.0096 in. 


C= one § 385 
c 333.0096. more 
r= — = ————__ in, = 88 in. 
Qr 2x 3.1416 
Area = $1c. § 388 


= 4 of 53 x 333.0096 sq. in. 
= 8824.7544 sq. in. 
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56. Using the value 3.1416 for z, find the area of the circle with cir- 


cumference 364.4256 in. 
c 


Area = }1re 


Cae 


Om 2x 3.1416 


§ 385 


es i= OSuine 


= tof 58 x 364.4256 sq. in. 
= 10568.3424 sq. in. 


57. Find the radius of the circle 
with area wa?b. 


8 =r. § 389 
as 
7 
ae ae 
7 
Bae 70205 
7 
= Vares 
ab? 


58. Find the radius of the circle 
with area 4mméin®. 
SS aie. § 389 
Dees 
7 — 


ane ale 
7 
Ee Ammen: 

T 


=V4minb 
= 2m?n'. 
59. Find the radius of the circle 
with area 7. 


Sailer § 389 
_§ 
== 


a = \ 


=v 
il 


60. Find the radius of the circle 
with area 27. 


8 = wr, § 389 
a ee 
i LS 
e r=4/t 
a’ 
2a 
a 
=V2 
= 1.414 


61. Using the value 3.1416 for z, 
Jind the radius of the circle with area 


12.5664. 3 = mr. § 389 
poe ies, 
7 
ie aE 
7 
— {12.5664 
3.1416 
=V4 
=e 


62. Using the value 3.1416 for 7, 
find the radius of the circle with area 


OREO TRAN © are § 389 
s 
y2 = —. 
Tv 
Tv 
_ [28.2744 
38.1416 
= /9 
= 3. 
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63. Using the value 3.1416 for 64. Using the value 3.1416 for 
x, find the radius of the circle with 7, find the radius of the circle with 


area 78.54. area 113.0976. 
Sn. § 389 Sais § 389 
eis eee poe 
ALi Tv 
oy aR 


-/: urea 

as 7 

= 78.54 ___ [113.0976 
3.1416 3.1416 

=V265 =V36 

= 5. =o 


Exercise 65. Page 251 


1. To inscribe in a given circle a regular polygon similar to a given 
regular polygon. ne D’ 


L—. D 
Given the regular polygon ABCDEF // \ 
and the © with center O’. F 
Required to inscribe in the © a reg- \ y), ae 
ular polygon similar to A BCDEF. Vee. 
Construction. From O, the center of the given polygon, draw the 
radii OA and OB. 

From 0’, the center of the given ©, draw the radii O’A’ and 
O’B’, making the Z20’=Z0O. § 232 
Draw A’B’, 

Then A’B’ is a side of the regular polygon required. QE. F. 

Proof. Each polygon has as many sides as the Z O, or the ZO’, is 
contained times in 4 rt. A. 

Therefore the polygon ABCDEF is similar to the polygon A’B’C’ 

DE’F’, by § 378. Q.E.D. 


2. To divide by a concentric circle the area of a given circle into two 
equivalent parts. 

Given the © with center O and radius OA. 

Required to divide the area of the © into two 
equivalent parts by a concentric ©. 

Construction. Bisect the line OA at B. § 229 

With B as center and OB as radius draw a semicircle. 

At B draw the 1 BC intersecting the semicircle at C. § 228 

Draw OC, 
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With O as center and OC as radius describe a ©. 
This © is the concentric © required. 


Proof. 7 OC’ is the area of the inner ©, § 389 
and OA’ is the area of the given ©. § 389 
Now O00? = OB’ + BC” § 337 
—2 0B" Ax. 9 

=4 OA* 
-. rOC* = 470A”, by Ax. 3. Q.E.D. 


3. To divide by concentric circles the area of a given circle into n 
equivalent parts. 

Given the © with center O and radius OA. 

Required to divide the area of the © into n 
equivalent parts by concentric ©. 

Construction. Divide OA into n equal parts. § 234 

At B, the first point of division from O, erect a 
+1 meeting the semicircle on OA as a diameter at R. § 228 

With O as center and OR as radius describe a ©. 

Similarly, with O as center and radii equal to the distances from O 
to the points of intersection of the Js erected at the other points of 
division with the semicircle, describe ©. 


These n © are the n concentric © required. Q.E.F. 
Proof. Now OR* = OB” + BR”. § 837 
But BR” = OB x BA. § 297 
.. OR” = OB’ + OB x BA Ax. 9 
= OB(OB + BA) 
= Oe x OA Ax. 9 
n 
Sons 
n 
». WOR? = > 0A". Ax. 8 
But  7OR? is the area of the © of which OR is the radius, 
and 7OA ’ is the area of the given ©. § 389 
In like manner, 10S? = = 0A", and s0 on. Q.E.D, 


4. To describe a circle whose circumference is equal to the difference of 
two circumferences of given radii. 

Given c and ¢’ the circumferences of two © whose radii are r and 
r respectively, and let c be greater than c’. 

Required to describe a © whose circumference is equal to c — 0’. 
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Construction. With r — 7’ as a radius describe a ©. 
‘This © is the © required. 


Q.E.F. 
Proof. The circumference of the © with radius r is 27r, 
the circumference of the © with radius 7” is 2 zr’, 
and the circumference of the © with radius r—7’ is 2a7(r—1’). § 385 
Now 2ar — 27r = 2r(r—7’). Q.E.D. 


5. To describe a circle the ratio of whose area to that of a given circle 
shall be equal to the given ratio m:n. 


Given the © ¢, with radius r. 
Required a © c’ which shall be to the © ¢ as m is to n. 
Construction. Find r’?, the fourth proportional to n,m, and r?. § 355 


With 7’ as radius describe a © c’. 
Then c’ is the © required. 


Q.E.F 
Proof. (Se 
Camis os § 389 
But nem =r? :72, Const. 
2 
mr 
(pS 55 § 261 
amr? 
a 5 ASS) 
amr2 
SoCal Cr wr 
n 
m 
= Sei! 
n 
=m: nN Q.E.D 


6. To construct a regular pentagon, given one of the diagonals. 
Given the line AC. 


Required to con- oe 
struct a regular pen- On CRS. 
A Mae SCO 
tagon with AC as He 30’ 
one of the diagonals. /' rah 
aN oe ap 
Construction. In- \\ 7” fies 
scribe a regular pen- pe — ; a ; 
tagon A’B’C’ D’E’ in ee 
any © A’B’C’. § 898 
Draw A’C’, 


On AC, corresponding to A’C’, construct the A ABC similar to the 
EACBIOG § 312 
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On AC, corresponding to A’O’, construct the polygon ACDE sim- 
ilar to the polygon A’C’D’E’. § 312 
Then ABCDE is the regular pentagon required. Q.EL.F. 

Proof. The pentagon A BCDE is similar to the pentagon A’B’C’D’E’. 


§ 293 
Now A’B’C’D’E’ is a regular pentagon. Const. 
». ABCDE is a regular pentagon. Q.E. D. 


7. To draw a tangent to a given circle such that the segment intercepted 
between the point of contact and a given line shall have a given length. 

Given the line AB, the length m, and 
the © DE, with center O. 

To find a point on AB from which 
a tangent to the © shall equal m. 


Analysis. Suppose C is the required Qi. 
point on AB, and CD the required 


tangent. 
Draw OC and OD. 
Then 00? = 0D" + CD’. § 337 
-. OC? = OD? + m2. Ax. 9 
Construction. Draw two lines _L to each other at a point NV, and take 
NP equal to m, and NQ equal to OD. § 228 
Draw QP. 


With O as center and QP as radius describe a © cutting AB in C. 
From C draw the tangent CD. 


Then CD is the tangent required. Q.E.F. 

Proof. Since OD is 1 to CD, § 185 
OD = CO - OD. § 338 

-- CD=\/ CO” — OD” Ax.5 

=»/ QP? —NQ? Ax. 9 

= ENON Q.E.D. 


Discussion. From C another tangent CH may be drawn which will 
fulfill the required conditions. Two other tangents from H may also 
be drawn. 

Hence there are, in general, four tangents possible, two from each 
of the points in which the constructed circle cuts AB. It is evident 
that if the line AB is at the distance m from the center, the two 
points C and H coincide, and but two tangents may be drawn ; and if 
the line AB is at a greater distance from the center than m, the 
constructed circle does not meet AB and there is no solution. 
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8. In a given equilateral triangle to inscribe three equal circles tangent 
each to the other two, each circle being tangent to two sides of the triangle. 

Given the equilateral A ABC. 

Required to describe in the AABC 
three equal © tangent each to the other 
two, each © being tangent to two sides 
of the A ABC. 

Analysis. Each of these © is evidently 
inscribed in a quadrilateral formed by 
the sides and altitudes of the A ABC, 
as ECDS. 

The center of the © must lie on CF, as 
CF is the locus of all points equidistant from CA and CB. 

As this © must also touch B£, its center lies on HO, the bisector of 
the Z BEC. 

Hence, the center is at O, the intersection of CF and EO, and the 
radius is OK, the | from O upon CE, SE, SD, or CD. 

Construction. Draw the altitudes CF, BE, AD. § 227 

Bisect the Z BEC by EO, intersecting CF in O. § 231 
From O draw the | OK to CA. 
Then with O as center and OK as radius describe a ©. 
This © is inscribed in ECDS and is one of the required ©. 

The same construction may be repeated for each of the other quad- 
rilaterals HAFS and FBDS. ; Q.E.F. 

Proof. O is equidistant from CA, CB, and BE. § 152 

Since O and O’ are equidistant from AC, therefore the 1s from 
O and O’ upon the altitude BE lie in one straight line, 

.. the © O and O’ are tangent to each other. Q.E.D. 


9. In a given square to inscribe four equal circles, so that each circle 
shall be tangent to two of the others and also p 
tangent to two sides of the square. ; 

Given the square ABCD. 

Required to inscribe in the square 4 BOD 
four equal © each tangent to two of the 
other © and also tangent to two sides of 
the square. 

Analysis. Suppose the problem solved, and 
P, Q, R, S the centers of the required ©. A 

From the equality of the © it is clear that their centers must be 
symmetrically arranged about O, the center of the square. 
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Hence, we see that the 4 formed at O by OP, OQ, OR, and OS are each 
90°, and, therefore, that P, Q, R, S lie in the diagonals of the square. 
Construction. Draw the diagonals AC and BD, intersecting at O. 

Bisect OA, OB, OC, OD at P, Q, R, S, respectively. 
With P as center and radius equal to the distance from P to the sides 
of the square describe a©. Construct similar © with Q, R, S as centers. 


These © are the © required. Q.E.F. 
Proof. The rt. AAEHP and ABC are similar. § 287 
Pie BO = AP AG = 4: § 282 

PE=+8BC. 
Now PQ=}4AB § 186 
Sa PEI). Ax. 9 


-. each © touches two others and two sides of the square. Q.£.D. 


10. In a given square to inscribe four equal circles, so that each circle 
shall be tangent to two of the others and also tangent to one side and only 
one side of the square. 


Given the square A BCD. 

Required to inscribe in the square A BCD 
four equal © each tangent to two of the 
other © and one side of the square. 


Analysis. OA = OB=OC=OD, § 358 


and A.B = BOO D = DAS Si65 
.. the A ABO, BCO, CDO, and DAO 
are congruent. § 80 


Construction. Draw the diagonals AC and BD, intersecting at O. 
Inscribe a © in each of the A ABO, BCO, CDO, and DAO. § 244 


These four © are the © required. Q.E.F. 
Proof. Fach © is tangent to a side of the square. Const. 
The A ABO, BCO, CDO, and DAO are congruent. § 80 


«. the inscribed © are equal. 
-. Rand Q are equidistant from AC, 


«. RQis ll to AC. 

Again, AC is 1 to BD. 
Ay TEATS AL GS) 13D), § 97 
Now the two © Q and R are tangent to BD. Const. 
.. RQ goes through the point of contact. § 187 


.. the © Q and R are tangent to each other. 
In like manner, each © is tangent to two others, Q.E.D 
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11. To draw a common secant to two given circles exterior to each 
other, such that the intercepted chords shall have the given lengths a and b. 


Given the two ©, ex- 
terior to each other, 
with centers O and O’, 
and given the lengths a 
and b. 

Required to draw a 
common secant such that 
the intercepted chords shall have the lengths a and 6. 

Construction. In the © with center O draw a chord AB equal to a, 
and in the © with center O’ draw a chord CD equal to b. 

Draw OF | to AB, and O’F 1 to CD. § 227 

With center O and radius OZ describe a ©, and with center O’ and 
radius O’F describe a ©. 

Draw MN a common tangent to these two auxiliary ©, using the 
method of Ex. 1, p. 145 (see p. 189 of this book). 

Then MN is the common secant required. Q.E.F. 


Proof. Any chord of the given © with center O tangent to the con- 
centric auxiliary © is equal to a, and any chord of the given © with 
center O’ tangent to the concentric auxiliary © is equal to b. 

Therefore the secant MN cuts a chord of length a from the given 
© with center O and cuts a chord of length 6 from the given © with 
center O’. Q.E.D. 


Discussion. Since the auxiliary circles are exterior to each other, 
two common external and two common internal tangents may be 
drawn, each of which satisfies the conditions. 


12. To draw through a point of intersection of two given intersect- 
ing circles a common secant of a given 


length. se 


Given two © with centers O and O’ 
intersecting in the points P and P’, 
and given the length m. 

Required to draw through P a com- 
mon secant equal to m. 


Construction. Draw OO’, and on OO’ as a diameter describe a semi- 
circle. 

With O’ as center and a radius equal to 4m describe an are cutting 
the semicircle at C, and draw OC and O’C, 
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Through P draw the common secant MW || to CO’. 


Then MN is the common secant required. Q. ELF, 
Proof. Produce OC’ to meet MN at A, and draw O’B 1 to MN. 
OA is 1 to MN. § 97 
AL AP 
and PBS BNE § 174 
« AB=4MN. 
But AB= CO = Fm. § 127 
poe NEe=aI7e DY VAKeC Os Q.E.D. 


Exercise 66. Page 252 


1. Find the locus of the center of the circle inscribed in a triangle that 
has a given base and a given angle at the vertex. 

Given the A ABC, with base AB and the Z at the vertex equal to 
the Zm. 

Required to find the locus of the center of the © 
inscribed in the AABC. 

Construction. On AB as a chord, describe a seg- 
ment of a © in which may be inscribed an Z equal 
to 90° + 4m. § 247 

The arc of this segment is the locus required.  Q.E.F. 


Proof. The locus of the vertex C is the arc of the segment on AB 
as a chord in which the given 2m may be inscribed. 

The center of the inscribed © is the intersection of the bisectors AO 
and BO of the ABAC and CBA. 


Now ZC =180°— (ZA+ZB), 
and Z0=180°— (424A 4+42ZB) § 107 
= 90° + $20. 


Therefore ZO is constant, and O lies on the arc of the segment on 
AB as a chord in which may be inscribed an Z equal to 90° + half 
the given Zm. Q.E.D. 


2. Find the locus of the intersection of the perpendiculars from the 
three vertices to the opposite sides of a triangle that has a given base and 
a given angle at the vertex. 

Given the AABC, with base AB and the Z 
at the vertex equal to the Zm, and ALE, BF, 
and CD drawn from the vertices 1 to the 
opposite sides and intersecting at O. 

Required to find the locus of O. 
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Construction. On AB as a chord describe the segment of a © in 
which may be inscribed an Z equal to the supplement of the given 


vertical Z of the A. § 247 
The arc of this segment is the locus re- 
quired. Q.E.F. 
Proof. In the quadrilateral OLCF, the sum 
of the A= 4r1rt.A. § 144 


But MAGN KO AON HG Saas PZ Given 
=, ZHLOF = 180° — ZF CE. 


But ZEOF=ZAOB. § 60 
-. ZAOB=180° — Z FCE. Ax. 8 

That is, the ZA OB is constant and equal to the supplement of the 
given vertical Z of the A. Q.E.D. 


3. Find the locus of the extremity of a tangent to a given circle, if the 
length of the tangent is equal to a given line. 

Given the © with center O and AT tangent to the © at any point 
A and equal to m. 

Required to find the locus of T. 


Construction. Describe a © concentric with the 

given © having for radius the distance OT. 
The circumference of the outer © is the locus 
required. Q.E.F. 

Proof. Draw OA and OT. 
OA is 1 to AT. 
Ol = Al 420A": 
. OT=\V mi + 0A”. 


That is, the length OT is constant and equal to \/ m2? + OA”. a.x.p. 


4. Find the locus of a point from which tangents drawn to a given 
circle form a given angle. 

Given the © with center O and the Zm. 

Required to find the locus of a point from 
which tangents drawn to the © form the Zm. 

Construction. Draw two radii OA and OB so 
that Z BOA =180°— Zm. § 232 

Through B and A draw two tangents inter- 
secting at 7. § 228 

Describe a © with center O and a radius equal to OT. 
Then this © is the locus required, Q.E.F 
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Proof. The sum of the 4 of the quadrilateral AOBT = 4rt. A. § 144 

But 4A and B are rt. A. § 185 
~. ZO is the supplement of ZT. 

Therefore the Z at the center formed by the radii to the points of 

contact of the tangents from any point of the locus is constant and 

equal to the supplement of the given Z. Q.E.D. 


5. Find the locus of the mid-point of a line drawn from a given point 
to a given line. 


Given the line AB and the external point P, 
and M, M’, and M” the mid-points of the lines jeg ees 
PC, PD, and PE drawn from P to the line AB, 


Required to find the locus of M. A 
Construction. Through M draw HK || to AB. 
Then HK is the locus required. Q.E.F. 
Proof. Since HK is || to AB, by Const., and also bisects PC, it 
bisects all other lines from P to AB, by § 185. Q.E.D. 


6. Find the locus of the vertex of a triangle that has a given base and 
a given altitude. 

The locus of the vertex is evidently a line parallel to the given base 
at a distance from the base equal to the given altitude. . Q.ELF. 

7. Find the locus of a point the sum of whose distances from two given 
parallel lines is constant. 

Let d be the distance between the given parallel lines, and / the 
given length. 

If 1>d, the locus consists of two lines parallel to the given parallel 
lines lying without the given lines, each at a distance }(/—d) from 
the nearer line. 

If 1=d, every point between the lines satisfies the condition. 

If 1<d, there is no locus. Q.E.F. 

8. Find the locus of a point the difference of whose distances from two 
given parallel lines is constant. 

Let d be the distance between the given parallel lines, and / the 
given length. 

If 1<d, the locus consists of two lines between the given parallel lines 
and parallel to them each at a distance 4 (d — l) from the nearer line. 

If /=d, every point in either of the given parallel lines satisfies 
the condition, and every point outside the given parallel lines satis- 
fies the given condition. 

If 1>d, there is no locus, Q.E.F 
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9. Find the locus of a point the sum of whose distances from two given 
intersecting lines is constant. 

Given the lines AC and BD intersecting 
at O, and the length J. 

Required to find the locus of a point 
the sum of whose distances from AC and 
BD is equal to 1. 

Construction. Draw MN || to BD at a 
distance equal to l. § 233 

Let MN cut AC at A. 
Take OB, OC, and OD equal to OA. 
Draw AB, BC, CD, DA. 

The sides of the quadrilateral A BCD are the required locus. Q.5.F. 

Proof. From any point P lying on ABCD draw PE and PF 1 to 
AO and BD. 


Draw AH 1 to BD, and PG 1 to AH. 


Then PG is |l to BD, and PF is |l to GH. § 95 

Sy JED =, CEL, § 127 

Also YE INIEXG! es he EXO), § 102 
Since OA = OB, Const. 
AOA = 7 ABO. § 74 

B PEOAIE SZ IMEC Ax. 8 

Furthermore valle eaiwaW ee Iden. 
.. the rt. A AEP and AGP are congruent. § 91 

5) 23) ER § 67 

. PE + PF=AG+4GH= AH. Axon 

Since PALENe—= I § 128 
not == 1 Dy: Ax. Oy Q.E.D. 


10. Find the locus of a point the difference of whose distances from 
two given intersecting lines is constant. 
Given the lines 4C and BD intersecting at Q 
O, and the length l. 
Required to find the locus of a point the Qty f 
V 


M 
og 
\ 
| 


difference of whose distances from AC and ra 
BD is equal to l. 
Construction. Construct the quadrilateral 
ABCD as in Ex. 9, and prolong each of its 
sides both ways. 
The prolongations of the sides of ABCD 


are the locus required. QEF 
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Proof. From any point P on the constructed locus draw the [s PH 
and PF to AC and BD. 
Let PF intersect MN in V. 


PV is | to MN. § 97 
Then ZPAN=ZABO; § 102 
HES il = AO INI OS § 60 
But ZOAB= Z ABO. § 74 
Ss CAIEANIN, es SAAR, Ax. 8 
Furthermore PAl== PAs Iden. 
-. the rt. A PAE and PVA are congruent. 55 01 
se EN Bie JOY § 67 
Now PE = PVi= VE. 
Since VEU § 128 
*o PH — PE = by Ax. 9: Q.E.D. 
11. Find the locus of a point whose distances from two given points 
are in the ratio m:n. Fe 
Given the points A and B, ar 
and m:n the given ratio. ee Tae 
Required to find the locus Ue eo S 
of a point whose distances ee i % ie ey a 
from A and B are in the y-<"----------- | aot Ree RE 
ratio m:n. 

Construction. Divide AB harmonically at C and D in the ratio 
Mean. : ; § 806 
Upon CD as diameter describe a ©. 

This © is the locus required. Q.E.F. 


Proof. Suppose P any point not in the same line as A and B, so 
that TAPED Tene 
Draw APK and PB. 
Bisect the 4 APB and BPK. 
These bisectors must divide the line AB harmonically in the ratio 


facies «. the bisectors go through C and D. Ze 

Now YE I0}) NO) eas edo eA Ee Supp. 

=a(44-) ZP BA), § 111 

ZOPB=32Z APB. Supp. 

- ZBPD+ Z0PB=}3(ZA+2ZPBA+4ZAPB). Ax.1 

But ZA + Z PBA + ZAPB= 180°. § 107 
AO TD 902. 


That is, P must lie on the semicircle upon CD as diameter. Q.=.D. 
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12. Find the locus of a point whose distances from two given parallei 
lines are in the ratio m:n. 


Given the || lines AB and CD, and the ratio 4 E B 

m:n. (ae el 7 So a L 
Required to find the locus of a point whose 

distances from A Band CDare in the ratiom:n. M------- iP a N 

Construction. Draw any line pee Buel tows aC i D 

and CD. § 228 

Divide EF at H,so that FH: HF =m:n. § 306 

Through H draw KL || to AB. § 233 

Again divide EF at P, so that FP: PE =m:n. § 306 

Through P draw MN || to AB. § 233 

Then the line KL or MN is the required locus. Q.E.F. 


13. Find the locus of a point whose distances from two given intersect- 
ing lines are in the ratio m:n. 


Given the inter- 
secting lines CA 
and CB, and the 
ratio m:n. 

Required to find 
the locus of a 
point whose dis- 
tances from CB 
and CA are in the 
ratio m:n. 


Construction. From any point on CA, as D, draw DH 1 to CA 
and equal to n. § 228 
Through H draw HS || to AC. § 238 
From any point on CB, as F, draw FH 1 to CB and equal to m, 
and also FE’ 1 to CB and equal to m. 
Through E draw ER || to BO, intersecting HS in P, and through 
HK’ draw E’Q || to BO, intersecting HS in P’. 
Then the locus required consists of the two straight lines CP 
and CP’. Q.E.F. 


Proof. Draw PT 1 toCA, and PU 1 to CB. 
Since PT = HD =n, and PU = EF =™M, the point P is a point of 
the locus required. 
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Any other point on CP will also satisfy the required condition ; for 
4s from this point on CB and CA will, by similarity of A, be as m:n. 

Therefore CP is one branch of the required locus. 

In like manner, CP’ may be shown to be another branch. @.5.D. 


14. Find the locus of a point the sum of the squares of whose distances 
from two given points is constant. 


Given the points A and B, and P any point of oe ore? aS 
the required locus. re Ng \ 
porns to find the locus of P such poe fr ake ee eect 
PA’ + PB” is constant. * \ ee ; 
Construction. Draw A Band bisect A Bat M. § 229 SS Ce 
Draw PM. of ik 
With M as center and PM as radius draw a ©. 
This © is the locus required. Q. EF. 
Proof. Draw PA and PB. 
Now PA’ + PB’=2AM’+2PM”’. § 343 
Since AM and PM are constant, 
-. PA* + PB’ is constant. Q.E.D. 


Discussion. tes the sum of the squares be equal to k?. 

Ifk2<2AM* , that is, if k< AMV2, PM is an imaginary number 
and there is no loc! 

If 2 =2AM’, that is, if k= AM V2, PM =0, and the circle is 
reduced to the point M. 


Exercise 67. Page 253 


1. Each side of a triangle is 2n centimeters, and about each vertex as 
a center, with a radius of n centimeters, a circle is described. Find the 
area bounded by the three arcs that lie outside the triangle, and the area 
bounded by the three arcs that lie within the 
triangle. 


Given the equilateral A ABC, with each side 
equal to 2n centimeters, and three © each with /\ és 
a radius equal to n centimeters described about ax 
A, B, C as centers respectively, meeting the O13 
sides in Q, R, and S. 

Required to find the area bounded by the 
three ares that lie outside the A, and the area bounded by the three 
ares that lie inside the A, 
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Solution. Since the sides of the A are 2n centimeters and the 
radius of each circle is n centimeters, the three © are tangent each 
to the other two. 

Each of the A of the A is 60°. 


.. the area of the sector QAS 
= 1 of the © § 391 /\ 
=1 of mn? 389 : 
g ol mn § 
ate Lae Ne 


.. the area of the three sectors 
= O56 epi SS Heit 
Now the area bounded by the three arcs that lie outside the A 
equals the area of the A plus the area of the three © less the area 
of half of one ©; that is, equals the area of the A plus 24 times the 
area of one of the ©. 
The square on the altitude of the A= (2n)? — n*?=38n?. § 338 
. the altitude of the A=n V3. 
.. the area of the A= 4n V3 x 2n=72 V3. § 325 
Again the area of a © = mm?. § 389 
.. 24 times the area of a © = 8 7n?. 
.. the area bounded by the three arcs that lie outside the A 
=n? V3 4 $m? =47n?(2 V3 + 57). 
The area bounded by the three arcs inside the A 
= area of A— area of the three sectors 
= n? V3 — han? = $n? (2V38—7). Q.E.F. 


2. Upona line AB a segment of a circle containing 240° is constructed, 
and in the segment any chord CD subtending an arc of 60° is drawn. 
Find the locus of the intersection of AC and BD, and 
also of the intersection of AD and BC. : 


Given upon AB the segment of a © containing 
240°, and in the segment any chord CD subtending 
an arc of 60°. 

Required to find the locus of X, the point of inter- 
section of AC and BD, and also of Y, the point of 
intersection of AD and BC produced. A B 


Y 


Construction. Upon AB as diameter describe a semicircle. 
This semicircle is the locus of X. 
Again upon AB as chord describe the segment of a © in which 
an Z of 80° may be inscribed. § 247 
This segment is the locus of Y. Q.E.F 
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Proof. Arc AB = 360° — 240° = 120°. 
ZAXB is measured by 4 (arc AB + are CD), § 219 
-. ZAXB = } (120° + 60°) = 90°. Ax. 9 

.. the locus of X is a semicircle upon AB as diameter. 

Again ZAYB is measured by 3 (arc AB— are CD). § 221 
«. ZAYB = i (120° — 60°) = 80°. Ax. 9 
-. the locus of Y is the segment described upon AB as chord, 
in which an Z of 30° may be inscribed. Q.E.D. 


3. Three successive vertices of a regular octagon are A, B, and C. If 
the length AB is a, compute the length AC. 

AC is the side of the square inscribed in the same © in which the 
octagon may be inscribed. 


ela aa 2 aoe § 403 
oe 22 ./4— AC". 
Whe AC" =o 2 ae, 
4— AOQ*=4-— 402 4+ at. 
AG’ = 40? — at. 
« AC=av4—a’. 
4. The areas of similar segments of circles are proportional to the 
squares on their radii. 
Given the two similar segments ABO and 
A’B’C’ of the © whose radii are OA and O’A’ 4 


respectively. ar 
To prove that ABC: .A’B’C’ = 0A’: 0A”. 


Proof. Draw the radii OB and O’B’. 
In angle measure arc ACB = are A’C’B’. § 387 
-. sector A OB: sector A’0’B’ =0A”: 0’A”’. § 390 
The AAOB and A’O’B’ are similar. § 288 
- MAOB: A A'O'B = 0A": 0A". § 333 
+, sector AOB: sector A’O’B’ =A AOB:AA’O'R’, Ax. 8 


-, sector AOB:A AOB = sector A’O’'R’: A A’O'B’, § 265 
.. sector A OB—A A OB: sector A’0’B’—A A’O’'B’=AAOB:AA’O'B’. 
§ 268 
-. segment A BC : segment A’B’C’ = AAOB: A A’O'R’, 
+. segment A BC : segment A’B’C’ = OA’: One by Ax.9. Q.£.D. 


5. An are of a certain circle is 100 ft. long and subtends an angle 
of 25° at the center. Compute the radius of the circle correct to oné 
decimal place. 
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c = 369 of 100 ft. = 1440 ft. 
C=2ar. § 885 


Z UENO 900 2 ft. 


i ed 
27 2x 3.1416 


6. Given a circle whose radius is 16, find the perimeter and the area 
of the regular inscribed octagon. 

Given the © with radius 16, AC the side of the inscribed square, 
and AB the side of the regular inscribed octagon. 

Required to find the perimeter and the area of the regular in- 
scribed octagon. ; 


Solution. AAO 90% 


. AO? = 16? + 16. § 337 
- AC =V162 + 162 =V256 + 256 = V512. 
_AB=VrQr—V4r— &) § 402 


—/16(2 x 16 —V4 x 16? — 512) 

— \/16 (32 —-V1024 — 512) 

= 16(382 — V512) 

= V16 (32 — 22.623) 

=V16 x 9.377 

— V150.032 

= 12.248 

. p =8 X 12.248 = 97.984. 

Apothem of octagon = Vr? — ($a)? 

= V162 — 6.1242 = 256 — 37.503376 
/218.496624 = 14.782. 


s=tap § 386 
= +$ x 14.782 x 97.984 ° 
= 724.199744, or 724.2. Q. ELF. 


7. If two circles intersect at the points A and B, and through A a 
variable secant is drawn, cutting the circles in C and D, the angle CBD 
is constant for all positions of the secant. 


Given the two © intersecting at A and B, 
the secant CD drawn through A, and the 
chords BC and BD drawn. 

To prove that the Z CBD is constant. 


Proof. Now Z C is measured by 4 are ASB, 
and Z D is measured by $ arc ARB. 
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Since the arcs ASB and ARB are constant, the ZC and ZD are 
constant. 


Now ZC04+2ZD+4Z0BD = 180°. § 107 
. ZCBD =180°—- ZC0—ZD. Ax. 2 

Since ZO and ZD are constant, 
-. Z CBD is constant. Q.E.D. 


8. If A and B are two fixed points on a given circle, and P and Q are 
the extremities of a variable diameter of the same circle, find the locus 
of the point of intersection of the lines AP and BQ. 

Given A and B, two fixed points on the © whose center 
is O; PQ, a variable diameter of the same ©; and the F 
chords AP and BQ. 


Required to find the locus of the point of intersection 4/ 2 
of the chords AP and BQ. M7 
Construction. Draw the chord AB. ET 
Produce PA and QB to intersect in EZ. 
Circumscribe the © ABE about the A ABE. § 240 
Then the © ABBE is the locus required. Q.E.F. 
Proof. Casr 1. When the lines AP and BQ intersect without the 
given ©. 
The ZH is constant, being always measured by half the arc AB 
less than half a semicircumference. § 221 


Therefore the vertex of ZH must lie on the arc AEB of the © 
constructed. 

Case 2. When the lines AP and BQ intersect within the given ©. 

The Z£E is constant, being always measured by half the arc AB 
greater than half a semicircumference. § 219 

Therefore the vertex of 7 # must lie on the arc ADB of the © 
constructed. 

Hence the © ABE is the locus of the point of intersection of the 
lines AP and BQ. Q.E.D. 


9. The radius of a circle is 10 ft. Two parallel chords are drawn, 
each equal to the radius. Find that part of the area of the circle lying 
between the parallel chords. 

Given the © with radius 10 ft., and the || chords AB 
and CD each equal to the radius. 

To find the area of ABDC. 

Solution. Since AB=CD= the radius, AB and 
CD are sides of the regular inscribed hexagon, 
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Complete the regular inscribed hexagon CDEBA F. 

Then the six segments on the chords are all equal. 

Now area of © = area of hexagon + area of 6 seg- 
ments. 

.. area hexagon + area of 4segments = area © — area 
of 2 segments. 


——D 


VF; 


Apothem of regular hexagon =V 10? — 5? ft. § 338 
=V75 ft. = 8.66 ft. 
Area of hexagon = 4 ap § 386 


= 4 of 8.66 x 6 x 10 sq. ft. 
= 259.80 sq. ft. 


Area of circle = ar? § 389 
= 3.1416 x 10? sq. ft. 
= 314.16 sq. ft. 
*, area 6 equal segments = 314.16 sq. ft. — 259.89 sq. ft. 
= 54.36 sq. ft. 


.. area 2 equal segments = $ of 54.36 sq. ft. = 18.12 sq. ft. 
.. area ABDC = area © — area of 2 segments 
= 314.16 sq. ft. — 18.12 sq. ft. 
= 296.04 sq. ft. Q. E. F. 


Exercise 68. Page 254 


1. If r denotes the radius of a circle and s one side of an inscribed 
equilateral triangle, prove that s= rV3, and find the C 
value of s to two decimal places when r = 1. 


Given the equilateral A ABC inscribed in the © 
whose center is O. 


To prove that s=rv3. Slee B 


Proof. Here OAs eA DiS. i 
Draw the radius OF 1 to AB, and draw OB, AF, and BE. 
Then D is the mid-point of the chord AB, § 174 
and E is the mid-point of the are AB. § 174 
AOA = Ol Be § 394 
.. AB and O£ bisect each other at D. § 151 
«. AD? = A0?— OD”. § 838 
That is, (4:8)? = 1? — ($7)?, 
re soit avs 
os Gees Ogee 
5 s=rv3. Q. E. D. 


When r = 1, 8=V. 3= 1.73, correct to two decimal places. 
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2. If r denotes the radius of a circle and s one side of an inscribed 
square, prove thats =r V 2, and find the value of s to two decimal places 
when r= 1. 


Given the square ABCD inscribed in the © whose 
center is O. QS. 
To prove that s=rv2. 
Proof. Here OAT 7 sands Apis; KZ 
OA =} ABV2. § 339 Ww 


». AB = 0A V2. 
That is, s=rv2. Q. E.D. 
When r=1, s = V2 =1.41, correct to two decimal places. 


3. If r denotes the radius of a circle and s one side of a regular in- 
scribed pentagon, prove that s = 4r/10—-2V 5, and find the value of s 
to two decimal places when r = 1. B 

Given the regular pentagon A BCDE inscribed in 
the © whose center is O. 


To prove that s=trvy10— 2V5 oO aE 


Proof. Let AB be one side of the pentagon. 


Then Ab = s,and OB =r. 
Let FB be one side of the inscribed decagon. 
Then TE Bisqnand (OF = 


Let OF intersect AB in H. 
On OF take OG = FB, and draw BG. ; 
Then 0OG=BG=]FB=s. § 897 


Now BH’ = BG? — GH’. § 338 
= 2 
Bes = s2_(7 3 3 Ax. 9 


Be ae — 32 
Dae cae: 
Since ¥=4r(v5—-1), Ex. 4, p. 245 
CE IE ae ah Ax. 9 
72 (5 — V5) 
(102-78). 


rV 10 —2V5. Q.E.D. 


V10 — 2 x 2.236068 
ar V10 — 4.472136 = 4-V5.527864 
= 1.18, correct to two decimal places. 


When r = 1, 
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4. If r denotes the radius of a circle ands one side of a regular inscribed 
hexagon, prove that s = r, and find the value of s when r = 1. 

Given the regular hexagon ABCDEF inscribed in the © whose 
center is O. 


To prove that Ss 

Proof. Here OA =7, andlABi='s: 

Now PAU i= VAN. § 394 
1S == TY; “AX. OF Q.E.D. 

When r =1, Si 


5. If r denotes the radius of a circle and s one side of a regular in- 
scribed octagon, prove that s =r \/2 —V 2, and find the value of s to two 
decimal places when r = 1. 

Given AB, the side of a regular octagon inscribed 
in the © whose center is O. 


To prove that Sf \/2 yo 
Proof. Here OAS ange — 3: 
Draw AC, the side of the inscribed square, cutting OB in K, 
Then AC=rv2. Ex, 2 
Ls Ald CS pp V2. 
Now AB’ = 0A’ + OB? — 2 0B x OK. § 841 
OO dil a a A a a OD « 
or $2 = 27? — rx OK, 
But OK? = 0A*— AK’. § 338 


ae OK? =r? — (4r V2)? 

=rP—tratr. 

SX OK =Vtr =i rv2. 
. 8% = 29? — A@r(dr V2) 


= 272 — 72/2 
=7(2—v2). 
s=rv2—v3. Q.E.D. 
When r =1, Real Ce) 


=V2— 1.4142 =V0.5858 


= 0.77, correct to two decimal places. 


6. If r denotes the radius of a circle and s one side of a regular in- 
scribed decagon, prove that s=4r (Vv 5 — 1): and find the value of s to 
two decimal places when r = 1. 

Given AB, the side of a regular decagon inscribed in the © whose 
center is O. 

To prove that s=tr(v5— Dy 
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Proof. Here OAN=7vandeA Bis: 
OA:AB=AB:0A — AB. § 397 
That is, PIS S35 BU Sb 
2 Soh — 0°, § 261 


. 247s =r, 
7 42% +44 rs4+r27= 59 
ee Qstr=rv5. 


3 ASS rVb5—r. 
3 S= t7r(V5—1). Q.E.D. 
When r = 1, s=}4(V5—1) 
= } (2.236 — 1) 
= + of 1.236 


= 0.62, correct to two decimal places. 


7. If r denotes the radius of a circle and s one side of a regular in- 
scribed dodecagon, prove that s=r 4/ Wh 3, and find the value of s 
to two decimal places when r = 1. 

Given AB, the side of a regular dodecagon inscribed 
in a © whose center is O. 


To prove that s=rV2—-V3. 
Proof. Here OA=r, and AB=s. 
Draw AC, the side of the regular inscribed hexagon, cutting OBin K, 
Now ING = TR § 394 
and AK=}tAC=Hr. § 174 
Ok = 0A — AK’. § 338 
That is, OK? = 1 — (Ar)? = 37? 
. OK =trv3. 
BK = OB— OK 
=r— trv3. 
= ar (2 —= V3): 
Again, AB? = AK’ + BK’. 4 § 337 
That is, = ($7)? + [4r(2-—V3)P 


= fr? 44727(7—4-V3) 
=}r47r—rV3 


= 72(2—V3). 
re s=rvV2—V3. Q.E.D. 
Wihenkri—r. s=V/2-—Vv3 


= V2 — 1.78205 
= V 0.26795 


= 0.52, correct to two decimal places. 
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8. A regular pentagon is inscribed in acircle whose radius is r. I, If the 
side is s, find the apothem. 
s=4trvV10—2V65. Ex. 3 
But a? = r? — ($8)? § 338 
= 12— (3rV/10—2-V5) 
=r? — J, 72(10 — 2 V5) 
is 72 (6 + 2-V5). 


*, a=irvV642V5. 


9. A regular polygon is inscribed in a circle whose radius is r. If the 
side is s, show that the apothem is 4-V41? — s. 


ll 


Now a? = r? — (48)? § 338 
= 7? — $8, 
«. 4a2 = 4r? — 82, 
EON 47 — Se 
. @=4tvV4r2 — 82, 


10. If the radius of a circle is r, and the side of an inscribed regular 
polygon is s, show that the side of the similar circumscribed regula? 
2 sr 


polygon is ———_—. 
V4 72 — 32 re 


Given AB, the side of a regular polygon inscribed 
in the © with center O, and CD, the side of the sim- 


ilar circumscribed regular polygon. A B 
To prove that CD= pee a. c E D 

V4r2 — $2 

Proof. Here Alls, OVA ip, 
OK? =0A*— AK’. § 338 

». OK =\/ 0A? — AK? 
Yaa 
But OK :OE =AB:CD. § 373 
That is, $V4r2—s?:r=s:CD., 


2 
a (OND = == by § 261. Q.E.D. 


472 — § 
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11. Three equal circles are described, each tangent to the other two. If 
the common radius is r, find the area contained between the circles. 


Given three © of radius r, each tangent to 
the other two and with centers O, O’, and O”. 


To find the area contained between the ©. eX 
Solution. Draw OO’, 0’0”, and O”O. 7, 
The A OOO” is equilateral, each side being 2r. aN 
Altitude of A00’0” =V(2r)? — 
= V3 72 alii V3. is 
-, area of AOO’/0” =r xX rV3 =7°V3. § 325 
The area of each sector cut out of each © by the A 
=4 of the © =7 mr’. § 391 


*. the area of the three sectors = }77r?. 
But the area contained between the © is the area of the A dimin- 
ished by the area of the three sectors. 
That is, the area contained between the © 


= V3 —tarr®?=472°(2V3—7). Q.E.F. 


12. Given p, P, the perimeters of regular polygons of n sides inscribed 
in and circumscribed about a given circle. Find p’, P’, the perimeters of 
regular polygons of 2n sides inscribed in and circumscribed about the 


given circle. A ibe Bebohl | 8h B 


Given AB, one side of the circumscribed ~\. 4 ws 
polygon, and CD, || to AB, one side of the Coy D 
similar inscribed polygon. Peau ee 

To construct inscribed and circumscribed regular WV“ 

O 


polygons of double the number of sides, and to com- 
pute their perimeters p’, P’ in terms of the perimeters p, P of the 
given polygons. 
Construction. Draw OF | to AB, and draw AO, BO, CE, DE. 
Draw CF 1 to AO, and DH 1 to BO. 
Then FH is a side of the circumscribed polygon required, and CE 


and DE sides of the inscribed polygon required. Q.E.F. 
Proof. C and D lie in AO and BO respectively. § 369 

* are CH = are DE. § 174 

GNF; = 18ND. § 170 

.. CE and DE are sides of the required inscribed polygon. § 370 

CF and DH are tangent to the ©. § 184 


«. FH is aside of the required circumscribed polygon, by § 368. a. £. pn, 
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Py OA! 
Computation. . = On: § 375 
Now the rt. AOFC and OFE are con- 4 F EF 4 B 
gruent. $89. “SZ SA 
For . FO=FOand OC=OE. § 162 SS ae 
.. FO bisects the Z COE. ae = ' / fe 
Sul 7 
é OA = a § 279 NY 
OK EF oO 
Ope See Ax.8 
p EF 
ct De AE EE § 267 
Dp EF 
L£+p~- AE AE 
Diy SINE Tae 
But AZ is contained as often in P as FH is in P’. 
AEP 
FH P 
Pepe 
—S SS Ax 
2p Ps 
Whence Pe pis 
Ep 
Also, the rt. A CKE and ENF are similar. § 287 
For ZKCE=ZFEN. § 100 
CK EN 
CE EF’ te 
CUE ie 
But CE ad PACXaes 
E 7 
and EF x Ax. 3 
ee 
ee Pe Ax. 8 
Whence 1S SND § 261 
53 2 p?P fi ye 
se = = ee Q.E.F 
deity? Ep 


13. A circular plot of land d ft. in diameter is surrounded by a walk 
w ft. wide. Find the area of the circular plot and the area of the walk. 

The radius of the circular plot of land is $ of d ft., or 3d ft. 

.. the area of the circular plot of land is r($d)? sq. ft., or  rd?sq. ft 
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The radius of the plot of land and walk together is ($d + w) ft. 
.. the area of the plot of land and walk together is 7 (4d+w)?sq. ft., 
cr m (td? + dw +w?) sq. ft. 
.. the area of the walk = aw (4d? + dw + w?) sq. ft. — $d? sq. ft. 
= 7w(d + w) sq. ft. 


Exercise 69. Page 255 


1. The diameter of a bicycle wheel is 28 in. How many revolutions 
does the wheel make in going 10 mi. ? 
C= 2h 710 — ol 416 56 28ine 
10 mi. = 10 x 5280 ft. = 10 x 5280 x 12 in. 
10 x 5280 x 12 


Number of revolutions = ———————__- =_ 7202.9. 
8.1416 x 28 
2. Find the diameter of a carriage wheel that makes 264 revolutions in 
going half a mile. 264c = + of 5280 ft. 
264c = 2640 ft. 
, Cs IME 
Cards ‘ 
Be ine EN is 1881 ft, 
7 3.1416 


3. A circular pond 100 yd. in diameter is surrounded by a walk 10 ft. 
wide. Find the area of the walk. 
r=td= 4} of 100 yd. = 50 yd. = 150 ft. 
Area of pond = zr? § 389 
= 3.1416 x 150? sq. ft. 
= 3.1416 x 22,500 sq. ft. 
Area of pond and walk 
= 3.1416 x 160? sq. ft. 
= 8.1416 x 25,600 sq. ft. 
.. area of walk = 3.1416 x 25,600 sq. ft. — 3.1416 x 22,500 sq. ft. 
= 3.1416 (25,600 — 22,500) sq. ft. 
= 3.1416 x 3100 sq. ft. 
= 9738.96 sq. ft. 


4. The span (chord) of a bridge in the form of a circular arc is 120 ft., 
and the highest point of the arch is 15 ft. above the piers. Find the radius 


of the arc. 
Here AB = 120 ft. and CD =165 ft. 


Now AG? =20C x CD. § 298 
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But AC = 4s OD: § 837 
= 602 + 15” 
= 3825. 
. 200 x CD = 3825. 
That is, 2r x 15 =3825. 
Di 2bo: 
fess Peay. 127-5ft, Avs: 


5. Two branch water pipes lead into a main pipe. It is necessary that 
the cross section area of the main pipe shall equal the sum of the cross 
sections of the two branch pipes. The diameters of the branch pipes are 
respectively 3 in. and 4 in. Required the diameter of the main pipe. 

Area of cross section of one pipe = 7 x (3)?, 
and area of cross section of other pipe = 7 x (#)?. § 389 
Again, area of cross section of main pipe = mr? = $7d?. 
5s orl? Sse (ENS coal Ea 


={r4+ifer 
= 2pm. 
02 =V25. 
es Oe 5in. Ans. 


6. A kite is made as here shown, the semicircle having a radius of 
9 in. and the triangle a height of 25 in. Find the area of the kite. 


Area of whole circle = zr?. § 389 
Area of semicircle = 4 ar? = } x 3.1416 x 92 sq. in. 
= 4x 3.1416 x 81sq. in. 
= 127.2348 sq. in. 


Area of triangle = $ ab § 825 
= $ of 25 x 18 sq. in. 
= 225 sq. in; 
.. area kite = 127.23 sq. in. + 225 sq. in. 
= 352.23 sq. in. 


7. In making a drawing for an arch it is required to mark off on a 
circle drawn with a radius of 5 in. an arc that shall be 8 in. long. This 
ts best done by finding the angle at the center. How many degrees are 


there in this angle? SOG § 885 
= 2 x 3.1416 x 5 in. = 31.416 in. 
31.416 : 8 = 360°: Z required. § 212 
te) 
ot 2 required © OL ere 


31.416 
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8. In an iron washer here shown, the diameter of the hole is 1% in. and 
the width of the washer is 3 in. Find the area of one face of the washer. 
Area of circle = zr? § 389 
a (4d)? = 1 rd. 
Area of hole = 37 x (13)? sq. in. 
Diameter of washer = 13 in. + 2 x 3 in. = 24 in. 
Area of hole and washer = 17 x (21)? sq. in. 
*. area of washer = } 7 x (24)? sq. in. — 17 x (18)? sq. in. 
= itr (282 — 422) sq. in. 
=i x 3.1416 x 488 sq. in. 
= 0.7854 x 2, sq. in. 
= 2.0617 sq. in. 2.06 sq.in. Ans. 


9. Find the area of a fan that opens out into a sector of 120°, the 
radius being 92 in. 


Area of circle = rr? § 389 
= 8.1416 x (93)? sq. in. 

Area of sector = 129 of 3.1416 x (93)? sq. in. § 391 
= 92.039 sq. in. 


10. The area of a fan that opens out into a sector of 111° is 96.866 
sq. in. What is the radius? (Take 7 = 3.1416.) 


Area of circle = zr?. § 389 
Area of sector = $44 mr?. § 391 
-- 96.866 = 244 ar. 
ee 100; 
444 x 3.1416 
 r=V100 = 10. 10in. Ans. 


Exercise 71. Page 257 


1. Write a classification of the different kinds of lines. 
A straight line is a line such that if any part is placed with its ends 
on any other part, it must lie wholly in the line. 
A broken line isa line made up of two or more different straight lines. 
A curve line is a line no part of which is straight. 


2. Write a classification of the different kinds of angles. 
A right angle isan angle formed by one straight line meeting another 
straight line so as to make the adjacent angles equal. 
A straight angle is an angle whose sides extend in opposite direc- 
tions so as to make a straight line. 
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A reflex angle is an angle greater than a straight angle and less thau 
two straight angles. 

An acute angle is an angle less than a right angle. 

An obtuse angle is an angle greater than a right angle. 

An oblique angle is an angle that is either acute or obtuse. 

3. Write a classification of the different kinds of triangles. 

A scalene triangle is a triangle no two sides of which are equal. 

An isosceles triangle is a triangle two sides of which are equal. 

An equilateral triangle is a triangle all of whose sides are equal. 

A right triangle is a triangle one angle of which is a right angle. 

An obtuse triangle is a triangle one angle of which is an obtuse angle. 

An acute triangle is a triangle all of whose angles are acute. 

An equiangular triangle is a triangle all of whose angles are equal. 

4. Write a classification of the different kinds of quadrilaterals. 

A trapezoid is a quadrilateral that has two sides parallel. 

A trapezium is a quadrilateral that has no two sides parallel. 

A parallelogram is a quadrilateral that has its opposite sides parallel 

5. Write a classification of the different kinds of polygons. 

A triangle is a polygon that has three sides. 

A quadrilateral is a polygon that has four sides. 

A pentagon is a polygon that has five sides. 

A hexagon is a polygon that has six sides. 

A heptagon is a polygon that has seven sides. 

An octagon is a polygon that has eight sides. 

A nonagon is a polygon that has nine sides. 

A decagon is a polygon that has ten sides. 

An undecagon is a polygon that has eleven sides. 

A dodecagon is a polygon that has twelve sides. 

A pentadecagon is a polygon that has fifteen sides, 

An equilateral polygon is a polygon that has all its sides equal. 

An equiangular polygon is a polygon that has all its angles equal. 

A convex polygon is a polygon each angle of which is less than a 
straight angle. 

A concave polygon is a polygon that contains an angle greater than 
a straight angle. 

A regular polygon is a polygon that is both equiangular and 
equilateral. 

An inscribed polygon is a polygon whose sides are all chordsof a circle. 

A circumscribed polygon is a polygon whose sides are all tangent to 
a circle. 
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6. Write a classification of the different kinds of parallelograms. 


A rhomboid is a parallelogram that has all its angles oblique. 

A rhombus is a parallelogram that has all its sides equal. 

A rectangle is a parallelogram that has all its angles right angles. 
A square is a rectangle that has all its sides equal. 

A square is a rhombus that has all its angles right angles. 


7. State the conditions under which two triangles are congruent. 


Two triangles are congruent : 
(i) If two sides and the included angle of the one are equal respec- 
tively to two sides and the included angle of the other. 
(ii) If two angles and the included side of the one are equal respec- 
tively to two angles and the included side of the other. 
(iii) If the three sides of the one are equal respectively to the three 
sides of the other. 


8. State the conditions under which two parallelograms are congruent. 


Two parallelograms are congruent if two sides and the included 
angle of the one are equal respectively to two sides and the included 
angle of the other. 


9. State the conditions under which two triangles are similar. 
Two triangles are similar : 
(i) If they are mutually equiangular. 
(ii) If two angles of the one are equal respectively to two angles 
of the other. 
(iii) If an angle of the one is equal to an angle of the other, and 
the including sides are proportional. 
(iv) If their sides are respectively proportional. 
(v) If their sides are respectively parallel. 
(vi) If their sides are respectively perpendicular. 


10. State the conditions under which two straight lines are parallel. 
Two lines in the same plane are parallel : 
(i) If they cannot meet however far produced. 
(ii) If they are perpendicular to the same iine. 
(iii) If they are each parallel to a third line. 
(iv) If, when cut by a transversal, the alternate-interior angles are 
equal. 
(v) If, when cut by a transversal, the exterior-interior angles are 
equal. ° 
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(vi) If, when cut by a transversal, the two interior angles on the 
same side of the transversal are supplementary. 

(vii) If, when cut by a transversal, the alternate-exterior angles 
are equal. 


11. State the conditions under which two parallelograms are equivalent. 
Parallelograms having equal bases and equal altitudes are equivalent. 


12. State the conditions under which two polygons are similar. 


Two polygons are similar: 
(i) If they have their corresponding angles equal and their cor- 
responding sides proportional. 
(ii) If they are composed of the same number of triangles, similar 
each to each and similarly placed. 


13. Complete the following statement in the most general manner: In 
any triangle the square on the side opposite ---. 


In any triangle the square on any side is equivalent to the sum of 
the squares on the other two sides diminished, if the side is opposite 
an acute angle, and increased, if the side is opposite an obtuse angle, 
by twice the product of one of those sides by the projection of the 
other upon that side. 


14. Complete the following statement in the most general manner: If 
two parallel lines are cut by a transversal, ---. 


If two parallel lines are cut by a transversal, the alternate-interior 
angles are equal, the exterior-interior angles are equal, the two 
interior angles on the same side of the transversal are supplementary, 
and the alternate-exterior angles are equal. 


15. Complete the following statement in the most general manner: If 
four quantities are in proportion, they are in proportion by - ++. 

If four quantities are in proportion, they are in proportion by 
alternation, by inversion, by composition, and by division. 

16. Complete the following statement in the most general manner: If 
two secants of a circle intersect, the angle formed is measured by «++. 

The angle included between two lines that cut a circle is measured 
by half the sum of the intercepted arcs. 

17. Complete the following statement in the most es manner: The 
perimeters of two similar polygons are to each other as - 


The perimeters of two similar polygons are to aah ower as any 
two corresponding lines. 


TEACHERS’ EDITION 313 


18. Complete the following statement in the most general manner: The 
areas of two similar polygons are to each other as ---. 


The areas of two similar polygons are to each other as the squares 
on any two corresponding lines. 


19. Complete the following statement in the most general manner: The 
area of a circle is equal to---. 


The area of a circle is equal to 7 times the square on its radius. 


20. Complete the\ following statement in the most general manner: In 
the same circle or in equal circles equal chords «+ -. 


In the same circle or in equal circles equal chords subtend equal 
ares and are equidistant from the center. 


21. Complete the following statement in the most general manner: In 
the same circle or in equal circles the central angles subtended by two 
arcs are +++. 


In the same circle or in equal circles the central angles subtended 
by two arcs are equal if the arcs are equal, and are unequal if the 
ares are unequal, the greater central angle being subtended by the 
greater arc. 


22. Complete the following statement in the most general manner: If 
two secants of a circle intersect within, on, or outside the circle, the 
product of ++:. 

If two secants of a circle intersect within, on, or outside the circle, 
the product of the segments of the one is equal to the product of the 
segments of the other. 


23. If four lines meet in a point so that the opposite angles are equal, 
these lines form two intersecting straight lines. A D 


Given the four lines OA, OB, OC, and OD intersecting 
at Oso that ZAOB=ZCOD, and Z BOC = Z DOA. 


To prove that AOC and BOD are straight lines. “ 
Proof. Now ZAOB=ZCOD, 
and ZBOGC=ZDOA. Given #& Cc 
«, ZAOB+ ZBOC=ZCO0OD+ ZDOA., PAS 
But ZAOB+ZB0C4+ Z00D+ZDOA = 4 rt.A. § 41 
« ZAOB+ ZBOC4+ ZA0B+ ZBOC= 4rt.4. Ax. 9 
« 2ZAO0OB-- 227 BOC =4rt. 4. 
2 ZAOB ABOC = 2rt. A: Ax. 4 
.. AO and OC form one straight line. § 43 


Similarly BO and OD form one straight line. Q.E.D, 
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24. If squares are constructed outwardly on the sia sides of a regular 
hexagon, the exterior vertices of these squares are the vertices of a regular 
dodecagon. 

Given DA and AB adjacent sides of an 
inscribed regular hexagon and ADGH 
and AHFB squares constructed out- 
wardly on DA and AB. 

To prove that G, H, EH, F are the ver- 
tices of a regular dodecagon. 


Proof. Draw HE. 
Now the BAD eo eK, § 145 
= $rt. 4 = 120°. 
ZHAE = 360°— (Z BAD+ ZDAH+ZEAB). § 41 
.. ZHAE = 360° — (120° + 90° + 90°) = 60°. 
Again, AH = AHF, since they are sides of congruent squares. 
$y ANG als 18 ah § 74 
But LAAT 1602. 
Sy ZIM Dis AZ ISIONE| 5 ZIT Gal § 107 
12H Dire Fal) 5 ls If, § 77 
«. GH = HE = EF, and so on. Ax. 8 


That is, the dodecagon is equilateral. 

Now 2 FEH = Z EHG, and so on, since each is the sum of art. Z 
and an angle of 60°. Axe 

That is, the dodecagon is equiangular. 

Hence G, H, HL, F. and so on, are the vertices of a regular do- 
decagon, by § 357. Q.E.D. 


25. In a right triangle the line joining the vertex of the right angle to 
the mid-point of the hypotenuse is equal to half the hypotenuse. 


Given the rt. A ABC and the line MB drawn from Cc 
M, the mid-point of the hypotenuse. 

To prove that MB=+44AC. M 

Proof. Draw MN || to CB. ya 

Since MN bisects AC, Given A a B 

MN bisects AB. § 1385 
Also MN is 1 to AB, § 97 
In the rt. A ANM and BNM, 


MN = MN, Iden. 
and AN = BN. 
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.. the rt. A ANM and BNM are congruent. § 90 

3 AM = BM: § 67 

2BM=2AM. Ax.3 

But AM = MC. Given 
. 2BM=AM+ MC=AC. 

- BM =+}4A0C, by Ax. 4. Q.E.D. 


26. No two lines drawn from the vertices of the base angles of a triangle 
to the opposite sides can bisect each other. 


Given the line AB and the lines AD and BE 
drawn from the extremities of AB and bisecting 
each other at O. 

To prove that AB cannot be the base of a A in which E and D are 
points of the other two sides. 


Proof. Draw AZ and BD. 
In the A AOE and DOB, 


AO DO: 
E£O= BO, Given 
and ZEOA =Z BOD. § 60 
.. AAOE is congruent to A DOB. § 68 
ey IMHO S72 IDIEO) § 67 
.. AEF is || to BD. $101 


Therefore A# and BD can never meet however far produced. § 93 
Therefore AB cannot be the base of a A in which F and D are 
points of the other two sides. Q.E.D. 


27. The rhombus is the only parallelogram that can be circumscribed 


about a circle. R C 
Given the (J ABCD circumscribed about the Dye 
©, the points of contact being P, Q, R, S. /\ 
To prove that ABCDisarhombus. 4 oh? 
Proof. AP= AS, BP= BQ, CQ= OR, and DR = DS. § 192 
- AP + BP+CR+4+ DR=AS +DS+BQ4+ CQ. Axl 
That is, AB+CD=DA + BC. 
But AB=CD, and BC = DA. § 125 
- AB+AB= BC + BC. Ax. 9 
PACD = BC, Ax. 4 
Abbi wb C1 — 10) D'— DI Ae Ax. 8 


.. ABCD is a rhombus, by § 119. Q.E.D, 
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28. The square is the only rectangle that can be circumscribed about a 
circle. bese Ye: 

Given the [_[] ABCD circumscribed about the ©, the Op 
points of contact being P, Q, R, S. Ss Q 

To prove that ABCD is a square. iS a7 : 


Proof. AP=AS, BP=BQ, CQ=CR,andDR=DS. 192 4 PF 
» AP + BP+CR+DR=AS+DS+BQ+CQ. Ax.1 


That is, AB+CD=DA + BC. 
But AB = CD) sandep © ——D Ar, § 125 
« AB+ AB= BC + BC. Ax, 9 
AB = BCs Ax. 4 
eee Ps Os tO Die Al Ax. 8 
Now 4A, B, C, and D are rt. A. § 119 
Therefore ABCD, having four equal sides and four right angles, 
is a square, by § 65. Q.E.D. 
29. No oblique parallelogram can be inscribed in a circle. 
Given the &) ABCD inscribed in a ©. IC 
To prove that ABCD isa(]. 
Proof. AB=DC, and BC=DA § 125 
*, arc AB = are DC, AB 
and are BC = arc DA. § 172 
«. arc AB+ arc DA = arc BC + are DC. Ax. 1 
.. arc DAB = arc BCD = 180°. 
i, C(O As Be ek § 215 
Similarly LE V5$ FE 1D OV. 
3. ABCDis.a (yj, by § 119. Q.E.D. 
30. If two triangles have equal bases and equal vertical angles, the two 
circumscribing circles have equal diameters, Cc R 


Given the A ABC and PQR, with base AB 
equal to base PQ and vertical Z C equal to ver- 
tical ZR, and also the © ABC and PQR cir- A EBEP Q 
cumscribed about the A ABC and PQR respectively. 

To prove that the © ABC and PQR have equal diameters. 


Proof. The Z C is measured by fare AB, 
and ZR is measured by sarc PQ. § 214 
Since Je Ch JA 1% 
and chord AB = chord PQ, Given 
.. arc ACB = are PRQ, § 217 


.. the © ABC and PQR ave equal. 
-. the @ ABC and PQR have equal diameters. Q.E.D. 
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31. [f the inscribed and circumscribed circles of a triangle are con- 
centric, the triangle is equilateral. C 
Given the A ABC and the inscribed and circum- 
scribed © concentric. 


To prove that A ABC is equilateral. 
Proof. The sides of the A ABC are tangent tothe A B 
inner ©, 
.. they are equidistant from the common center. § 162 
$i, A Ss IX) SC § 178 
-. AABC is equilateral, by § 62. Q.E.D. 


32. If the three points of contact of a circle inscribed in a triangle are 
joined, the angles of the resulting triangle are all acute. C 

Given the © PQR inscribed in the A ABC, and 
the A PQR formed by joining P, Q, and R, the three eS Q 
points of contact. 

To prove that ARQP, QPR, and PRQare allacute. A ee: 


Proof. Now CQ = CR. § 192 
i PAO OIES em FAO Ore § 74 
«. ZCQR is acute. § 109 
Now ZCQR is measured by tare QR, § 220 
and ZQPR is measured by farce QR. § 214 
50, ZA UIRT RL (OMM Ee 
But ZCQBR is acute. 
-. ZQPR is acute. 
Similarly 4ARQP and PRQ are acute. Q.E.D. 


33. The diagonals of a regular pentagon intersect at the vertices of 
another regular pentagon. D 
Given the regular pentagon ABODE, 
with its diagonals AC, AD, BD, BE, CE 
intersecting in the points F, G, H, K, L. or C 
To prove that FG@HKL is a regular 


pentagon. 
Proof. In the A ABC, BCD, CDE, DEA, LK 
and EAB, ve 


AB=BC=CD=DE=EA, §357 a 
and 2.0 BAZ DO Bawah DO AE DE AB AE. § 357 
.. AABC, BOD, CDE, DEA, and EAB are congruent. § 68 
eA Oi Di OL — SDI == ED. § 67 


Circumscribe a © about the pentagon ABCDE. 
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Then arc AB= are BC=are CD=are DE=arc EA. §173 
In the A ABF and BCG, D 
Z BAF is measured by $ arc BC, 
Z CBG is measured by 4 are CD, Cia 
Z IBA is measured by $ arc HA, E C 
and ZGOB is measured by }arc AB, § 214 ey 
Since these arcs are all equal, So 
ZBAF =ZCBG=ZFBA=ZGCB.: 
.. A ABF and BCG are isosceles, § 76 We 
and the A. A BF and BCG are congruent. § 72 A 


Re — Ps eG § 67 
Similarly, 4F= BF= BG=CG=CH=DH=DK=EK=EL=AL. 
by JG = Cle 150K Se NGG Sy bse, Ax. 2 


-. pentagon FGHKL is equilateral. 
Also A BGF, CHG, DKH, ELK, and AFL are congruent. § 80 


Re C4 IBC NA OCH el = ZAIDI BIR = EIKO) ZEIT § 76 

Sy PA Cd OI Ges ZIG C De ZZ IIB UC a AZ IGT he AI IN EE, § 58 
.. pentagon FGHKL is equiangular. 

.. pentagon FGHKL is regular, by § 357. Q.E.D. 


34. If two perpendicular radii of a circle are produced to intersect a 
tangent to the circle, the other tangents from the two 
points of intersection are parallel. 


Given the 1 radii OA and OB produced to meet 
at C and D the tangent MN, and CE and DF the 
second tangents from O and D. 

To prove that CE is || to DF. 


Proof. Draw the radii OT, OF, and OF to the points of contact. 


In the A FOC and TOC, OR = 10m § 162 
CE = CT, § 192 
CO= CO} Iden. 
«. A EOC is congruent to A TOC. § 80 
BAO SIANOG, § 67 

Similarly ZHOD ZA DON. 
= ACOH ZEOD ZO 2 DOT: PACK! 

That is ZOCOR ZLOD=AC OD: 
But ZAC O Dieta. Given 
s: Z COH ASZAROD = tt5Z. Ax. 8 
« Z2HOC4+2Z2C00D+ ZFOD= 21rt.4, Ax.1 


.. HOF is a st. Hne. § 43 
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But OE is 1 to CEH, 
and OF is | to DF. § 185 
.. CE is || to DF, by § 95. Q.E,D. 


35. The line that joins the feet of the perpendiculars drawn from the 
extremities of the base of an isosceles triangle to the equal sides is parallel 
to the base. C 

Given the isosceles A ABC with AE and BD drawn L 
to the equal sides BC and AC, and DE drawn, 


To prove that DE is \ito AB. y 2 
Proof. In the rt. A ABD and ABE, A B 
AB AB, Iden. 
and ZBAD=ZEBA. § 74 
.. the A ABD and ABE are congruent. § 72 
Ben wal Diet I59 Oe § 67 
« AC—AD= BC — BE, Ax, 2 

That is, CD= CE. 


.. the A DEC is isosceles. 
Now the ZC is common to the A DEC and ABC. 
DOs 7aB AG. 
«. DE is |lto AB, by § 108. Q.E.D. 


36. The sum of the perpendiculars drawn to the sides of a regular 
polygon from any point within the polygon is equal to the apothem mul- 
tiplied by the number of sides. D 

Given the regular polygon A BCDE of n sides, 
and OF, OG, OH, OK, OL Js drawn from any E 
point O within the polygon to the sides. 

Let r denote the apothem and P the perimeter L 
of the polygon. 

To prove that OF + O0G+40OH+0OK+0OL=nr. AD B 

Proof. Join O to each of the vertices of the polygon. 

The area of the AAOB=}4AB x OF, § 325 
the area of the A BOC =4BC x OG, 
the area of the ACOD = 40D x OH, and so on. 

But AB= BC =CD, and so on. § 357 

Now the area of the polygon is the sum of the areas of the AA OB, 
BOC, COD, etc. 

.. the area of the polygon =4ABx (OF + 0G+4+0H+0K+0OL). 

But the area of the plygon=4Pxr=nx4tABxr. § 386 

. JABx (OF + OG + OH + OK + 0L)=nx}4tABxr. Ax.8 

-. OF + OG + OH + 0K + OL=nr. Q.E.D. 
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37. If two consecutive angles of a quadrilateral are right angles, the 
bisectors of the other two angles are perpendicular. D Cc 
Given the quadrilateral ABCD, with AD and 
A rt. 4, and BE bisecting Z B, and CE bisecting 


AWn B 

To prove that BE is 1 to CE. 4 
Proof. ZA+2Z2B4+2042D=4rt.4. § 144 
But ZLALAD = 2 7t. 4. Given 
iy LAIR IG Z(G) ae Das Ax. 2 
- ¢ZB4+42Z2C=1rt.Z. Ax. 4 

. ZCOBE + ZECB=1rt.Z. 

1 PE SEV HE ma gh, Ze Ax. 2 
.. BE is 1 to CE. Q.E.D. 


38. If two opposite angles of a quadrilateral are right angles, the 
hisectors of the other two angles are parallel. Cc 

Given the quadrilateral ABCD, with 4A andC p 
rt. 4, and BE bisecting the ZC BA, and DF bisect- Zz 


ing the ZADC. 2 

To prove that BE and FD are ||. B 
Prof. ZA+ZCBA+2ZC+4 ZADC = 4rt.4. § 144 
But Arty AO rt. Ze. Given 
CZ COBALT YZ AD CO = ites, Ax. 2 
« ¢ZCBA4+4ZADC=I1rt.Z. Ax. 4 

- ZEBA+ZADF = Irt.Z. 
But ZEBA + ZAEB=1rt.Z. § 107 
Ss AGO hI MIDI, § 58 
.. BE and FD are ll, by § 108. Q.E.D. 


39. The two lines that join the mid-points of opposite sides of a quad- 
rilateral bisect each other. 


Given the quadrilateral ABCD, with EG@and FH Y% 
lines joining the mid-points of the opposite sides. g 
To prove that HG and FH bisect each other. H ee 


Proof. Draw HF, FG, GH, HE, and draw AC [NSPS 


and BD. A E B 
Then EF and HG are || to AC, 
and EH and FG are || to BD. § 186 
.. HFGH isa C7. § 118 


«. HG and FH bisect each other, by § 181. Q.E.D. 
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40. The sum of the angles at the vertices of a five-pointed stcr is equal 
to two right angles. 


Given A, B, C, D, EZ, the A at the vertices of 
the pentagram. 
To prove that A+ B+4+CO+4D+4 H=21rt.A. 


Prof. ZDNK + ZCKL4+2ZBLP+4+2ZAPQ+ 


ZEQN =4rt.&. § 146 
AlsoZ DKN + ZCLK+ZBPL4ZAQP 4+ 
ZENQ=4rt.4. § 146 


Hence sum of base 4 of the ADNK, CKL, etc. =8rt.4. Ax.1 
But sum of all the 4 of the ADNK, CKL, etc. =10rt.4. §107 
— A+B4+C04D+4 H=2rt.A, by Ax. 2. Q.E.D. 


41. The segments of any line intercepted between two concentric circles 


are equal. 

Given AD, cutting the outer of two concentric ® , Le a 
in A and D and the inner © in B and C. 

To prove that PNT = IOXOE ; 


Proof. Draw OK from the center O L to AD. 


Then CAN KD) an duke =a. § 174 
- KA—KB=KD—KC. Ax. 2 
That is, ALB = DC. Q.E.D. 


42. The diagonals of a trapezoid divide each other into segments which 
are proportional. > z 


Given the trapezoid ABCD, with diagonals 
AC and BD intersecting at FE. 


To prove that HA:EB=EC:ED. 4 B 
Proof. In the A AEB and CED, 
ZAEB=ZCED, § 60 
and ZEBA=ZEDC. § 100 
-. the AAHB and CED are similar. § 286 
«. HA:HB= EC: ED, by § 282. Q.E.D. 
C 
43. Given the mid-points of the sides of a triangle, es 
to construct the triangle. a Vi \o 
Given the three points P, Q, and R. i eee 


Required to construct the A the mid-points of §“  \ Zh \ 
the sides of which are P, Q, and R. A Pp B 
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Construction. Draw PQ, QR, and RP. 

Through P draw a line || to RQ, through Q draw a line || to PR, 
and through R draw a line || to PQ, these three lines forming the 
AABC. 


Then ABC is the A required. Q.E.F. a 
Proof. In the quadrilateral PBQR, ve \ 
PB is |i to RQ, oa 
and BQ isito,PR., Const. 0/7 ye \ 
.. the quadrilateral PBQRisaparallelogram. § 118 oe ara aoe 3 cg *B 
te Ee Bie) § 125 
Again in the quadrilateral A PQR, 
AP is || to RQ, 
and AR is ll to PQ. Const. 
.. the quadrilateral APQR is a parallelogram. § 118 
Sy AIP SIO; § 125 
Sy AU Baas ap Ax. 8 
Similarly, BQ = QC, . 
and is JVI TEXOS, 
That is, P, Q, and R are the mid-points of the sides of the 
A ABC. Q.E.D. 


44. To divide a given triangle into two equivalent parts by a line 
perpendicular to the base. 


c 
Given the A ABC. P eek 
Required to divide the A ABC Me eis 
into two equivalent parts by a “Diy = LS ash, SOS iw 
line L to AB. Bere Ne ae 
Construction. Draw CD, the a 
altitude of the A ABC. 
Take a equal to 2 DB, b equal to AB, MO equal to BC. 
Find OH, so that MO”: 0H? =a:b. § 355 
Cut off BF equal to OH, and draw FE 1 to AB. 
Then FE is the line required. Q.E.F. 
Proof. Now FE is || to CD. § 95 
.. & DBC and EBF are similar. § 285 
LEDBC. BC? 
a 1 § 333 
AEBF BF 
MO” a 2DB 
= SS ae . Const. 
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That is, se) 
AEBF AB 
AABC AB 
But ——— 327 
ADBC DB 5 
Multiply the corresponding members of these equations. 
LCALB Ce 
Th ==) by, Axes. .E.D. 
en AEBF 1 y Ax.3 Q.E.D 


45. To draw a tangent to a given circle that shall also be perpendicular 
to a given line. 


M 
Given the © with center O, and the line AB. 
Required to draw a line tangent to the © and B 
1 to AB. 
Construction. Draw the radius OT ||to AB. 4 2 
Through T draw MN 1 to OT. 
Then MN is the tangent required. Q.E.F. ie 
Proof. MN is 1 to OT. Const. 
.. MN is tangent to the ©. § 184 

Also MN is 1 to AB. § 97 

.. MN is the tangent required. Q.E.D. 


46. To divide a given line into two segments such that the square on 
one shall be double the square on the other. 


Given the line AB with length a. 
Required to divide AB into two parts a—a, and x such that 
(Gat) teed, 


Solution. If (@—@)? a? = 2:1, 

then a? — Dax + 2? = 2x, 
C2 2lae = a, 

xv? + 2ax + a? = 2a?, 


a+a=av2, 
2 =a(V2—1) 


Draw a line 4X from A, making any convenient Z with AB. 
On AX lay off AP equal to 41 units, and PC equal to 59 units. 
Draw CB, and draw PD || to CB. 
Then ACD DIB = ALPry eC Al 359. 
. AD? : DB? = 412: 59? = 1:2. QE. 
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47. If any two consecutive sides of an inscribed hexagon are respec- 
tively parallel to their opposite sides, the remaining two sides are parallel. 


Given the inscribed hexagon ABCDEF, with 


the consecutive sides AB and BC || to the opposite Z D 
sides HD and FE. if 
To prove that CD is \| to FA. Cc 
Proof. Draw AD. ANS ey, 
Since AB is || to ED, 
and BC is || to FE, Given 
Bh PAIS es AAI, § 123 
In the quadrilateral A BCD, 
ZB+2ZADC = 180°. § 218 
In the quadrilateral A DEF, 
i ZE+ ZDAF=180°. § 218 
But PL |S es HET 
8, LEANING SZ IDI, 
.. CDis || to FA, by § 101. Q.E.D. 


48. If through any given point in the common chord of two inter- 
secting circles two other chords are drawn, one in each circle, their four 
extremities will all lie on a third circle. 


Given the common chord AB of the 
two intersecting © and two chords CD 
and #F drawn through any point P in 
the chord AB. 

To prove that C, D, #, and F lie on 
a ©. 


Proof. Draw CE, FD. 

Then TERA SS TUBS IEG) Se 1200) 
and IDL 6 IRS Ae h 9 TEN 5, § 299 
PP Cee =P EX PE. Ax. 8 
Bs JEXO) SIP B) ee VEN B VeyD § 264 
Now LE SIS XO VL I YO § 60 
.. the A CPE and PFD are similar. § 288 
eZ OP VA PDE, § 282 

Draw CF. 

.. the points H and D lie in the segment of a © described upon CF 
as chord in which an Z equal to 7 CHF may be inscribed. § 217 


.. the points OC, D, H, and F lie ona ©. Q.E.D, 
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49. If two chords intersect at right angles within a circle, the sum of 
the squares on their segments equals the square on the diameter, Investi- 
gate the case in which the chords intersect outside the circle; also the case 
in which they intersect on the circle. 


Given the chords AB and CD to each other at F, and Sates 
described on AL, EB, CE, ED. 

To prove that AH? + EB? + CH? + ED? equals the square on the 
diameter. 


Proof. This isthe same as in Ex. 14, p.209. (See p. 228 of this book.) 


Discussion. If the chords intersect outside the circle, it becomes a 
case of two secants, and the square on the diameter is equal to the 
sum of the squares on the secants and the squares on the external 
segments. 

If the chords intersect on the circle, we have the case of a right 
triangle. 


50. The lines bisecting any angle of an inscribed quadrilateral and the 
opposite exterior angle intersect on the circle. 


D 
Given the inscribed quadrilateral ABCD, with PA 
Ne i 
B 


bisecting the ZA, and CP bisecting the exterior 
ZECD. 


To prove that P lies on the ©. A 
Proof. Let AP intersect the © at Q. 
Draw BD. 
Now ZECD=Z BDC + ZCBD. § 11 
But Z BDC is measured by 4 are BC, 
and Z CBD is measured by } are CD. § 214 
.. Z ECD is measured by } (are BC + arc CD) ; 
that is, Z ECD is measured by $ arc BD. 
But Z BAD is measured by } arc BD. 


ee AAUD) ==" E OD 
j 4 (OUD AJEXOND), 
But Z PCD is measured by } are PD, 


and Z QAD is measured by 4 arc QD. § 214 
Since the 4 PCD and QAD are equal, 


are DO are De. 
-. @ must coincide with P. 
But Q is on the © ABCD. 
. P ison the O ABCD, Q.E.D, 
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51. The sum of the perpendiculars from any point in an equilateral 
triangle to the three sides is constant. 

Given the equilateral A ABC, BC the base, AD 
the altitude, P any point within the A, PH, PF, PG 
Js from P to the sides BC, AC, AB respectively. 

To prove that PE+ PF+4+PG=AD. 

Proof. Through P draw HK || to BC, meeting AD B ED C 
at M. Draw KN 1 to AB, and PQ 1 to KN. 


Then the rt. A PKF and PE Q are congruent. § 91 

fe IPI ia) § 67 

Also PG=QN. §§ 95, 127 
“ PF +PG=KQ+ QN=KN. Ax.1 

Now the rt. \ HK WN and MEA are congruent. § 91 

pee eA § 67 

Now PE = MD. §§ 95, 127 
-. PE+ KN=MD+ AM=AD. Awol 

That is, PE+PF+ PG=AD, by Ax. 9 Q.E.D. 


52. The perpendiculars from the vertices of a triangle upon the oppo- 
site sides cut one another into segments that are reciprocally propor- 
tional to each other. C 


Given the A A BO, CD and BE LL, respectively, ye 
to AB and AC, and meeting at F. 
To prove that EB ho = ED rE. 
Proof. ZDFB=ZCFE. §60 4 DB 
.. the rt. A BDF and CEF are similar. § 287 
Ge PC = DEEL. DY §. 282% Q.E.D. 


53. The area of a triangle is equal to half the product of its perimeter 
by the radius of the inscribed circle. 


@ 
Given the A ABC, and NLK the inscribed © 
having the radius OK. 
ne a 
To prove that <bN L 
area of AA BC = }(AB+BC+4CA) x OR. SA 
Proof. The Is OK, OL, and ON are all equal. § 162 4 Ker 


Draw AO, BO, CO. 
Then area of AAOB= AB x 1 OK, 
area of A BOC = BC x $ OL, 
and area of AAOC=ACx ION. 
-. areaof(AAOB+A BOC+AAO0C)=4(AB+ BC+AC)x OR. Ax.1 
», area of AABC=}(AB+ BC+ AC)x OK. .5.D. 
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54. The perimeter of a triangle is to one side as the perpendicular from 
the opposite vertex is to the radius of the inscribed circle. 


Given the A with perimeter p, and BD 1 to B 
CA, OK being the radius of the inscribed ©. 
To prove that Ne 
D:AC= BD AOK:, 


Proof. areaofA—4p~x OK. Ex. 53 

Also area of A= 4AC x BD. § 325 

re Sei O Kae AO xa Ax, 8 i 
DI OLe—RA. OLX DD), Ax.3 ¢ 


-. p:AC=BD:OK, by § 264. a..p. 


55. The area of a square inscribed in a semicircle is equal to two fifths 
of the area of the square inscribed in the circle. 

Given the square ABCD inscribed in the semi- 
circle, and HFGH a square inscribed in the © 
whose center is O. 

To prove that ABCD: EFGH =2:5. 


Proof. Now area of ABCD = BC’, 


and area of EFGH=EF’. § 320 
Draw OC. 
BC? = 0C?— OB". § 338 


.. BO? = 0C?— (4 BC)’. 
-- BO? = 0C*—}4 BC’. 


-. BO’ =+4 00". 
EF=0C v2. Ex. 2, p. 254 
SBP? = 206": 
- BC’: EF? =4 0072 007 =4:2=2:6. 
That is, ABCD: EFGH =2:5. Q.E.D. 


56. The diagonals of any inscribed quadrilateral divide it into two 
pairs of similar triangles. rei 

Given the inscribed quadrilateral ABCD, with the ee 
diagonals AC and BD intersecting at O. \> 

To prove that the A A BO and DCO are similar, and 
that the A BCO and DAO are similar. 

Proof. In the A ABO and DCO, 

Z BAC is measured by 4 arc BC, 


and Z BDC is measured by 4 arc BC. § 214 
$5 ZABNG) = AIBC. 
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Also Z DBA is measured by } arc DA, 
and ZDCA is measured by $ arc DA. § 214 
RZ DBA ZC Ar 
.. A ABO and DCO are similar. § 286 


Similarly, in the A BC9 and DAO, D 
ZCOBD=Z CAD; a ie 
and ZACB=ZADB. : 
.. A BCO and DAO are similar, by § 286. Q.E.D. 
57. To draw a line whose length is V’74 in. 
Given AD =1 in. a is ey 
Required to draw a line =V 74 in. ns BP 
Construction. Draw any line AB, and on AB, | \ 
take AC =2AD and CB = 83 AD. “5 * 7 
On AB as a diameter describe a semicircle. 
At C erect the 1 CH, meeting the © at H.’ 
Then CH =V7} in. Q.E.F. 
Proof. AC OH — Ol O'R. § 297 
As V8 ONel = (Ciel aere Ax.9 
» OH? =2 x 32 = 7. § 261 
«. OH =V7j in., by Ax. 5. Q.E.D. 


58. If two equivalent triangles are on the same base and the same side 
of the base, any line cutting the triangles, and parallel to the base, cuts 
off equal areas from the triangles. 

Given two equivalent A ABC and ABO’ 
on the same base AB and the same side of 
AB, and the line MN || to AB, cutting AC 
and BC in # and F, and AO’ and BC’ in G 


and H respectively. : A B 
To prove that ABFE = ABHG, 
and AEFC=A GHC’. 
Proof. Since the A ABC and EFC are similar, § 285 
AMO OIG! ce ae erway ae § 282 
Similarly 1A OCAG Cl = FAB GH, 
Draw CC’. 
Then since the A ABC and ABC’ are equivalent and have the 
same base, Given 
.. Cand C’ are equally distant from AB. § 325 
-. CO’ is ll to AB. § 128 


-. CC’ is ll to MN. § 96 


TEACHERS’ EDITION 329 


Bs LOPE IO! = AUCH SOKO. § 273 
- AB: EF = AB: GH. Ax. 8 
fom ==) GuETe § 268 
Let d be the distance between the lls 4B and MN. 
Then area of ABFE =}(AB+ EF)d, 
and area of ABHG =1(AB+4+ GH)d. § 829 
-. area of ABFE = area of ABHG. Ax. 8 


-, area of A EFC = area of A GHC’, by Ax. 2. Q.E.D. 


59. To divide a given arc of a circle into two parts such that their 
chords shall be in a given ratio. 


Given the arc AB in the © 
whose center is O, and the ratio 
m:n. 

Required to divide AB into two 
parts such that their chords shall 
be in the ratio m:n. 

Construction. Take any point X in the are A Band draw AX and BY. 

Construct an Z B’/M’A’ = Z BXA. § 238 
Take M7A’ =m, and M’B’= n. 
Draw the L bisectorsof M’A’ and M’B’, intersecting at O’. §§ 229, 228 
Draw A’O’ and B’O’. 
Construct Z MAO=2ZM’A’O’, letting AM meet the © inM. § 233 


Then point M divides the arc AB as required. Q.E.F. 
Proof. Draw MB, AB, A’B’. 
Describe the © with center O’ and radius 0’A’. 
ZB XA VaR EA § 217 
Sig A a= a SEXO Const. 
pee Mea eZ DiMA. Ax. 8 
Now Z BMA is measured by farce BA, 
and Z B’M’A’ is measured by } arc BA’. § 214 


-. arc B’A’ = arc BA in angular measure. 
pe Ae Osha AAO; 


« ZB’ AO + Z0°B’ A’ =ZBAO+ ZOBA. § 107 

Since the A ABO and A’B’O are isosceles, 
5 ZAR AIAG/ eZ oval), Ax. 4 
Now PENNS GL IS ONOY Const. 
8) A WAM EY eV I a oy Ax. 2 
.. the A A’M’B’ and AMB are similar. § 285 

7 AUM’: BOM’ = AM: BM. 

But CAMA eS AMig == 170 2.10. Const. 


« AM: BM=m:n, by Ax. 8. Q.E.D 
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60. The areas between two concentric circles may be found by multiply- 
ing half the sum of the two circumferences by the difference between the radit. 

Given two concentric © with the circumferences ¢ and c’ and the 
radii r and 7”. 

To prove that the area between the © is equal to $(c + c’)(r—1’). 

Proof. The area of the larger © = tre, 


and the area of the smaller © = $r’c’. 
2 
Now Adee, § 390 
Sin ao 
oy est 2 o/2 
$7 TVCper ae § 268 
47'C! yr’ 2 
lie — lve = (r?2 — 7?) zie 
2 2 pe ; 
= Oe ry) (r+ rye 
2 To 
1 ee 
= -(r—r)i—+e 
sr ri(— +e) 
Now Nees: § 382 
Carers 
re’ 
C= Fi 
Ue 
o 're—trC=Ht(r—V)(c4+C’. Ax. 8 
But the area between the © = dre — tre’. 
.. the area between the © =4(c+c’)(r—7). Q.E.D. 


61. Find the length of the belt connecting two wheels of the same size, 
if the radius of each wheel is 18 in., the distance between the centers 6 ft., 
and 4 in. is allowed for sagging. 

The length of the belt will be equal to the sum of two semicircum- 
ferences of a wheel, or one circumference, twice the distance between 
the centers of the wheels, and the allowance for sagging. 

4in. =)4 tt. and 18 ing = 12 ft: 
l=27x1}4+2x 64+ Fit. 
= 9.4248 + 12 + 4 ft. 
eae lenOutite 

62. To construct a regular inscribed heptagon draftsmen sometimes use 
for a side half the side of an inscribed equilateral triangle. Construct such 
a figure with the compasses, and state whether the rule seems exact or only 
approximate. 

The rule is seemingly exact. But calculation shows that the side of 
the heptagon thns found is somewhat too small. 
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Exercise 72. Page 264 


1. Draw a figure showing the number of axes of sym- 

metry possessed by a square. Dee 
A square possesses four axes of symmetry, as shown 

in this figure. VAS 


2. Draw a figure showing the number of axes of sym- 
metry possessed by a regular hexagon. 


A regular hexagon possesses six axes of symmetry, 
as shown in this figure. 


3. Draw a figure showing six of the unlimited number 


of axes of symmetry of a circle, and showing the center 
of symmetry. AS be 
Any diameter in a © is an axis of symmetry, and Gi 
the center O of the © is its center of symmetry. 
4. Show by drawings that two congruent triangles may be placed 


in a position of symmetry with respect to an axis. In one of the 
drawings let a common side be the awis. 


A\\D 


5. Show by a drawing that two congruent triangles may be placed in a 
position of symmetry with respect to a center. 

When the two congruent A ABE and CDE 0 
are so placed that two sides of the one lie in A 
the produced corresponding sides of the other, 
then their common vertex £ is their center 
of symmetry. 


D 
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6. Two figures symmetric with respect to an axis are congruent. 


Given the two A ABC and A’B’C’ 
which are. symmetric with respect to 
the axis MN. 

To prove that A ABC is congruent 
to) LU AZBC™. 

Proof. Draw AA’, BB’, CC’, cutting 
MN in D, E, F respectively. 

Then AA’, BB’, and CC’ are 1 to 
MN and are bisected by it. § 406 

Hence we can turn that part of the 
figure whish lies above MN on MN as 
axis until .4’D falls on DA, B’# on EB, and C’F on FC. 

The points A, B, C will then coincide with the points A’B’C’. 

Hence A ABC is congruent to A A’B’C’, by § 66. Q. E. D. 


7. Two figures symmetric with respect to a center are congruent. 

Given the two quadrilaterals ABCD and DEFG . F 
which are symmetric with respect to point D. 

To prove that ABCD is congruent to DEFG. 


Proof. Draw BDF, 
In the A ABD and DEF, 
AD = DE, 
and BD DE. § 406 
ZADB=ZEDF. $60 4 


-. the A ABD is congruent to ADEF. § 68 
Similarly the A BCD is congruent to A DFG. 
Hence ABCD is congruent to DEFG. Q.E.D, 


8. Make a list of quadrilaterals that are symmetric with respect to an 
axis. 

The following are the quadrilaterals that are symmetric with 
respect to an axis: the square, the rectangle, the rhombus, and 
any quadrilateral having two adjacent sides and the other two 
sides equal. 


9. Make a list of quadrilaterals that are symmetric with respect to a 
center. 


All the kinds of parallelograms are symmetric with respect te a 
center. This is the point of intersection of the diagonals. 
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10. What kinds of regular polygons are symmetric with respect both 
to a center and to an axis? Prove this for the hexagon. 


All regular polygons with an even number B D 
of sides. are symmetric with respect both to a y 
center and to an axis. 
Given the regular hexagon ABCDEF with F Cc 
center O, and the diagonal FC. 
To prove that ABCDEF is symmetric with Q hp 
respect both to FC and to the center O. A B 
Proof. Let P be any point in the perimeter. 


Draw PQ 1 to FC. 
Let PQ cut FC in S. 
In the rt. A FQS and FSP, 


FS = FS, Iden. 

and LOT Si= 5H 
.. the rt. A FQS and FSP are congruent. § 72 
& Ses SO. § 67 


.. FO bisects PQ, any L to FC, and hence bisects every L to FC 
terminated by the perimeter. 
.. FC is an axis of symmetry. § 407 
Draw PR through the center O. 
In the A FOP and OCR, 


ALSOP Say7ZIEOC § 60 

ZOPP=ZO0CR, § 101 

and OF =0C; § 162 
.. the A FOP and OCK are congruent. § 72 

Ola Oly, § 68 


.. O bisects PR, any line, and hence bisects every line drawn 
through O and terminated by the perimeter. 
.. O is the center of symmetry, by § 407. Q.E.D, 


11. A circle is symmetric with respect to its center as a center 
of symmetry, and is also symmetric with respect to any diameter as 
an avis. 


All chords in a © drawn perpendicular to a diameter are bisected 
by it. § 174 
Hence a diameter is an axis of symmetry. 

All diameters of a © are bisected by the center. 
Hence the center of a © is its center of symmetry. 
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12. An isosceles triangle is symmetric with respect to an axis, and 
therefore the angles opposite the equal sides are equal. 

Given the isosceles A ABC with CM L to AB. 

To prove that CM is the axis of symmetry and 


that ZMAC=ZCBM. 
Proof. Through any point NV in CM draw DE 1 toCM. 7 © 
Then DE is \| to AB. Sy PG 983 
In the rt. A DNC and NEC, CD=CE, § 275 
and ONG CNG Iden. 
.. the rt. A DNC and NEC are congruent. § 89 
sy LOIN) NF, § 60 


.. CM bisects DH, any line, and hence bisects every line drawn 
1 to it and terminated by the perimeter. 


.. CM is an axis of symmetry. § 407 
Since the A AMC and MBC are congruent, § 89 
£5 AMUN! (GI a3 lp Q. E. D. 
13. Two tangents drawn to a circle from the same point are symmetric 
with respect to an axis.. mM 
Given the © with center O, the point P A 


outside the ©, PM and PN two tangents 
drawn to the ©, and the line OP. 

To prove that the lines PMand PNare _ B 
symmetric with respect to OP as axis. “ 

Proof. Through R, any point in OP, draw AB 1 to OP, cutting PM 
and PN in A and B respectively. 


In the rt. ARBP and RPA, RP = RP, Iden. 
and ZENON BS = ZAP § 192 
.. the rt. A RBP and RPA are congruent. § 72 

2, JRE TAL § 67 


.. OP bisects AB, any line, and hence bisects every line drawn 
t to it and terminated by the tangents PM and PN. 
.. OP is an axis of symmetry, by § 407. Q.E.D. 


14. The four common tangents to two given circles form, together with 
the circles, a figure symmetric with respect to the line of centers as an axis. 

Given the two © with centers O and 0’, the four common tangents 
MN, QR, AB, and CD, and the line of centers OO’. 

To prove that the figure formed by the tangents is symmetric with 
respect to OO’ as axis. 

Proof. Let AB and CD intersect in P. 

Draw PO and PO’. 
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The lines PA and PC aresymmetric with respect to PO’ as axis. Ex. 13 
The lines PB and PD are symmetric with respect to PO’ as axis. Ex. 13 


Now ZAOROR A Cian 
and ZL DPOt= AAD BB. § 192 
But AACN PAN = AZ IDI PISS, § 60 
& AOPO = ZIDIPO. Ax. 8 


Since CP and PD are one straight line, 
. PO and PO’ are one straight line, and hence coincide with OO’. 
.. OO is the axis of symmetry of the lines AB and CD, 
Since O and O’ are equidistant from the lines MN and QR, 

.. OO*is the bisector of the Z formed by MN and QR produced. § 152 

-. OO is the axis of symmetry of the lines MN and QR. Ex. 13 

.. the figure formed by the four common tangents to the two given 
© is symmetric with respect to OO’, the line of centers, as axis. @.E.D. 


Exercise 73. Page 272 


1. Of all equivalent parallelograms that have equal bases, the rectangle 

has the minimum perimeter. D RP C 
Given the rectangle ABCD, and 

the (7 ABEF on the same base AB 

and with the same altitude. 
To prove that A 2 

AB+ BC4+CD+DA <AB+4BE+4 HF + FA. 

Proof. DA <FA, 

and BC < BE. § 114 

CHO AMIE = JOU. § 125 

- AB+ BC+CD+DA<AB+ BE+EF+ FA, by Ax. 6. Q.£.D. 


2. Of all equivalent rectangles, the square has the minimum perimeter. 
Given the square P equivalent 


E 


an ea 
to any rectangle P’. I 


. P, ! i 
To prove that the perimeter of I 2 | 


P is less than the perimeter of P’. 
Proof. Construct the square Q, having the same perimeter as P’. 


Then OSes § 418 
But Pe Pe Given 
ay (ASS ze Ax. 6 


Since Q > P, and they are both squares, the perimeter of Q must be 
ereater than the perimeter of P. 

But the perimeter of Q is equal to the perimeter of P’, Const. 

.. the perimeter of P is less than the perimeter of P’. Q.E.D, 


336 APPENDIX TO PLANE GEOMETRY 


3. Of all triangles that have the same base and the same altitude, the 
isosceles has the minimum perimeter. 

Given an isosceles A A BC, and the A ABD on the 
same base AB and with the same altitude. 

To prove that AB+ BC+CA<AB+BD+4 DA. 

Proof. Draw CD. 

Then CD is || to AB, being equidistant from it. 


Draw BE 1 to AB, meeting AC produced in E 4 ee 
and CD in F, and draw DE. 
Then BE is 1 to CD. § 97 
Now ZFCE = ZBAC, § 102 
and ZB OTE AO BA. § 100 
But ZBAC=ZCBA. § 74 
$5 ZATHOND) 3 VLU OLOI OF Ax. 8 
In the rt. AHCF and BCF, 
CH= CE. Iden. 
LECH = ZBCF. Proved 
.. the rt. A ECF and BCF are congruent. § 72 
rm BC, 
and. DE = BD. § 83 
But AH<DA+ DE; § 112 
that is, BC 4+CA< DA + BD. Ax. 9 


» AB+ BC+CA <AB+ BD + DA, by Ax. 1. a.z.p. 


4. Of all triangles that can be inscribed in a given circle, the equilateral 
is the maximum and has the maximum perimeter. 

Given the A ABC inscribed in a ©. 

To prove that 

1. AABC is the maximum when equi- 
lateral. 

2. A ABC has the maximum perimeter 
when equilateral. 


Proof. 1. If A ABC is not equilateral, at 
least two sides are unequal. 
Let BC be greater than BA. 
Draw BH 1 to AC. 
Draw MB’, the 1 bisector of AC, meet- 
ing the © at B’, and draw AB’ and CB’, 
Then MB’ passes through the center of the ©. § 177 
-. the tangent through B’ is 1 to MB, § 185 
and therefore is || to AC. § 96 
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B’ lies in this tangent and B lies between the tangent and AC. § 183 
DAMS eb Ee § 327 

-. of all A inscribed in the © having a base equal to AC, the isosceles 
is the maximum. 

If now AB’ and AC are unequal, considering B’C the base of the A, 
the maximum A is isosceles. 

That is, the A ABC is the maximum when all three sides are equal ; 
that is, when equilateral. Q.E.D. 

2. Produce CB’ to F, making B’F = B’A; and produce CB to G, 
making BG = BA. 

Draw AF and AG, and draw CK to GA produced. 


Then FA is 1 to AC. Ex. 7, p. 82 
Zt BALE 

and ZG=ZBAG. § 74 
Se IVA TH eZ IMIS GS 

and DIVO) wi LUI XO § 111 

But ZLABC=ZABC: § 217 

ey EJ AER Ax. 8 

.. the rt. A FAC and GEC are similar. § 287 

Ss CHE ROME! OLE ONE § 282 

That is, CB’+ BA:CB4+ BA=CA:CK. Ax. 9 

But CASS CK: § 114 


CB +BA>CB+ BA. 

.. the perimeter of the A AB’C is greater than the perimeter of the 
A ABC. 

That is, the perimeter of a A inscribed in the © on the base AC is 
the maximum when the A is isosceles. 

If now AB’ and AC are unequal, considering B’C the base of the 
A, the A with the maximum perimeter is isosceles. 

That is, the perimeter of the A ABC is the maximum when the A 


is equilateral. Q.E.D. 


5. To inscribe in a semicircle the maximum rectangle. 


Given the semicircle described upon AB as R E 
diameter. F 
Required to inscribe in the semicircle the Ae \S 


maximum rectangle. OD 


Construction. Draw the radii OH and OF, making A of 45° with AB. 
Draw HD and FC 1 to AB, and draw HF, 
Then CDEF is the (1 required. Q.E.F 
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Proof. ZOFE =ZFEO. § 74 
But ZEOF =90°. Const. 
«. ZOPE = 45°. § 107 
But ZCFO = 48°. § 107 
& LOIN B= OV 


Similarly Z FED = 90°. 
-. CDEF isa rectangle. 4 , 
Draw OH 1 to FE. 
Now the rt. ACOF, FOH, HOE, and ODE are congruent. § 9) 
.. ACOF = ¢ of the rectangle CDEF. 


Draw OK. 
Now ZEON INQ) ss ZL IOXG OSS. 
-. CO=GF. § 72 


-. in the rt. ACOF, OK is the maximum. 
Since the hypotenuse OF is determined, 
.. the rt. A COF is the maximum. § 327 
.. the rectangle CDEF is the maximum, by Ax.3.  Q..D. 


6. Find the area of the maximum triangle inscribed in a semicircle 
whose radius is 3 in. 


Since the A is inscribed in a semicircle, it must beart.A. § 215 
The A will be the maximum when its altitude is the maximum. 
The altitude is the maximum when it is equal to the radius. 
.. the area of the maximum A is equal to one half the product of 
the diameter and the radius. 
-, area of A=4 x 6 x 3 sq. in. 
=/9)sq. in. 


7. Of all polygons of a given number of sides that can be inscribed 
in a@ given circle, that which is regular has the maximum area and the 
maximum perimeter. 


Given the inscribed polygon ABCDE. 

To prove that 

1. ABCDE is the maximum when regular. 

2. The perimeter of ABCDE is the maxi- 
mum when ABODE is regular. 


Proof. 1. If ABCD# is not a regular poly- 
gon, at least two adjacent sides are unequal. 
Let BC be greater than AB. 

Draw AC, and draw BH 1 to AC, 
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Draw MB’, the 1 bisector of AC, meeting the © in B’, and draw 
AB’ and CB’. 


MB’ passes through the center of the ©. § 177 

.. the tangent through B’ is 1 to MB’, § 185 

and therefore is || to AC. § 95 

B’ lies in this tangent, and B lies between the tangent and AC. § 183 
Be LEN Ss Taye 


-. of all A inscribed in the ©, having a base equal to AC, the isos- 
celes is the maximum. 
-. AB’CDE > ABCDE. Ax. 6 
But each A constructed in a similar manner to A ABC is the 
maximum when isosceles. 
-. ABCDE is the maximum when equilateral. 
But an equilateral inscribed polygon is regular. § 365 
-. ABCDE is the maximum when regular. Q.E.D. 
2. Produce CB’ to F, making B’F = B’A, and produce OB to G, 
making BG = BA. 
Draw AF and AG, and draw CK 1 to GA produced. 


Then FA is 1 to AC. Ex. 7, p. 82 
(Zl =A BCA 

and ZAG=Z BAG. § 74 
Sy BLIP = BINA 

and ZZG—=ZABC. § 111 

But ZABC=ZABC. § 217 

5 LIF VACE Ax. 8 

-. the rt. A FAC and GKC are similar. § 287 

Be (ONT SKE! OPA Ws Once § 282 

Thatis, CB+BA:CB+ BA=CA:CK. Ax. 9 

But CAS CK § 114 


.. CB + BA>CB+ BA. 
-, the perimeter of the A ABC is greater than the perimeter of 
the A ABC. 
«. the perimeter of AB’/CDE > the perimeter of ABCDE. Ax. 6 
But each A constructed in a similar manner to ABC has the 
maximum perimeter when isosceles. 
-. ABCDE has the maximum perimeter when equilateral. 
But an inscribed equilateral polygon is regular. § 365 
.. ABCDE has the maximum perimeter when regular. Q.£.D. 


8. Of all polygons of a given number of sides that can be circum- 
scribed about a given circle, that which is regular has the minimum 
area and the minimum perimeter. 
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Given the polygon ABCDEF circumscribed about a © whose 
center is O. 

To prove that PRR 

1. ABCDEF is the minimum when eae 
regular. 


2. ABCDEF has the minimum perimeter 
when regular. B 


Proof. 1. If ABCDEF is not a regular 
polygon, at least two adjacent arcs between 
the points of tangency are unequal. 

Let H, T, K be the points of tangency 
of the sides BA, AF, FE respectively. C 

Suppose arc HT > arc TK. 

Through T’, the mid-point of arc HK, draw the tangent A’F’, 

intersecting the side AB in A’ and the side #F produced in F’. 
Produce HA and KF to meet in S. 
Draw OT’S. 

Suppose the base of the A AF'S variable so that its point of tan- 
gency T moves along the arc KH. In moving from K to T’ the area 
of the A is increasing, and also when moving from H to T’. 

Since T’ lies on OT’S, the axis of symmetry of the tangents SH 
and SK, Ex. 18, p. 264 
+. a limit must be reached when AF is in the position A’F’. 

«. the A A’F’S is the maximum of the A AFS. 
.. A’/BCDEF’ < ABCDEF. Ax. 6 

.. the circumscribed polygon is not the minimum when any two 
adjacent arcs formed by the points of tangency are unequal. 

But if all these arcs are equal, the polygon is regular. § 367 
.. the polygon is the minimum when regular. Q.E.D. 

2. Suppose again the line AF variable. While the point T moves 
from K to T’, the line AF diminishes, and also when 7 moves from 
ECO M LS: 

Since the tangents SH and SK are symmetric with respect to OS 
as axis, Ex. 18, p. 264 
.. a limit must be reached when AF is in the position A’F’. 

.. A’F’ is the minimum of AF. 

That is, as long as the circumscribed polygon is not regular, its 
perimeter is not the minimum. 

.. the perimeter of the circumscribed polygon is the minimum when 
the polygon is regular. Q.E.D. 
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9. In a given line required to find a point such that the sum of its 
distances from two given points on the same side of the line shall be the 
minimum. 


This is the same as Ex. 25, p. 147 (see p. 155 of this book). 


10. To divide a given line into two segments such that the sum of the 
squares on these segments shall be the minimum. 


Since the hypotenuse of a right A, the sum of whose sides is given, 
is the minimum when the A is isosceles, therefore the sum of the 
squares on the sides of such an isosceles A is the minimum. 

Therefore bisect the given line, and the sum of the squares on the 
two parts is the minimum. 


11. To divide a given line into two segments such that their product 
shall be the maximum. 


Since the maximum of isoperimetric polygons of the same number 
of sides is a regular polygon (§ 418), the maximum quadrilateral whose 
perimeter is equal to twice the given line is a regular quadrilateral, 
that is, a square; and each side of the square is equal to half the 
given line. 

Therefore bisect the given line, and the product of the two segments 
is the maximum, 
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BOOK VI 
Exercise 74. Page 283 


1. Why does folding a sheet of paper give a straight edge? 

For the reason, see § 429. 

2. If equal oblique lines are drawn from a ‘given external point to a 
plane, they make equal angles with lines drawn from the points where 
the oblique lines meet the plane to the foot of the perpendicular from the 
given point. 

Given AB the 1, and AC and AD any two equal as 
oblique lines drawn to the plane MN from an ex- \ 

M 


ternal point A; also lines BC and BD. 
To prove that LUNG 18} =A INIDI3%, eo 
§ 480 


Proof. The AC BA and DBA are rt. A. 


In thert. ACBA and DBA, AC=AD, Given a 
and Altay Says Iden. 
. rt. ACBA and DBA are congruent. § 89 

feed CDi =" 2 ABS by S/Ol. Q.E.D. 


3. If from the foot of a perpendicular to a plane a line is drawn at 
right angles to any line in the plane, the line drawn from its intersection 
with the line in the plane to any point of the perpendicular is perpendic- 
ular to the line of the plane. 

Given ABa 1 to the plane MN, BE a | from B to 
any line CDin MN, and HA any line from £ to AB. 

To prove that AE is 1 to CD. 

Proof. On the line CD take ED = EC. 

Draw BC, BD, AC, and AD. 


Then TaXO! = 5410), 
a A is 2 to CDS by Si 16lr Q.E.D. 
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4, If two perpendiculars are drawn from a point to a plane and to a 
line in that plane respectively, the line joining the feet of the perpendicu- 
lars is perpendicular to the given line. 

Given AB 1 to the plane MN, and AH 1 to CD 
inthe plane MN; also the line BL. 


To prove that BE is 1 to CD. 
Proof. On CD take ED = EC. 
Draw AC, AD, BC, and BD. 
Then AC=AD; § 150 
LEC! 16), § 440 
.. BE is 1 to CD, by § 151. Q. E. D. 


5. From two vertices of a triangle perpendiculars are let fall on the 
opposite sides. From the intersection of these perpendiculars a perpen- 
dicular is drawn to the plane of the triangle. Prove that a line drawn 
to any vertex of the triangle, from any point on this perpendicular, is 
perpendicular to the line drawn through that vertex yarallel to the 
opposite side. 


Given the A ABC, lying in the plane MN, 
and the Is AD and CE from the vertices A 
and C to the opposite sides BC and AB respec- 
tively; GO 1 to plane MN at O, the point of 
intersection of AD and CE; also HK drawn 
llto CA through B, and the line GB. 


To prove that GB is 1 to HK. 

Proof. Draw BP to AC. 
Then BP passes through O. Ex. 4, p. 78 
0, LEIP NGS AL ON EEE § 97 

On HK take BK = BH. 
Draw OH, OK, GH, and GK. 

Then OHGTOKe: § 150 
pen Gee GUS, § 439 
-. GB is 1 to HK, by § 151. Q. E. D. 


6. Find the point in a plane to which lines may be drawn from two 
given external points on the same side of the plane so that their sum shall 
be the least possible. 


Given A and B, two points on the same side of the plane MN. 
Required to find a point P in MN, so that PA + PB is the least 
possible. 
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Construction. Let fall 40 L to MN. 
Produce AO to A’, making OA’ = AO. 
Draw BA’, cutting MN in P. 
Then P is the required point in MN. a.x.¥r. 
Proof. Draw PA. 
Take any other point S in MN, and draw 
SA, SB, and SA’. Also draw SO and PO. 


Pass a plane through line AA’ and point P; also Ty N 
pass a plane through line AA’ and point S. u/ 
In the planes APA’ and ASA’, PO and SO “* 
are each 1 to AA’ at its mid-point. § 430 
> JPA SPA cyiel Si Veale § 150 
Now PB+PA’<SB+S8SA’, Post. 3 
“ PB+PA<SB+SA, by Ax. 9. Q.E.D. 


7. If three equal oblique lines are drawn from an external point to a 
plane, the perpendicular from the point to the plane meets the plane at 
the center of the circle circumscribed about the triangle having for its ver- 
tices the feet of the oblique lines. 

Given AEH the 1, and AB, AC, and AD three 
equal oblique lines drawn to the plane MN from 
an external point A; also lines BD, DC, and CB 
inclosing the A BCD. 

To prove that £ is the center of the © circum- 
scribed about A BCD. 


Proof. Draw EB, HC, and ED. 
The 4 AEB, AEC, and AED are rt. 4. § 430 
In the rt. A AEB, AEC, and AED, 
AH=AH=AE, Iden. 
and PABA C= ALD) Given 
Therefore the rt. A AHB, AEC, and AED are congruent. § 89 
ch LONE} el OKC) IID), § 67 


Then a © may be circumscribed about the A BCD with F as 
center and #B as radius. 
Therefore # is the center of the © circumscribed about A BCD, @.£.D. 


8. State and prove the propositions of plane geometry corresponding 
to §§ 444, 445, and 446. Why do not the proofs of those propositions 
apply to these sections ? 

The following propositions of plane geometry correspond to §§ 444, 
445, and 446 respectively : 
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Two lines in the same plane perpendicular to the same line are 
parallel. § 95 

If a line is perpendicular to one of two parallel lines, it is perpen- 
dicular to the other also. § 97 

Two lines in the same plane parallel to a third line are parallel to 
each other. § 96 

The proofs are not directly applicable to these sections, since these 
deal with lines that are not given as lying in the same plane. 


Exercise 75. Page 285 


1. What is the locus of a point in a plane equidistant from two paral- 
lel lines? What is the corresponding locus in space, given two parallel 
planes instead of two parallel lines? Draw the figure, without proof. 

The locus of a point in a plane equidistant from 
two parallel lines is a line parallel to either of them “A 
and midway between them. ae 

The locus of a point in space equidistant from 4 
two parallel planes is a plane parallel to either of : 
them and midway between them. al ae 

Given the |! planes AB and CD. M 

Required to find the locus of a point in space 
equidistant from AB and CD. lee 

Construction. From £, any point in AB, let fall C 


EG 1 to CD. § 487 
Bisect HG in F. § 229 
Through F pass the plane MW || to AB. 
Then MN is the required locus. Q.E.F. 


2. Find the locus in a plane of a point at a given distance from a given 
external point. What is the corresponding case of plane geometry ? 

Given MN any plane, and P any external point ; E 
also PO the 1 to the plane MN from P, and 
line m > PO. 

Required to find the locus of a point in MN at 
the distance m from P. 

Construction. Draw the line PA =m. 

Draw OA. 
From O as a center, with a radius equal to OA, describe a © in MN. 
Then the © in MN whose center is O is the required locus. @..F. 
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Proof. Take any point B other than A in the © whose center is O, 
and any point C within or without this ©. 
Draw PB and PC. 


Then IPB Jerk, 
and IAG <a IP Al. § 439 
Therefore any point, and hence every point, in the © whose center 
is O is the distance PA, or m, from P. § 439 
Hence the © whose center is O is the locus of a point in MN at the 
distance m from P. Q.E.D. 


The corresponding case of plane geometry is: The locus of a point 
in a plane at a given distance from a fixed point is a circle with the 
fixed point as center and the given distance as radius. 


3. If a given line is parallel to a given plane, the intersection of the 
plane with any pane passed through the given line is parallel to that line. 


Given the line AB || to the plane MN, and the 
plane CB passed through A B, intersecting MN 


To prove that CD is || to AB. ae, 
Proof. The lines CD and AB lie in the 


M 
plane OB. 
CD and AB cannot meet, however far they are produced, for AB 
is l to MN.  § 447 


«. CD is || to AB, by § 93. Q.E.D. 


4. If a given line is parallel to a given plane, a line parallel to the 
given line drawn through any point of the plane lies in the plane. 


Given the line AB || to the plane WN, and 
the line CD drawn through any point C of 
the plane MN || to AB. 


To prove that CD lies in MN. 
Proof. Pass a plane through the line AB 


B 


N 


and the point C, and let it intersect the Ee 
plane MN in the line CF. § 426 
Then, since CF and AB lie in the same plane and cannot meet, 
however far produced, CF and AB are |l. § 93 
But CD is || to AB. Given 
.. CF coincides with CD, § 94 


Since CF lies in the plane MN, CD lies in MN. Q. E. D. 
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Exercise 76. Page 286 


1. What is the locus of a point equidistant from two given points A, 
B, and also equidistant from two other given points C, D? 

Given the points A, B, C, and D. 

Required to find the locus of a point equi- 
distant from A and B, and also equidistant 
from C and D. 

Construction. Draw the lines AB and CD. 

Bisect AB and CD, and denote the respec- 
tive points of bisection by G and H. § 229 

Through G and H pass the planes MN and 
PQ 1 to AB and CD respectively. 

Let the planes MN and PQ intersect in HF. § 429 
Then £F is the required locus. Q.E.F. 


Proof. MN is the locus of a point equidistant from A and B. 

Also PQ is the locus of a point equidistant from C and D. § 443 

Then the straight line HF, the line of intersection of the planes MN 
and PQ, is the locus of a point equidistant from A and B, and also 
equidistant from C and D. Q. Ee De 

Discussion. This problem is impossible for the general case where 
ABand CD are || lines. If the plane bisecting AB perpendicularly 
bisects also the line CD perpendicularly, that plane is the locus of a 
point fulfilling the conditions. 


2. What is the locus of a point at the distance d from a given plane P 
and at the distance d’ from a given plane P’ ? 

Given the planes P and P’; also the linesd and d’, 

Required to find the locus of a point at the given 
distance d from the plane P, and at the given dis- 
tance d’ from the plane P’, 


Construction. Produce the planes P and P’, letting 


them intersect in AB. § 429 
Take any point C in AB. 


Through C pass the plane GCD 1 to the line AB, cutting the planes 
P and P’ in the lines CD and CG respectively. 

Through a point in the plane GCD at the distance d from the plane P 
draw the line VO || to CD; through a point in the plane GCD at the 
distance d’ from plane P’ draw the line MO || to CG. 

Let NO and MO intersect in O. 
Construct HO L to the plane @CD at O. 


ri 
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Also construct similarly the three other possible lines correspond- 


ing to ZO. 
Then ZO and the three other lines constructed similarly constitute 
the required locus. Q.E.F. 
Proof. NO is || to CD, 
and MO is || to CG. Const. 
.. NO is || to the plane P, 
and MO is || to the plane P’. § 448 
Then any point on NO is at the distance d from the plane P, and 
any point on MO is at the distance d’ from the plane P’. § 128 
-. O is at the distance d from P, and at the distance d’ from P’. 
Now AC and HO are L to the plane GCD. Const. 
.. LO is || to AC. § 444 
.. EHO is || both to P and to P’, § 448 


Since O, one point on ZO, is at the distance d from P, and at the dis- 
tance d’ from P’, every point on ZO is at the distance d from P, and 
at the distance d’ from P’, 

Similarly, any point on each of the other three lines constructed in 
like manner to HO fulfills the same conditions. 

Therefore HO and the three other lines constructed similarly con- 
stitute the required locus. Q.E.D. 

Discussion. When the planes P and P’ are ||, the given problem is 
possible if the distance between them is d + d’, or d’—d; otherwise 
it is impossible. 

3. What is the locus of a point at the distance d from a given plane P, 
and equidistant from two given points A, B? 

Given the plane P, points A and B, and line d. 

Required to find the locus of a point at the dis- 
tance d from the plane P, and equidistant from 
the points A and B. 

Construction. At any point O in the plane P 
erect the L OG. 

On OG take OG = OH = d. 

Through G and # pass the planes CD and EF 
|| to the plane P. 

Draw the line AB, and bisect AB at K. § 229 

Through K pass the plane MT 1 to AB, intersecting the planes 
CD and EF in the lines ST and MN respectively. § 429 

Then the lines MN and ST constitute the locus of a point fulfilling 
the required conditions. Q. E.F. 
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Proof. The planes CD and HF are each || to the plane P, and at the 
distance d from it. Const. 
Therefore the planes CD and HF constitute the locus of a point at 
the distance d from the plane P. 
The plane MT is 1 to AB at its mid-point K. Const. 
Therefore MT is the locus of a point equidis- 
tant from A and B. § 443 
Then MN and ST, the respective intersections 
of the plane MT with the planes HF and CD, 
constitute the locus of a point at the distance d 
from P,and equidistant from A and B. @.£.D. 
Discussion. This problem is impossible when 
the points A and B have positions such that the 
locus of a point equidistant from A and Bis || to 
the given plane. An exception to this is noted 
when the line AB is L to the plane P, and K, 
the mid-point of AB,is at the given distance d from the plane P. 


4. Find a point at the distance d from a given plane P, at the distance 
d’ from a given plane P’, and equidistant from two given points A, B. 
Can there be more than one such point ? Draw the figure, without proof. 

Given the planes P and P’, the lines d 
and d’, and the points A and B. 

Required to find a point at the dis- 
tances d and d’ from the planes P and 
P’ respectively, and equidistant from A 
and B. 


Construction. Produce the planes Pand 
P’, letting them intersectin HK. § 429 


Take any point O in HK. feta i 
Through C pass the plane GCD 1 to the line HK, cutting the 
planes P and P’ in the lines CD and C@ respectively. § 429 


Through a point in the plane GCD at the distance d from the plane P 
draw the line VO || to CD; through a point in the plane GCD at the 
distance d’ from the plane P’ draw the line MO || to CG. 

Let VO and MO intersect in O. 
Then construct HO 1 to the plane GCD at O. 
Next draw the line AB, and bisect it at F. § 229 
Through F pass the plane WV 1 to AB. 
Produce the plane WY, and the line OF to intersect in E. 
Then £ is a point fulfilling the given conditions. Q.E.F, 
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Discussion. If the constructed plane WV is not || to, or does not 
contain, the line #O or any of the three other possible lines constructed 
similarly, there are three other points that fulfill the given conditions. 

If the plane WV contains HO, or any one-ef the three other possible 
lines constructed similarly, or any two of these four lines, every point 
on that line or those lines fulfills the given conditions; and if the 
plane WY is || to the line HO and to each of the three other possible 
lines constructed similarly, the required point does not exist. 


Exercise 77. Page 292 


1. Find the locus of a line drawn through a given point, parallel to a 
given plane. 


R 
Given the plane MN, and the point P. ee) 
Required to find the locus of a line drawn through f 
P || to the plane MN. i—— 
Construction. Through P draw the line PE 1 to MN. (ae) 


Through P pass the plane RS 1 to PE. N 
Then the plane RS is the required locus. QUE. 
Proof. The planes MW and RS are |. § 452 
Therefore any line, and hence every line, drawn in the plane RS 
through P is || to the plane MN. '§ 447 


Moreover, any line, and hence every line, drawn through P and not 
lying in the plane RS is not || to the plane MN. 

Therefore the plane RS is the locus of all lines drawn through P | 
to the plane MN. Q.E.D. 


2. Find the locus of a point in a given plane that is equidistant from 
two given points not in the plane. 


Given the plane MN, and the points A and B 
not in the plane MN. 

Required to find the locus of a point in the 
given plane MN equidistant from the points A 
and B. C 

Construction. Draw the line AB. 

Bisect the line AB in G. § 229 

Through G pass a plane 1 to AB, cutting the given plane MN 
in HF. 


Then HF is the required locus. Q.E.F. 
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Proof. The plane CD is the locus of a point 
equidistant from A and B. § 443 
Therefore HF, the intersection of the planes 
MN and CD, is the locus of a point in MN equi- 
distant from A and B. Q.E.D. 


Discussion. This problem is impossible when 
the line AB is 1 to the plane MN. 


3. Find the locus of a point equidistant from three given points not in 
a straight line. 10) 


Given the three points A, B, and C not ina 


s c M 
straight line. 
Required to find the locus of a point in space Si 
equidistant from A, B, and C. 


N 
Construction. Pass the plane MN through the 


points A, B, and C. § 427 
Draw the lines AB, AC, and BC. 

Circumscribe about A ABC the © ABC. § 240 

Through O, the center of the © ABC, draw OD 1 to the plane MN. 

Then OD is the required locus. Q.E.F. 

Proof. The line OD is _1 to the plane MN of the A ABC at the cen- 

ter O of the © circumscribed about A ABC. Const. 

Therefore the line OD is the locus of a point equidistant from A, B, 

and C, by § 442. Q.E.D. 


4, Find the locus of a point equidistant from two given parallel planes 
and also equidistant from two given points. 

Given the two || planes DH and FG, and 
the two points A and B. 

Required to find the locus of a point equi- 
distant from the || planes D# and FG, and 
also equidistant from A and B. 

Construction. From any point P in the 
plane FG let fall PQ 1 to the plane DE, 

Bisect PQ in R. § 229 
Through R pass the plane HK || to the plane DE. 
Draw the line AB. 
Bisect AB in C. § 229 

Through C pass the plane ST 1 to line AB, cutting the plane HK 

in ML. 


Then ML is the required locus. Q.E.F. 
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Proof. PQ is 1 to plane FG. § 456 
Therefore the plane HK is the locus of a point equidistant from 
the two || planes FG and DE. § 458 
But the plane ST is the locus of a point equidistant from the points 
A and B. § 448 
Therefore ML, the line of intersection of the planes HK and ST, is 
the locus of a point equidistant from the || planes FG and DE, and 
also equidistant from A and B. Q.E.D. 


5. What is the locus of a point in a plane at a given distance from a 
given line in the plane? What is the locus of a point at a given distance 
Srom a given plane? 


The locus of a point in a plane at a given distance from a given line | 
consists of two lines each || to the given line, the one lying at the 
given distance on one side of the given line, the other at the given 
distance on the opposite side of the given line. 

The locus of a point in space at a given distance from a given plane 
consists of two planes each || to the given plane, the one lying at the 
given distance on one side of the given plane, the other at the given 
distance on the opposite side of the given plane. 


6. The line AB cuts three parallel planes in the points A, BE, B; and 
the line CD cuts these planes in the points C, F, D. If AE =6 in., 
EB=8in., and CD=12in., compute CF and FD. 


Given the three parallel planes MN, PQ, and 
RS cut by the lines AB and CD in the points 
A, EL, B, and C, F, D respectively. AH = 6 in., 
EB = 8 in., and CD = 12 in. 

Required to compute the lengths of CF 
and FD. 


Solution. AE EB — CED. § 462 
- AH+ H#B:EB=CF+ FD: FD. § 267 
- AH + HB: EB=CD: FD. Ax. 11 


- 648:8=12:FD. Ax. 9 
That is, 14:8=12: FD. 
-. 14FD = 96. § 261 
.. FD = 6§. Ax. 4 
But CF =CD—FD. 
.. OF = 12 — 68, or 5}. Ax. 9 


.. the lengths of CF and FD are 5} in. and 6¢ in. Q.E.F. 


304 BOOK VI. SOLID GEOMETRY 


7. The line AB cuts three parallel planes in the points A, E, B; and 
the line OD cuts these planes in the points C, F, D. If AB=8in., CF= 
5 in., and CD=9 in., compute AE and EB, 

Given the three || planes MN, PQ, and RS 
cut by the lines AB and CD in the points A, 
E, B, and C, F, D respectively. AB= 8 in., 
CH= 5 inand CD'= 9in: 

Required to compute the lengths of AH 
and EB. 


Solution. AE: EB= OCF: FD. § 462 
-. AE+ EB: AE=CF+FD:CF. §267 
:. AB: AE = CD: CF. Ax. 11 
v8: AE=9:5. Ax. 9 
 9AE=5x8. § 261 
» AE = 40 = 44. Ax. 4 
But EB=AB— AE. 
». EB=8— 44 =33. Ax. 9 


.. the lengths of AH and EB are 44 in. and 83 in. QE. F. 


8. To draw a perpendicular toa given plane from a given point with- 
oul the plane. 

Given P any point without the plane MN. 

Required to let fall a 1 from the point P to the 
plane MN. 

Construction. Draw any line A Bin the plane MN. 

Through the point P and the line AB pass a 


plane PAB. § 426 
In the plane PA Bdraw the line PC 1 to AB. § 227 
Draw EC in the plane MN 1 to AB. § 228 
Through PC and EC pass the plane PEC. § 425 
Let fall the 1 PE to EC in the plane PEC. § 227 
Then PE is the required line. Q.E.F. 
Proof. Draw H#A to any point A in AB except C. 


Then draw PA. 
In the plane PEC produce PE to D, making ED= PE, and draw CD. 
Pass a plane through PE and PA, and in the plane PEA draw AD. 


The line EC is 1 to PD at its mid-point F. Const. 

CIC (OND). § 150 

Since AC is 1 to EC and PC, Const. 
AC is 1 to the plane PEC, § 431 


+, A@iis to CD. § 430 
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Then in the rt. A ACP and ACD, 


1EXC) = KOHD), Proved 
and AlGn— PACs Iden. 
“. the rt. A ACP and ACD are congruent. § 90 
o 12H = AUD, § 67 

Then in the plane PHA, A is equidistant from P and D. 
.. HA is 1 to PE. § 151 
Also PE is 1 to EC. Const. 
-. PE is 1 to the plane MN, by § 481. Q.E.D. 


9. To erect a perpendicular to a given plane at a given point in the plane. 
Given P any point in the plane MN. 
Required to erect a 1 to the plane MN at P. 
Construction. Draw DE, any line through P in 

the plane MN. 
Through the point P pass the plane FG 1 to 
DE, cutting the plane MN in AB. 


M 


In the plane FG draw CP to the line AB at P. § 228 
Then OP is the required line. Q.E.F. 

Proof. DE is 1 to the plane FG. Const. 
ue DE As to GR. § 430 

Also CRAise ators. Const. 
.. CP is 1 to the plane MN, by § 431. Q.E.D. 


10. Itis proved in plane geometry that if three or more parallels inter- 
cept equal segments on one transversal, they intercept equal segments on 
every transversal. State and prove a corresponding proposition in solid 
geometry. M 

If three or more parallel planes intercept equal seg- 
ments on one line, they intercept equal segments on 
every line passing through them. 


ing the equal segments AB, BC, and CD on the line AD, 
and cutting any other line £H in £, F, G, and H. 


To prove that aE ie at GUE 
Proof. PAIS SEXO! = NIST BINED 
and BC:CD=FfFG: GH. 
But I6\J33 = TEXO/ OND). Given 
Beal, and 2 a1. Ax. 9 
-. HF=FG, and FG = GH. Ax. 3 


». EF = FG = GH, by Ax. 8. Q.E.D. 
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11. It is proved in plane geometry that the line joining the mid-points 
of two sides of a triangle is parallel to the third side. State and prove a 
corresponding proposition in solid geometry, referring to a plane passing 
through the mid-points of two sides of a triangle. 


A 
A plane passing through the mid-points of two jy 
sides of a triangle, and not containing the third 
side, is parallel to the third side. N 
Given the plane MN passing through D and £, (ie 
the mid-points of the sides AB and AC respec- B Cc 
tively of the A ABC, but not containing the third side BC. 


To prove that the plane MN is Il to BC. 


Proof. Now the plane MN contains the line DZ. § 422 
But DE is || to BC. § 186 
.. the plane MN is || to BC, by § 448. Q. E. D. 


Exercise 78. Page 299 


1. A plane perpendicular to the edge of a dihedral angle is perpen- 
dicular to each of its faces. 


Given the plane CH 1 to the edge of the dihe- 


dral 2 N-AB-M at O. = is 
To prove that the plane CE is 1 to the planes 

NA and MB. > N 
Proof. The plane CH is 1 to AB. Given 
That is, AB is 1 to the plane C£. 


.. the planes VA and MB are each | to the plane CH. § 477 
Therefore the plane CH is 1 to the planes NA and MB. Q.E.D. 


2. If one line is perpendicular to another, is any plane passed through 
the first line perpendicular to the second? Prove it. Ci 


If one line is perpendicular to another, only 


one plane can be passed through the first line per- 
pendicular to the second. co 


Given the line AB 1 to the line BC. N 

To prove that only one plane can be passed through AB 1 to BC. 
Proof. Draw BE any other line 1 to BC. 

Through AB and BE pass the plane MN. § 425 

Then CB is 1 to the plane MN. © § 431 

Only one plane can be drawn 1 to BC at B. § 433 


Therefore MN is the only plane that can be passed through AB L 
to BC at B. Q.E.D. 
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3. If three lines are perpendicular to one another at a common point, 
what is the relation to one another of the three planes determined by the 
three pairs of lines? Prove it. 


If three lines are perpendicular to one another at a common point, 
the three planes determined by the three pairs of lines are nerpendic- 
ular each to the other two. 

Given the three lines AB, AC, and AD to 
one another, and the planes BC, DC, and AH 
determined by AB and AC, AD and AC, and 
AB and AD respectively. 

To prove that the planes BO, DC, and AEF are 1 each to the 
other two. 


Proof. ABis 1 to AC and AD. Given 
«. AB is 1 to the plane DC. § 4381 

.. the planes A# and BC are each 1 to the plane DC. § 477 
Again, AD is 1 to ABand AC. Given 
.. AD is L to the plane BC. § 431 

.. the plane ALF is 1 to the plane BC. § 477 
Therefore the planes BC, DC, and AE are 1 each to the other 
two. Q.E.D. 


Exercise 79. Page 305 
1. Describe the position of a segment of a line relative to a given plane 
if the projection of the segment on the plane is equal to its own length. 


Let CD be the projection of AB, a segment of a B 
line, on the plane MN, and let CD = AB. (Are 


Draw AC and BD. 
Then AC and BDare each to the plane MN, § 481 


N 
and hence to the line OD. § 430 


Consequently AC and BD are || lines. § 95 
Pass a plane AD through the || lines AC and BD. § 428 
Then CD and AB will lie in the plane AD. § 422 


The previous discussion shows that the quadrilateral CABD is 
either an isosceles trapezoid or a parallelogram. In either case the 
sum of the 46 ACD and ABD would equal 180°. 

Since He LN OND) 8X0, 

aA BDi= 90°: 
Consequently AB and CD, each being | to the line BD, are ll. § 95 
Therefore AB is || to the plane MN, by § 448. Q.E.F. 
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2. From a point A, 4 in. from a plane MN, an oblique line AC 5 in. 
long is drawn to the plane and made to turn around the perpendicular AB 
dropped from A to the plane. Find the area of the circle described by the 
point C. 


Given AB and AC, a 1 and an oblique line respectively, drawn to 
the plane MN from an external point A, and 
the © in the plane MW having for its center 
B and for its radius BC. AC = 5 in., and 
AB = 4 in. 

Required to find the area of the given ©. 


Solution. AB is 1 to MN. 
ABs alias SIL oy Jar, 
In the rt. A ABC, BC =AC — AB. 
«. BO? = 5? — 42, or 32. Ax. 9 
But the area of the given © = 7 x BO” § 389 
=3?.m7=97, or 28.2744. 
Therefore the area of the © = 28.2744 sq. in. Q. E.F. 


3. From a point A, 8 in. from a plane MN, a perpendicular AB is 
drawn to the plane; with Bas a center and a radius equal to 6 in., a 
circle is described in the plane; at any point C on this circle a tangent 
CD is drawn 24 in. in length. Find the distance from A to D. 


Given AB | to the plane MN from an external point A; a© in 
the plane MN, having B as a center and BC as a ra- 
dius; CD a tangent to the given ©; and the line AD. 
AB=8in., BCO=6in., and CD = 24 in. 

Required to compute the length of AD. 


Solution. Draw AC and BD. 
The line CD is to BC. § 185 
Also the line AB is 1 to BD. § 480 
In the rt. A ABD, AD’ = AB’ + BD’. § 337 
But in the rt. A BOD, BD* = BC? + CD’. § 837 
». AD? = AB" + BG? +4 CD’. Ax. 9 
. AD* = 8 + 62 + 242. Ax. 9 
«. AD’ = 676, or 26%. 
«. AD = 26. Ax. 5 
Hence the length of AD is 26 in. Q. E.F. 


4. Equal lines drawn from a given external point to a given plane are 
equally inclined to the plane. 
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Given A Band AC, equal straight lines drawn to the plane MN from 
the external point A; also BO and CO, the projections of AB and AC 
respectively on the plane MN. 

To prove that RA Oh OO 


Proof. Draw AO. 
Then AO is 1 to the plane MW. § 481 
-. AOis 1 to BOand CO. § 430 
In the rt. A AOB and AOC, 


AS a2 ALO Given 

and VA OL FAO Iden. 
.. the rt. A AOB and AOC are congruent. § 89 

> ZUG) = ZINGO, lone S ile Q.E.D. 


5. If three equal lines are drawn to a plane from an external point, 
the perpendicular from the point to the plane determines the center of the 
circle circumscribed about the triangle determined by the planes of the 
three lines. 

Given the three straight lines AB, AC, and AD, 
not in the same plane, cut by the plane MN, such 
that AB=AC=AD; AE the L tothe plane MN 
from A; and the © BOD circumscribed about the 
A BCDinclosed by the intersections of the plane MN 
with the planes ABC, ACD, and A BD. 

To prove that J is the center of the © BCD. 


Proof. Draw £B, EC, and ED. 
Then AE is | to EB, EC, and ED. § 430 
In the rt. A AEB, AEC, and AED, 
. AUB SANG ss ANID), Given 
and. PAE p= PAU =P ANL- Iden. 
.. the rt. A AEB, AEC, and AED are congruent. § 89 
Bi Co EDs § 67 
Then £B is the radius of the © BCD. 
Therefore £# is the center of the © BCD. Q.E.D. 


6. Three lines not in the same plane meet in a point. How shall a line 
be drawn so as to make equal angles with all three of these lines ? 

Given the three straight lines AB, AC, and AD, not lying in the 
same plane, cut by the plane IZN in the points B, C, and D, such that 
AUB 7A. © — FAD? 

Required to draw a line so as to make equal 4 with all three of 
these lines. 
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Construction. Draw the lines BO, BD, and CD. 

Find the center # of the © circumscribed about the A BCD. § 246 
Then draw AL. 

The line AH makes equal 4 with AB, AC, and 


AD, Q.E.F, 
Proof. In the A BEA, CEA, and DEA, 
A Biel Oi — AD) Given 
#B=EC=ED, § 162 
AE =AE=ALE. Iden. 
«. the A BEA, CHA, and DHA are congruent. § 80 
« ZBAH=ZCAE=ZDAE, by § 67. Q.£.D. 


7. From a point P two perpendiculars PX and PY are drawn to two 
planes MN and AC which intersect in AB. From Y a perpendicular 
YZ is drawn to MN. Prove that the line XZ is 
perpendicular to AB. 

Given PX and PY, +s drawn from the 
point P to the planes MN and AC, inter- 
secting in AB; also YZ, a 1 from Y to the 
plane MN, and the line XZ. 


To prove that AZ is L to AB. 
Proof. The lines PX and YZ are each 1 to the plane MN. Given 
S LEXOTENN WO. IA, § 444 


Through PX and YZ pass a plane intersecting the plane AC in YG. 
The line XZ is the intersection of the planes PG and MN, and 
meets AB in G. 


Since PX is | to MN, and PY to AC, Given 
. the plane PG is 1 both to MN and to AC. ‘§ 477 

-. AB is 1 to the plane PG. § 478 

=. 4B isi to XZ. § 430 

That is, XZ is 1 to AB. Q:E.D. 


8. If the length of the shadow of a tree standing on level ground ex- 
ceeds the height of the tree, the angle made by the sun above the horizon 
must be less than what known angle ? 


The angle in question must be less than 45°, See §§ 107, 1138. 


9. Find the locus of a point at a given distance from a given plane 
and equidistant from two given points not in the plane. 


The proof is the same as for Ex. 3, p. 286 (see p. 349 of this book). 
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Exercise 80. Page 307 


1. Parallel lines have parallel projections on a plane. 


Given HF and GH, the projections of the || lines AB and CD 


respectivel tl 1 MN. 
pectively on the plane Arent 


To prove that HF and GH are ll. jeer aa 


Proof. Pass the planes AF and CH through the /i+—— 


lines ABand HF and CD and GH respectively. §425 | G@—M@ H 


Draw AE and CG. N 
Then AE and C@ are each to the plane MN. § 481 
., AF is |l to CG. § 444 
.. the planes AF and CH are ll. § 461 


Now the plane MN cuts the || planes AF and CH in the lines EF 
and GH respectively. 
Therefore EF and GH are ll, by § 4538. Q.E.D. 


2. If two planes are perpendicular to each other, any line perpen- 
dicular to one of them is how related to the other ? 


If two planes are L to each other, any line L to one of them is II to 
the other, for the 1 to the first plane cannot meet the second plane, 
however far they are produced. 


3. If three lines passing through a given point P are cut by a fourth 
line that does not pass through P, the four lines all lie in the same plane. 

Given the three lines PA, PB, and PC inter- P 
sected by the line D# in the points F, G, and H 
respectively. 

To prove that the lines PA, PB, PC, and DE 
all lie in the same plane. 


Proof. Pass the plane PFG through the lines 4 g 
PA and PB. § 425 B 

Since F and G lie in the plane PFG, the line FG lies in the plane 
PFG. § 422 


That is, the line D# lies in the plane PFG. 

Then the point H lies in the plane PFG. 

Since P and H both lie in the plane PFG, the line PH, or PC, 
lies in the plane PFG. § 422 

Therefore the lines PA, PB, PC, and DE all lie in the plane 
PFG. Q.E.D, 
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4. Seven lines, no three of which lie in the same plane, pass through 
the same point. How many planes are determined by these lines ? 


The number of planes determined by the seven given lines is 
twenty-one. To determine this, we reason as follows: 

Each of the seven lines with the other six lines taken one at a 
time determines six planes. Then 7 x 6, or 42, is twice the number 
of planes determined by the seven given lines. Hence 4 of 42, or 21, 
is the required number of planes. 


5. A cubical tank 10 in. deep contains water to a depth of Tin. A 
foot rule is placed obliquely on the bottom so as just to reach the top edge 
of the tank. Make a sketch of the tank, and compute the length of the 
rule covered by water. 

Given the figure AC representing a cubi- 
cal tank filled with water to the depth of 
AH; also BD representing a foot rule in a 
position oblique to the bottom of AC, the - 
point B being on the top edge. AK =10in., 
AH = 7 in., and BD = 12 in: 

Required to find the length of that part 
of the rule that is in the water. 

Solution. Draw BE 1 to the line AZ. § 227 

Connect D and £ by the line DE. 

Then draw FG joining the points on BE and BD which lie in the plane 

HR, the plane HR being the plane of the surface of the water in the tank. 


The line BE is 1 to the plane AM. § 474 
Since the planes AM and HR are ||, the line BF is 1 to the 
plane HR. § 456 
-. the A BED and BFG are rt. A. § 430 
Moreover, ZEBD=ZFBG. Iden. 
«. the rt. A BED and BFG are similar. § 287 
«. BH? BE = BD: BE. § 282 
« BE — BF: BE = BD— BG: BD. § 268 

But BE — BF =FE, and BD— BG = GD. 
a LID Jo Fp (CFD T531 0), Ax. 9 
Now FE = AH, and BE=AK. § 454 
ey alah AUK Sa(CUDOT 5 By Ax. 9 
ot 18 1) == COS AI, Ax. 9 
2 LOG = 84" § 261 
. GD= 8.4. Ax. 4 


.. the length of GD is 8.4 in. Q. ELF. 
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Exercise 81. Page 314 


1. Find the locus of a point in a space of three dimensions equidistant 
from two given intersecting lines. 


Given the lines AB and CD intersecting at O. 


Required to find the locus of a point in space equidistant from AB 
and OD. 


Construction. Pass through 
AB and CD the plane MN de- 
termined by these lines. § 425 

In the plane MN draw 
EF and GH, the bisectors of 
the 4 DOA and AOC respec- 
tively. § 231 

Through HF and GH pass 
the planes RF and PQ respec- 
tively L to the plane WN, inter- 
secting each otherin PO. § 429 

Then the planes PQ and RF 
constitute the locus of a point 
in space equidistant from the Ries 1 
givenlines ABand CD. q.4.F. 


Proof. Take any point X in the plane PQ, and draw XT 1 
to GH. § 227 
Draw TK and TL 1 to AB and CD respectively. § 227 
Then draw XK and XL. 
Furthermore, on LC take LY = OL, and draw the lines OX, YX, 
EWING! SAVE 


The line YT is 1 to the plane MN. § 474 
Since TL is 1 to OY at its mid-point L, Const. 
by, IO) == NE § 150 
5 ORE 3 NOG § 439 
-. XL is 1 to the line CD. § 151 
Similarly, it may be shown that XK is L to AB. 
Now DONG sy TD § 152 
Ro BOK = KG, § 439 


Next take any point Z (Fig. 2) in space without the plane PQ such 
that the foot of the 1 ZZ’ to the plane MW falls within the Z AOC. 
Draw Z’K’ and Z’L’ | to AB and CD respectively. § 227 
Also draw ZK’ and ZL’. 
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Then MNO BANE § 152 

Since ZZ’ is L to the plane MN, 
reasoning as above, it may be 
shown that ZK’ and ZL’ are L to 
AB and CD respectively. 

Then Vf Ge a A Vp § 489 

Likewise it may be shown that 
any point in the plane RF is 
equally distant from the lines AB 
and OD, and any point without 
RF is unequally distant from the 
lines AB and CD. 

Therefore the planes PQ and RF 
constitute the locus of a point in 


Fie. 2 


space equidistant from the intersecting lines AB and CD. Q.E.D. 


2. Find a point at equal distances from four points not all in the same 
plane. 


\H 
Given the points A, B, C, and D, not all in the | 
same plane. \D 
Required to find a point equidistant from A, 
B, C, and D. : ae 
Construction. Draw AB, AC, BC, and AD. Pees. 
Find O, the point in the A ABO equidistant B 
from A, B, and C. § 240 
At O erect HO to the plane of A ABC. 
Bisect the line AD at F. § 229 
Through F pass the plane MN _ to the line AD, cutting HO in £. 
Then Z£ is the required point. Q.E.F. 


Proof. HO is the locus of a point equidistant from A, B, and C. § 442 
Also the plane MW is the locus of a point equidistant from A 


and D. § 443 
Therefore #, the point of intersection of the line HO with the 
plane MN, is equidistant from A, B, C, and D. Q.E.D. 


3. Two dihedral angles which have their edges parallel and their faces 
perpendicular are equal or supplementary. 

Given the planes PA and HF intersecting in AB, and the planes 
GC and HC intersecting in CD, PA being 1 to GC and EF 1 to HC, 
and AB being Il to CD. 

To prove that the dihedral 4 formed by the given intersecting 
planes are either equal or supplementary. 
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Proof. Pass the plane MN through B L to AB, cutting CD in D 
and intersecting the planes PA, HF, GO, and HC in the lines PB, 
EB, GD, and HD respectively. § 429 

Now since ABis 1 to MN, Hyp. 

=, ODis to MN. § 445 

-. AB is 1 to PB and FB, and CD is 1 
to GD and HD. § 430 

That is, PB and EBare each L to AB, 
and GD and HD are each 1 to CD. 

-. the 4 included by the lines PB and #B, and the lines GD and 
HD, are the plane A of the given dihedral 4. § 468 

Produce the plane PA to meet the plane GC in LK. § 429 

Now since AB and CD are each 1 to MN, the planes PA and GC 


are each 1 to MN. § 477 
Then LE is 1 to MN. § 478 
Sree eS) ela GO) 221, § 430 
-. PK is 1 to the plane GC. § 474 
eee Kes e LONG). 
That is, PB is 1 to GD. § 430 
Similarly, it may be shown that 
EB is 1 to HD, 


Now it is proved in plane geometry that if any two 4 have their sides 
respectively L, they are either equal or supplementary. Ex.17, p. 79 

Therefore the A included by the lines PB and HB, and the lines 
GD and HD, are either equal or supplementary. 

Therefore the dihedral 4 formed by the given intersecting planes 
are either equal or supplementary, by § 471. Q.E.D. 


4. The projections on a plane of equal and parallel line-segments are 
equal and parallel. A 

Given HF and GH, the projections of the Ve 
equal and || lines AB and CD respectively on 
the plane MN. My; 

To prove that EF and GH are equal and |l. 


Proof. Pass planes through AB and EF, and 


CD and GH, and draw AEF, BF, CG, and DH. N 
Also draw AO, EG, BD, and FH. 
Then AE and CG are each L to MN. § 481 
-. AF and CG are ll. § 444 


But AB and CD are |l. Given 
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.. the planes AF and CH are |l. § 461 
-. HF and GH are |i. § 453 
Now £G and FH are the projections of AC and BD respectively on 
the plane WN. § 482 sf 
Since 4B and CD are equal and Il, Given Phe 


.-. AC and BD are ll. 130 Om a 
ee 


Since CG and DH are each | to MN, § 481 


.. C@ and DH are |l. § 444 a 
.. the planes AG and BH are ||. § 461 
«. HG and FH are |l. § 453 Ny 
.. the figure HGHFisafl/. §118 
&, JV ES CI ale § 125 
-. HF and GH are equal and |l. Q.E.D. 


5. Two trihedral angles are equal when two dihedral angles and the 
included face angle of the one are equal respectively to two dihedral angles 
and the included face angle of the other, and are similarly placed. 


Given, in the trihedral 4 A and A’, dihedral 4 AB and AD equal 
to dihedral A A’B’ and A’D’ respec- 
tively, and the face Z BAD equal to 
the face Z B’A’D’; also the equal parts 
similarly placed. 

To prove that the trihedral 4 A and 
A’ are equal. 


Proof. Superpose the trihedral 7 A’ on Oo 
the trihedral 7A so that Z B’A’D’ coincides with its equal, Z BAD. 

Then, since the dihedral 4 A’B’ and A’D’ equal the dihedral 4A AB 
and AD respectively, the plane B’A’C’ will fall on the plane BAC, 
and the plane D’A’C’ will fall on the plane DAC, 


Then A’C’ will fall along AC. § 429 
Therefore the trihedral 4 A and A’ coincide throughout and are 
equal, by § 493. Q.E.D. 


6. Two trihedrai angles are equal when two face angles and the in- 
cluded dihedral angle of the one are equal respectively to two face angles 
and the included dihedral angle of the other, and are similarly placed. 

Given, in the trihedral 4 A and A’, dihedral Z AB equal to di- 
hedral 2 A’B’, and the face 4 BAC and BAD equal respectively to 
the face 4 B’A’C’ and B’A’D’; also the equal parts similarly placed. 

To prove that the trihedral 4 A and A’ are equal. 
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Proof. Superpose the trihedral ZA’ on the trihedral 7A so that 
dihedral 2 .A’B’ coincides with its equal, dihedral Z AB. 

Then, since the face 4 B’A’C’ and A A 
B’A’D’ equal the face A BAC and BAD 
respectively, line A’C’ will fall along 


the line AC, and line A’D’ along AD. a z 

Hence the face 4 C’A’D’ will coincide D D’ 
with the face Z CAD. § 425 

Therefore the trihedral 4A and A’ Cc Cc’ 
coincide throughout and are equal, by § 493. Q.E.D. 


7. If the face angle AV B of the trihedral angle V-A BC is bisected by 
the line VD, the angle CVD is less than, equal to, or greater than half 
the sum of the angles AVC and BV C, according as Z CV D is less than, 
equal to, or greater than 90°. 


Case 1. Given VD bisecting the face ZAVB 
of the trihedral 2 V-ABC, the ZCVD being 
less than 90°. 

To prove that ZCVD<3(ZAVC+ZBV0O). 


Proof. Through H, any point in VD, pass a 
plane | to VD, cutting the edges VA, VB, and z 
VC in the points A, B, and C respectively. 


Then V#Z is 1 to the plane ABC. 
Py WAEENS, SO igo Za § 430 
In the rt. A VHA and VHB, 
Wikles \yasl Iden. 
and LAV = ZH VB. Given 
+. the rt. AVHA and VHB are congruent. § 72 
AA — eb and AE = Bir, $67 


Produce CH to E, making HE = CH, 
Draw VE, AE, and BE. 


Then ACBE isa LZ). § 131 
-- AE = CB. § 125 

In the AV AE and VBC, 
AK = CB, Proved 
EAR — nV 213. § 83 
and Vil Vic § 83 
+, the AV AE and VBC are congruent. § 80 


- ZAVE = ZBVC. § 67 
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Now MAS IVIE) ms ZAG & § 83 
ZG Vilii=22 "4 © Vos 
=A IALON IOS 
In the trihedral Z V-AEC, 
LOVE <ZAVC+ZAVE. § 494 
That is, 
ZLCVIDGL AVC = 2 4BVMC. AX. 9 
« ZOVD<4(ZAVC+4+ ZBVO), by Ax. 6. Q.E.D. 


Case 2. Given VD bisecting the face ZAVB of the trihedral 
ZV-ABC, the ZDVC being equal to 90°. 


To prove that ZDVC=3(ZAVC+ ZBVO0). 

Proof. In the trihedral 4 V-DBC and V-DAM, 
the face Z DVC = the face 2 MVD, § 56 
the face Z DV B = the face 7 AV D, Given 


and the dihedral Z B-V D-C = the dihedral 2 A-VD-M. _§ 470 
Moreover the equal parts occur in the 
same order. 
.. the trihedral 4 V-DBC and V- 
DAM are equal. § 493 
VO =A 1S 67 
But ZAVM is supplementary to 
ZAVC. § 43 
. ZAVC is supplementary to 
ZBVC. § 58 
That is, ZAVC + ZBVC =180°. 
-. ZDVC=3(ZAVC+ ZBVO), by Ax. 8. Q.E.D. 
Case 8. Given VD bisecting the face ZAVB of the trihedral 
ZV-ABC, the ZDVC being greater than 90°, 
To prove that ZDVC>4(ZAVC+ ZBVO). 


Proof. Produce CV to M. Ms 
Then ZMVD + ZDVC = 180°. § 48,1 SS 
But ZDVC > 90°. Given 
Be ZEN WID ZOU, HOS UI 
In the trihedral Z V-ABM, 
ZMVD<i(ZAVM+ZBVM). Casel 
Now ZAVC is supplementary to 
ZAVM, 
and Z BV C is supplementary to Z BVM, § 48 
-. ZAVM = 180°— Z AVC, 
and ZBVM =180°— ZBYVC. Ax. 2 
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» ZMVD <}(180°— ZAVC + 180°— Z BVOC) Ax. 9 
< $ (860°— [Z AVC + ZBVC)) 
<180°—}4(ZAVC+4+ZBV0C). 

Since ZMVD + ZDVC =180°, 


». ZMVD = 180° — ZCVD. Ax. 2 
. 180° — ZDVC < 180°— 3(Z AVC + ZBVC). Ax. 9 
MVC << Se(AAVCteZ RY C). Ax. 6 

2 ZDVOS4(GAVGi4. ZBVO). Q.E.D. 


8. If two face angles of a trihedral angle are equal, the dihedral angles 
ypposite them are equal. 

Given the equal face 4 AOBand BOC of the tri- 
hedral Z O-ABC. 

To prove that the dihedral Z OA equals the dihe- 
dral Z OC. 


Proof. Draw OD, the bisector of the face Z AOC. 
Through OD and OB pass a plane. § 425 

Then in the two trihedral 4 O-A BD and O-BCD, 
the face Z AOB = the face Z BOC, 

the face Z AOD = the face Z DOC, 

and the face Z BOD = the face Z BOD. 
.. the dihedral 7 OA equals the dihedral Z OO, by § 499. @.u.p. 


9. A trihedral angle having two of its face angles equal is superposable 
on its symmetric trihedral angle. 

Given the equal face 4 BAC and CAD of 
the trihedral ZA, which is symmetric to the 
trihedral 2A’. 

To prove that the trihedral 7 A is super- 
posable on the tribedral 2A’. 

Proof. Draw AL, the bisector of the face Z BAD. § 231 

; Pass a plane through AC and AL. § 425 

Then the trihedral 4 A~-BEC and A-DEC have the face A of the 
one equal respectively to the face A of the other. 

Therefore the dihedral 7 AB equals the dihedral 7 AD. § 499 

Similarly, the dihedral 7 A’B’ equals the dihedral 2 A’D’, 

But the dihedral 7A B equals the dihedral ZA’B’, and the dihedral 


Z AD equals the dihedral 7 A’D’. § 496 
Therefore the dihedral 7 AB equals the dihedral ZA’D’, and the 
dihedral 7.AD equals the dihedral 7 A’B’. Ax. 8 


Superpose the trihedral ZA on the trihedral 2A’ so that the di. 
hedral 7 AB coincides with the dihedral 2 .A’D’. 
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Since the face 4 BAD and B’A’D’ are corresponding face A of sym- 
metric trihedral 4, they are equal. § 496 
Therefore the face Z BAD will coincide 
with the face Z B’A’D’, AD falling on A’B’. 
Since the dihedral 7 AD equals the dihe- 
dral Z A’B’, Proved 
the plane of the face 7CAD will fall on B™ 
the plane of the face 2 C’A’B’. 


Then AC will fall on A’C’. § 425 
Therefore the trihedral ZA is superposable on its symmetric tri- 
hedral 2 A’. Q.E.D. 


10. Find the locus of a point equidistant from the three edges of a 
trihedral angle. 

Given the trihedral 7 O-ABC. 

Required to find the locus of a point equi- 
distant from the edges OA, OB, and OC. 

Construction. Draw OD and OZ, the bisectors 
of the face 4 AOB and BOC respectively. § 231 

Through OD and OE pass planes 1 to the 
planes of the face 4 AOB and BOC respectively. 


Let these planes intersect in OF. § 429 

Then OF is the required locus. Q.E.F. 

Proof. The plane through OD 1 to the plane of the face Z AOB is 
the locus of a point equidistant from OA and OB. Ex. 1, p. 314 
Also the plane through OF 1 to the plane of the face 7 BOC is 
the locus of a point equidistant from OB and OC. Ex. 1, p. 314 
Therefore OF, the intersection of these two planes, is the locus of 

a point equidistant from OA, OB, and OC. Q.E.D. 


11. Find the locus of a point equidistant from the three faces of a 
trihedral angle. 

Given the trihedral 2 O-A BC. 

Required to find the locus of a point equi- 
distant from the three faces AOB, AOC, 
and BOC. 

Construction. Draw the planes bisecting 
the dihedral 4 OA and OB. 

Let these planes intersect in OH. § 429 

Then OF is the required locus. Q.E.F. 

Proof. The plane bisecting the dihedral 7 OA is the locus of a point 
equidistant from the faces AOB and AOC. § 479 
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Also the plane bisecting the dihedral Z OB is the locus of a point 


equidistant from the faces AOB and BOC. § 479 
Therefore OH, the intersection of these two planes, is the locus of 
a point equidistant from the faces AOB, AOC, and BOC. Q.E.D. 


12. The planes that bisect the dihedral angles of a trihedral angle meet 
in a straight line. 

Given the trihedral Z O-A BC. 

To prove that the planes which bisect the di- 
hedral 4 OA, OB, and OC intersect in the same 
straight line. 

Proof. Let the planes OAE and OBE, bisecting 
the dihedral A OA and OB respectively, inter- By 
sect in OL. § 429 

The plane OAZ is the locus of a point equidistant from the faces 
OAC and OAB, and the plane OBE is the locus of a point equi- 
distant from the faces OA B and OBC. § 479 

Therefore OF is equidistant from the faces OAC and OBC. 

But the plane bisecting the dihedral Z OC is the locus of a point 
equidistant from the planes OAC and OBC. § 479 

Therefore the plane bisecting the dihedral 7 OC contains OF; that 
is, the plane bisecting the dihedral Z OC passes through OF. 

Hence the planes bisecting the dihedral 4 OA, OB, and OC intersect 
in the same straight line OL. Q.E.D. 


Exercise 82. Page 315 


1. From a point P, 4 in. from a plane, a line PX is drawn meeting 
the plane at X. If PX is 5 in., what is the length of the locus of X in 
the plane ? P 

Given PA the 1, and PX an oblique line 
drawn to the plane MN from an external 


point P, so that PA = 4in., and PX = 5 in.; GS 


also the locus of X, which is a © in MN with 


A asa center and AX as a radius. N 
Required to find the length of the © which is the locus of X. 
Solution. PA isi toAX. Given 
Inthert. APAX, <AX’?=PX?— PA’. § 338 

» AX? = 5 — 42 or 82. Ax. 9 
8, BU = 3} Ax. 5 
But 27AX is the length of the © constructed. § 385 


-. 67in., or 18.8496 in., is the length of the locus of X. Q.E.F. 
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2. From a point P, 5 in. from a plane, a line PX is drawn meeting 
the plane at X. If PX is 12 in., what area is inclosed in the plane by 
the locus of X ? Answer to two decimal places. P 

Given PA the 1, and PX an oblique line Mu 
drawn to the plane MN from an external 


—\ 
point P, so that PA = 5 in., and PX = 12 in.; GS 


also the locus of X, which is a © in MN with 


A asacenter and AX asa radius. N 
Required to find the area of the © which is the locus of X. 
Solution. PA is | to AX. § 430 
Inther- APAY, Ax°= PY? — Ppa* § 338 

s. AX? = 12% — 5%, or 119. Ax. 9 

But AX’ is the area of the given ©. § 389 
.. 119 7 is the area of the © which is the locus of X. 

.. 873.85 sq. in. is the required area. Q.E.F. 


3. The base AB of the isosceles triangle ABC, in the plane MN, is 
6 in., and the perimeter of the triangle is 20 in. If the triangle revolves 
about its base as an axis, what is the greatest distance from the plane 
that is reached by C? Answer to three decimal places. 


Given in the plane MN the isosceles A _A BO, with its base AB=6in., 
and its perimeter = 20 in.; also the locus of 
C when the A ABC revolves in space about 
AB as an axis. 

Required to find the greatest distance from 
MN reached by C. 


Solution. Draw CE 1 to AB. 
The greatest distance from MN reached by C, when the A ABC 
revolves in space about AB as an axis, is the length of CE. 
Now CE bisects AB. § 85 
In the rt. A AEC, 
AE =4AB=83, and AC = $ of (20 — 6), or 7. 


Since CE =A0 AP’, § 338 
. CE” = 7 — 8°, or 40. Ax. 9 

-. CE =2V10, or 6.324. Ax. 5 

Therefore the length of CEH is 6.324 in. Q.E.F. 


4. Two points A and B are 4 in. apart. A point P moves so as to be 
constantly 5 in. from each of these points. Find the length of the locus 
of P. Answer to three decimal places. 
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Given the points A and B, 4 in. apart, and P a point moving in 
space so that PA and PB each equal 5 in.; also the © with the 
radius PE (a line from P 1 to AB), which is . E 


the locus generated by the moving point P. B 
Required to find the length of the © which 
is the locus of P. 
Solution. PE bisects AB. § 85 
Then in the rt. A PEA, 
AH=i{AB=2in., and PA=6bin. P 
Since PE* = PA*— AE’, § 338 
PE’ = 5? — 2?, or 21. Ax. 9 
« PE=V21. Ax. § 


But 27 x PE is the length of the © which is the locus of P. § 385 

+. 29 V21, or 28.793, is the length of the locus, by Ax. 9. 

That is, 28.793 in. is the length of the locus of P. Q.E.F. 

5. Two parallel planes MN and PQ are cut by a third plane RS so 
as to make one of the dihedral angles 27° 15’ 30’. Find the other dihe- 
dral angles. 

Given the ll planes MN and PQ cut by the plane RS in the lines AB 


and CD so that the dihedral Z R-BA-N is R 
Zie loe30e M B 
Required to find the values of the other 
dihedral A. 
Solution. The Z M-AB-R is a supplement B D (A a 
of the ZR-BA-N. § 470, 1 
«. ZM-AB-R = 180° — 27° 15’ 30”, or 
152° 44’ 30”. Q 
Then since 4 M-BA-D and N-BA-D are S 


vertical 4 of R-BA-N and M-AB-R respectively, the 4 M-BA-D and 
N-BA-D are equal to R-BA-N and M-AB-R respectively. § 470, 3 
«. ZM-BA-D = 27°15’ 30”. 
and ZN-BA-D = 152° 44’ 30”. Ax. 9 
Now ZA-DO-Q = ZR-BA-N, 
ZS-CD-Q = Z N-BA-D, 
ZP-CD-A = Z M-AB-R, 
and Z8-CD-P = ZM-BA-D., § 470, 4 
. ZA-DC-Q = 27° 15°30”, 
ZS-CD-Q = 152° 44’ 30”, 
ZP-CD-A = 152° 44’ 30”, 
and ZS-CD-P = 27°15’ 30”, by Ax. 9. Q.E.F 


374 BOOK VI. SOLID GEOMETRY 


6. Two lines are cut by three parallel planes. The segments cut from 
one line are 8 in. and 5} in., and those cut from the other line are 73 in. 
and x. Find the value of x. 


Given the || planes MN, PQ, and RS cutting the 
lines AB and DE into the segments AC and BC, and 
DF and EF, respectively, so that AC =38in., BC = 
54 in., DF = 73 in., and HF =~7z. 

Required to find the value of x. 


Solution. AC:BC=DF:EF. § 462 
B. Gels hur eee, Ax. 9 S 
o. 8a = 241, § 261 
v. @ = 5A2, or 14,5. Ax. 4 
.. the length of z is 14,5, in. Q.E.F. 


7. Two given planes are at right angles to each other. A point X is 
8 in. from each plane. How far is X from the edge of the right dihedral 
angle? i A 


Given the planes MN and AB, intersecting at yy ES 
right 4 in the line CB; also X, a point located ~— \C—yEB\ 
between the planes such that XF and X#, the N 
respective distances of X from MN and AB, each equal 8 in., and the 
line XH, the distance at which X is from the edge CB of the rt. dihe- 
dral Z N-CB-A. 

Required to find the length of XH. 


Solution. Through X# and XF pass a plane intersecting the planes 
MN and AB in FH and EFA respectively. 


AF is | to plane MN. Given 

-. plane HHFX is 1 to plane MN. § 477 

.. HH is 1 to plane MN. § 478 

.. EE is |l to XF. § 444 

Also AE is 1 to plane AB. Given 
-. plane HHFX is 1 to plane AB. § 477 

.. FH is 1 to plane AB. § 478 

.. FH is || to XE. § 444 

HEX isa fp, § 118 

But FH and FH are each 1 to CB. § 430 


.. the Z FHE is the plane Z of the rt. dihedral ZN-CB-A. § 468 
.. the 2 FHE is a rt. Z. 
Since AF and XE are equal, Given 
.. HHFX is a square. 
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Now CH is 1 to the plane HHFX, § 431 
.. XH lies in the plane HHF YX. § 482 

Hence XH” = 8? + 8%, or 2-82, § 337 
. XH = 8 V2, or 11.3186. Ax. 5 

.. the length of XH is 11.3186 in. Qo Bek. 


8. What is the length of the projection on a plane of a line whose 
length is 10 V2, the inclination of the line to the plane being 45° ? 


Given CD the projection of line AB, inclined A 


at an Z of 45° to plane MN, on plane MN; also a 
AB=10V2. a B 


Required to find the length of OD. M s 

Solution. Draw AC and BD. 

Then AC and BD are each 1 to MN. § 481 : 
-. AC and BD are ll. § 444 

Pass a plane through AC and BD, This plane will intersect MN in 


line CD, and will contain line AB. 
In the plane AD draw DE || to BA, meeting AC in EL. 


Then ED= AB. § 127 
ZBDE = 45°. ~ § 104 
». ZEDC = 45°. 
». ZOCED = 48°. § 107 
-. A CED is a tt. isosceles A. § 76 
Now CD’ + CE? = ED’. § 337 
». 20D? = AB’. Ax. 9 
«. 20D? = (10 V2)”, or 200. Ax. 9 
». OD? = 100. Ax. 4 
& CID a 10) Voy 20655) Q.E.F. 


9. From the external point P a perpendicular PP’, 9 in. long, is 
drawn to a plane MN. From P the line PQ is drawn to the plane, 
making the angle P’PQ equal to 30°. Find the length of the projection of 
PQ onthe plane MN. le 

Given the line PP’, 9 in. long, drawn L to the 
plane MN from an external point P, the line PQ 
meeting the plane MN in Q such that Z P’PQ = 
80°, and the line P’Q the projection of PQ on 
the plane MN. 

Required to find the length of P’Q. 

Solution. Since PP’ is 1 to the plane MN, Given 

$5 IAP NES ILO IE ay, § 470 
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In the rt. A PP’Q, 


ZIPP. OF == 30", Given 
Bes LIX EC (HV § 107 
« P-Q=4PQ. Ex. 2, p. 80 Ke, 
» 2P’Q= PQ. Ax. 2 
But in the rt. A PP’Q, 
P’Q’ = PQ’ — PP”. § 338 


2 PO = APO) PPO, OMe). Ie 
eb Sk way 
-. 8P’Q’ = PP”. Axs. 1,2 
» PQ’ =4PP”. Ax.4 
o PQ? =k x 9%, or 27. Ax.9 


» P°'Q= V27, or 8V3. Ax. 5 
. the length of P’Q is 3 V3 in. Q.E.F. 
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Exercise 84. Page 321 


1. Find the lateral area of the right prism whose altitude is 18 in. 


and perimeter of base 29 in. 
Solution. =laps § 513 
SF, (hs 1s} Se OXY) Ax. 9 
= 622. 


Therefore the lateral area is 522 sq. in. Q.E.F. 


2. Find the lateral area of the right prism whose altitude is 22 in. 


and perimeter of base 37 in. 
Solution. =p § 513 
By UP) oS e8 yf PASSO) 
= 814. 


Therefore the lateral area is 814 sq. in. Q.E.F. 


3. Find the lateral area of the right prism whose altitude is 4.25 in. 


and perimeter of base 6.75 in. 
Solution. t= ap; § 513 
». b= 4.25 x 6.75 Ax. 9 
= 28.6875. 


Therefore the lateral area is 28.6875 sq. in. Q.E.F. 


4. Find the lateral area of the right prism whose altitude is 1 ft. 7 in. 
and perimeter of base 2 ft. 9 in. 


Solution. Iitadeiuy— Obinreande2/ft..9 in 3d im 
Now i= OHO § 513 
a Loess Ax. 9 
= If. 
Q. ELF. 


Therefore the lateral area is 627 sq. in. 
5. Find the lateral area of the right prism whose altitude is 3 ft. 8 in. 


and perimeter of base 5 ft. 7 in. 


Solution. 3 ft. 8 in. = 44 in., and 5 ft. 7 in. = 67 in. 
Now GeO: § 513 
v. b= 44 x 67 Ax.9 
= 2948, 


Therefore the lateral area is 2948 sq. in. Q.E.F 
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6. Find the lateral area of the right prism whose altitude is 12 ft. 
2 in. and perimeter of base 27 ft. 9 in. 


Solution. 12 ft. 2 in. = 146 in., and 27 ft. 9 in. = 333 in. 


Now ape § 518 
-. 1= 146 x 333 Ax. 9 

= 48,618. 
Therefore the lateral area is 48,618 sq. in. Q.E.F. 


7. Find the lateral area of the prism whose lateral edge is 17 in. and 
perimeter of a right section 27 in. 


Solution. ep: § 512 
co GESTS SY Ax. 9 

= 459. 
Therefore the lateral area is 459 sq. in. Q.E.F. 


8. Find the lateral area of the prism whose lateral edge is 23 in. and 
perimeter of a right section 35 in. 


Solution. ep ae § 512 
l= 23 x 35 Boxe 

= 805. 
Therefore the lateral area is 805 sq. in. Q.E.F. 


9. Find the lateral area of the prism whose lateral edge is 2% in. and 
perimeter of a right section 4% in. 


Solution. 2¢ in, = 42 in., and 47 in. = 8% in, 
Now eps § 512 
» J=U x 3g Ax. 9 
= 43, or 1344. 
Therefore the lateral area is 184$ sq. in. Q. E.F. 


10. Find the lateral area of the prism whose lateral edge is 1 ft. 8 in. 
and perimeter of a right section 2 ft. 3 in. 


Solution. 1 ft. 3 inj =Tsiiny,-and 2 ft) 3 ino = 27, in, 


Now l= ep. § 512 
Po, ie Wag Pr Ax. 9 

= 405. 
Therefore the lateral area is 405 sq. in. Q.E.F, 


11. Find the lateral area of the prism whose lateral edge is 2 ft. 7 in. 
and perimeter of a right section 3 jt. 9 in. 


Solution. 2ft. 7 in. = 81 in., and 3 ft. 9 in. = 45 in, 
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Now e=Tene § 512 
= Ole) Ax. 9 

= 1395. 
Therefore the lateral area is 1395 sq. in. Q.E.F. 


12. Find the lateral area of the prism whose lateral edge is 6 ft. 1} in. 
and perimeter of a right section 8 ft. 94 in. 
Solution. 6 ft. 14 in. = 222 in., and 8 ft. 94 in. = £41 in. 


Now C= ep, § 512 
[= 298 x 842 Ax. 9 
= 246418 
oe 
= 770033. 
Therefore the lateral area is 770043 sq. in. Q.E.F. 


13. Find the lateral edge of the prism whose lateral area is 187 sq. in. 
and perimeter of a right section 11 in. 


Solution. Gene § 512 
That is, Gp =k 
5 OS iS Ax. 4 
p 
o. €= 18t Ax. 9 
= 7, 
Therefore the lateral edge is 17 in. Q.E.F. 


14. Find the lateral edge of the prism whose lateral area is 357 sq. in. 
and perimeter of a right section 21 in. 


Solution. = G0, § 612 
5 OS iS Ax. 4 
p 
= Spl Ax. 9 
life 
Therefore the lateral edge is 17 in. Q.E.F. 


15. Find the lateral edge of the prism whose lateral area is 169 sq. in. 
and perimeter of a right section 1 ft. 1 in. 


Solution. | = Gp § 512 
MiG SS b Ax. 4 
p 
“. @= 182 Ax. 9 
= 15. 


Therefore the lateral edge is 13 in. Q.E.F 
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16. The lateral surface of an iron bar 5 ft. long is to be gilded. The 
right section is a square whose area is 2.89 sq. in. How many square 
inches of gilding are required ? 


Solution. The length of a side of the right section of the iron bar 


is V 2.89, or 1.7 in. § 320 
.. the perimeter of the right section is 4 x 1.7 in., or 6.8 in. 
Now the length of the iron bar is 5 ft., or 60 in. Given 
Since =a. § 513 
ca 0056.8 Ax. 9 
= 408. 

Therefore the lateral area of the given iron bar is 408 sq. in. 

.. 408 sq. in. of gilding are required. Q.E.F. 


17. A right prism of glass is 24 in. long. Its right section is an equilateral 
triangle whose altitude is 0.866 in. (4 V3 in.). Find the lateral surface. 


Given ABC-B’ a right triangular prism whose 4% Cc’ 
right section A’B’C’ is an equilateral A, AA’ = Nee 
24 in., and A’D, the altitude of A A’B’C’, 
= +vV3 in. 

Required to find the lateral surface of the 


prism ABC-B’. A C 
Solution. BD=O0D.- § 85 
That is, BD =4 BC’. B 
Since A A’B’C’ is an equilateral A, Given 
| BD = } AB’. Ax. 9 
In the rt. A .A’DB,, 
AB” — BD? = AD’. § 338 
o AB" = 4 AB? = AD’, Ax. 9 
 £AB? = AD. 
Since A/D =4V3, 
. AD = a. Ax. 5 
AB? = 4, Ax.9 
AB = 1, Ax.4 
on ak day maa le Ax. 5 
Now the perimeter of A A’ B’C’ = A’B’ + A’C’ + B’C’ § 28 
=A Ax. 9 
8h Ax. 9 
Since eTaps § 513 
SU eX oO Ax. 9 
= 68. 


Therefore the lateral surface of the prism A BC-B’ is 68sq.in. Q.5.F. 


TEACHERS’ EDITION 381 


18. Find the total area of a right prism whose base is a square with 
area 5.29 sq. in., and whose length is twice its thickness. 


Solution. One side of the base of the given right prism is V 5.29, 


or 2.8 in. § 320 
Then the perimeter of its base is 4 x 2.3, or 9.2 in. § 138 
The altitude of the given prism is 2 x 2.3, or 4.6 in. 

Then @ = 4.6 in., p = 9.2 in. 
Since T= 0D. § 513 
+. b= 4.6 < 9.2 Ax. 9 
= 42.32. 


Therefore the lateral area of the given prism is 42.32 sq. in. 
Therefore the total area of the given prism is 42.32 sq. in. + 
(2 x 5.29) sq. in. = 52.9 sq. in. Q.E.F. 


19. What is the total area of a right prism whose altitude ts 82 in., 
and whose base is a right triangle with hypotenuse 106 in. and with one 
side 84.8 in. ? 

Given the right prism ABC-B’ whose base A BC Nae 
is art. A with the rt. Zat B. BB’ = 32in., AC= 
106 in., and BC = 84.8 in. 

Required to find the total area of the right prism 
ABO-B’. - (6) 

Solution. In the rt. A ABC, 

AB’ = A0*— BC’. § 338 


But AO” = 106? = 11,236, 
and BC” = 84.8? = 7191.04. Ax. 5 
:. AB? = 11,236 — 7191.04 Ax.9 
= 4044.96. 
Be 10310. Ax. 5 
Then AAC+ AB+ BC =106 + 63.6 + 84.8 § 28 
= 254.4. 
Since (e=nay ays § 513 
w. l= 82 x 254.4 Ax. 9 
= 8140.8. 
Therefore the lateral area of the right prism A BC-B’ is 8140.8 sq. in. 
Now the areaof AABC=}4AB x BC § 325 
= $ (63.6 x 84.8) sq. in. Ax. 9 


= 2696.64 sq. in. 
Therefore the total area of the right prism ABC-B’ 
= 8140.8 sq. in.+ (2 x 2696.64) sq. in. 
= 18,534.08 sq. in. Q.E.F. 
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20. Every section of a prism made by a plane parallel to the lateral 
edges is a parallelogram. TALES DY 

Given FGHK a section of any prism AD” || 
to its lateral edges. 

To prove that FGHK isa J. 


Proof. A BCDE.--is||to A’B’C’D’E’..-. § 503 


-. FE is |l to GH. § 453 
Furthermore, 4A’ and EE’ are each || to 4 P 
FGHK. Given B 
-. AA’is llto FG, and EE’ is||to KH. Ex. 3, p. 285 
Since AA’ is || to HE’, § 118 
A JIKEL ISM OD ACEI § 446 
«. FGHK is a O, by § 118. Q.E.D. 
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1. [f in the above figure the three plane angles at A are 80°, 70°, 75°, 
what are all the other angles in the faces ? 

Given in the parallelepiped AC’ the plane 4 DAA’, BAA’, and 
BAD equal to 80°, 70°, and 75° 
respectively. 

Required to find all the other 
angles in the faces of the parallel- 
epiped AC’. 

Solution. The opposite lateral 


faces of the parallelepiped AC’ are congruent. § 526 
.. the corresponding 4 of the opposite lateral faces are equal. § 67 
In the (J AA’D’D, ZADIACA C1802. Given 


«. ZAA’D’ = 180° — 80° = 100°, 
ZA'D’D = 80°, 
and ZD'DA = 100°. § 124 
Then in the & BB’C’C, 
ZCBB’ = 80°, 
Z BB’C’ = 100°, 
ZB‘C'C = 80°, 


and TALGKC:)53 = U2 Ax.9 
Also in the LJ AA’B’B, 
Zap Ava Oe. Given 
Reed 2B e807 OO iil Os 
ZeACB Bi 02: 


and ZB BA =110°. § 124 
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Then in the / DD'C’C, ZOCDD =70°, 
ZED IDG Ce—ALO?, 


LIVI OE) = Ue. 
and ACG = O02: Ax. 9 
Furthermore, in the 7 ABCD, 
Za BAUD einen Given 
-. ZADC = 180° — 75° = 105°, 
Zé IDXON 63 = US 
and ZiOBA =1052. § 124 


Then in the ) A’B’C’D’, Z B’A’D’ = 78°, 
Z.A'D’C’ = 105°, 
LDC’ = 78°, 
and Z OB’ A’ = 105°, by Ax. 9. Q.E.F. 


2. Given a parallelepiped with the three plane angles at one of the 
vertices 85°, 75°, 60°, to find all the other angles in the faces. 

Given in the parallelepiped A C’ 
the plane ADAA’, BAA’, and 
BAD equal to 85°, 75°, and 60° 
respectively. 

Required to find all the other 
4 in the faces of the parallelepi- 
ped AC’. 


Solution. The opposite lateral faces of the parallelepiped AC’ are 


congruent. § 526 
.. the corresponding A of the opposite lateral faces are equal. § 67 
In the O AA’D’D, Za ACAa—A80 2. Given 


-. ZAA’D = 180°— 85° = 95°, 
ZA'DD = 88°, 


and LE DWV i = IS § 124 
Thenin the 7BBO'C, ZCBB’ = 85°, 
EINECS 
AE SIO AO) 8 (INF, 
and ZOCB= 95°. Ax. 9 
Also in the &/ AA‘B’B, Z BAA’ =75°. Givel 
.. ZAA/‘B’ = 180° — 75° = 105°, 
Jee IES IBS S?- 
and Z BBA = 105°. § 124 


Then in the OP DD’C’C, ZD DC =75°, 
Je IDIDAOF = NYS, 
PESOK GHG as TS? 
and Z DCO = 105°. Ax. 9 
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Furthermore, in the (/ ABCD, 


ZBAD = 60°. 
». ZADC = 180° — 60° = 120°, 
ZDOCB = 60°, 
and ZCBA = 120°. § 124 


Then in the D.A’B’C'D,, 
ZB AD = 60°, 

Z.A'D’C’ = 120°, 
ZDC’B’ = 60°, 

and ZO'B‘A’ = 120°, by Ax.9. QE. 


3. Given a rectangular parallelepiped, lettered as in the above figure, 
and with AB = 4, BC = 3, and CC’ = 33, to find the length of the diag- 
onal AC’. 

Given, in the rectangular parallelepi- 
ped AO’, AB=4, BC =3, and CC’ = 33; 
also the diagonal AC’. 

Required to find the length of the di- 
agonal AC’. 


Solution. Passa plane through AA’ and 


CO’, cutting the rectangle ABCD in AC. B reg 
Draw in the plane AA’C’C the line AC’. 

Now CC’ is 1 to the plane ABCD. § 515 
EO Caisee tora, § 480 
In the rt. A ACC’, AGe = AC CO. § 337 
But in the rt. A ABC, AC*=AB’+ BC. § 337 
(AC? = AB + BC+ CC", Ax. 9 
-, AC’? = 42 4 32 + (33) Ax. 9 

=1649+4 228 

= 625. 

.. AC’= 25, or 61, by Ax. 5. Q.E.F. 


4.-The four diagonals of a rectangular parallelepiped are equal. 


Given AG, BH, CH, and DF, the four diagonals of the rectangular 
parallelepiped AG. 
To prove that AG, BH, CH, and DF are equal. 


Proof. AEF is |l to DH. § 503 
Also DH is || to CG. § 508 
», AF is |l to CG. § 446 


Similarly, BF is |l to DH. 
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Pass planes through the Il edges AE and CG, and BF and DH. § 428 
Then the diagonals AG and CZ lie in the section AEGC, and the 
diagonals BH and DF lie in the section BFHD. § 422 
The sections AEFGC and BFHD are &/. § 180 
Furthermore, since AH, BF, CG, and DH are Gi G 
tL to the bases AC and FG, § 515 
therefore the A of the sections AEG@Cand BFHD #& 
are rt. A. § 430 
-. AEGC and BFHD are rectangles. § 119 
-. AG = CE, and BH = DF, § 67 


being corresponding parts of the congruent A 4 B 
ACG and CAE, and BDH and DBF respectively. 

Moreover, AEGC and BFHD are congruent, § 138 
for their bases are the equal diagonals of the base of the given rec- 
tangular parallelepiped, § 526 

and their altitudes are its altitude. 
ho AME! OUI] es 15a 3 ION ne Ss Othe Q.E.D. 


5. Compute the lengths of the diagonals of a rectangular parallelepiped 
whose edges from any vertex are a, b, c. 


Given, in the rectangular parallelepiped AG, 
AEFE=a, AD=b, and AB=c; also the diago- 7 
nals AG, BH, CH, and DF. 

Required to compute the lengths of AG, BH, 
CE, and DF in terms of a, b, and c. 


Solution. Pass a plane through AG and GC, 4 


cutting the base AC in AC. § 429 
Since GO is L to the base AC, § 515 
.. GC is L to the line AC. § 430 
In the rt. AACG, AOAC + CG: § 337 
But inthert.A ABC, AC*=A4B?+ BO’. § 337 
PAG = Ap + BOs CG, _ Ax. 9 
Now 130) 3 40D), § 125 
and CG = AE. § 508 
Med = An AD ede Ax.9 
=a? + 0? 4 c?, Ax. 9 
AGHVELE +4 C2 Ax. 5 
Since AG Higa) Cie DF, Ex. 4 


-. AG, BH, CH, and DF each equal Va? + 0? + c?, by Ax. 8 QE.F 
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Exercise 86. Page 327 


1. The lateral faces of a right prism are rectangles. 


Given the right prism ABCDE...-C’ with the lateral faces AB’, 
BC. CD, ete: 


To prove that the lateral faces AB’, BC’, CD’, etc. Bik 
are rectangles. fs ‘aD, (ola 


Proof. In the right prism ABODE ...-C’, AA’, BB’, 
CC’, etc. are | to the bases AD and A’D’. § 505 
.. AA’ is 1 to AB and A’B’, C 
BB’ is 1 to ABand A’B’, A 
BB’ is 1 to BC and B’C’, 
CC’ is 1 to BC and B’C’, 
and CC’ is 1 to CD and C’D’, etc. § 430 
Therefore AB’, BC’, CD’, etc. are rectangles, by § 119. Q.E.D. 


2. The diagonals of a parallelepiped bisect one another. 

Given AG, BH, CE, and DF, the four diagonals of the parallele- 
piped AG. E 
To prove that AG, BH, CH, and DF 
bisect each other. 


Proof. Through the opposite and || edges 
AE and CG pass a plane intersecting the 
|| bases in the || lines AC and EG. B 

Then the section ACGE isa J). § 118 
-. AG and CE bisect each other. § 131 
That is, O is the mid-point of AG and CZ. 

Likewise, a plane passed through the opposite and || edges FG and 
AD will form a (7 AFGD. 

Therefore O, the mid-point of the diagonal AG, is also the mid- 
point of FD. § 131 

Also a plane passed through the opposite and || edges HH and BC 
will form a 7) EBCH. 

Therefore O, the mid-point of the diagonal CE, is also the mid- 


point of BH. § 131 
Therefore the four diagonals AG, BH, CE, and DF bisect each 
other at the point O. Q.E.D. 


3. The three edges of the trihedral angle at one of the vertices of a rec- 
tangular parallelepiped are 5 in., 6 in., and 7 in. respectively. Required 
the total area of the six faces of the parallelepiped. 
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Given, in the rectangular parallelepiped AG, AD = 5in., AE =6in., 
and AB=7 in. 
Required to find the total area of the rectangular parallelepiped AG. 


Solution. Herea = AH =6in.,and p=2(AD+ AB) = 2 (5+ 7) in., 
or 24 in. ; 


Since l= ap; § 5138 
fs, (hss Ose el Ax. 9 
= 144) 
Furthermore, the area of base A C+ base EG 
= 2 OS 105 § 320 
Therefore the total area of AG 
= 144 sq. in. + 70sq. in. = 214 sq. in. Q.E.F. 


4. The three face angles at one vertex of a parallelepiped are each 60°, 
and the three edges of the trihedral angle with that vertex are 3 in., 2 in., 
and 1 in. respectively. Required the total 
area of the six faces. Answer to two deci- 
mal places. 

Given, in the parallelepiped AG, the 
face A DAE, BALE, and BA Deach equal 
to 60°; also AB=38in., AD=2in., and 
AN IT; cs ANT 

Required to find the total area of the 
parallelepiped AG. 


Solution. Through £ pass the plane HP 1 to AL, cutting FB, GC, 
and HD in the points M, P, and WN respectively. 


Then the plane EP is 1 to FB, GC, and HD. § 445 
.. EP is a right section of the parallelepiped AG. § 508 
Moreover, since LM is || to NP, and EN is || to MP, § 453 
the figure EP isa ZC). § 118 
2 EM NP and HN = Mir. § 125 
Noe the faces AF and AH are &/. § 503 

Bo EIGN = VASO id be 
and ZDAE=ZEHD. § 124 
Since ZL BAT =) DA == 602, Given 
o ZEEB = ZED = 60°. ioe Y 
The A EMF and ENG are rt. A. § 4380 
5 AMET == INI ah = SU, § 107 


Furthermore, in the G/ AF and AH, 
HF=AB, and HH = AD. § 125 
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Since AB=3 in. and AD = 2'in., Given 
- YF 3 in. and 2 =) 2 in. Ax. 9 
-. FM =1} in. and HN =1in. Ex. 2, p. 80 
In the rt. A EMF, EM’ — EF’ — FM” § 338 
= 3? — (13)? = 2. Ax.9 
.. EM = 3V3. Ax. 5 
In the rt. A ENA, EN’ = EH’®— HN’ § 338 
= 22 ]2 Ax.9 
= 3h, 
.. EN =V3. Ax. 5 
Since EM = NP, and EN = MP, Proved 
p=2EM+2EN Ax.9 
=3vV3+42V8 Ax. 9 
=5V3. Ax. 11 
Now C= PA bn, 
*, since | = ep, a § 512 
l=1x 5V3 Ax.9 
=5V3 
Next draw DK lL to AB. § 82 
In the rt. A AKD, 
ZA OTE KeArD ==1 G02. Given 
he) Kae Oo. § 107 
Since : FAID) — PPS Given 
og VATE 11 Til, Ex. 2, p. 80 
In the rt. AAKD, DK’. = AD*— AK" § 338 
= 2? 12 Ax. 9 
Sh 
Pa Diy 8: Ax. 5 
The area of the 7AC=ABx DK § 322 
=8xv3 Ax. 9 
=3v3 
But EG —ETACT § 526 
-, area CJ EG + area LJ AC = 2 x 8 V3, or 6 V3. 
Therefore the total area of AG =5 V3 + 6V3 90:6 ial 


= Til V3, or 19.05. 
Therefore the total area of the parallelepiped AGis19.05sq.in. @.¥.F. 


5. Ina rectangular parallelepiped the square on any diagonal is equiv- 
alent to the sum of the squares on any three edges that meet at one of the 
vertices. 


Given CE, a diagonal of the rectangular parallelepiped AG. 
To prove that Cl? = AB’ + AD*+ AE’. 
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Proof. Through the edge HA and diagonal CE pass a plane, cutting 
the base AC in AC. § 429 
AF is 1 tothe base ABCD. § 515 
Then AZ is 1 to AC. 
In the rt. AZAC, 


CE°=AC*+AE*, § 387 
But in the rt. A ABC, § 516 
AO*=AB°+BC*. §3887 4 B 
OR) = AB 1BO VAR Ax.9 
Now FD) = JEXO} § 125 
.. OE? = AB’ + AD’ + AE”, by Ax. 9. Q.E.D. 


6. In a box 3 in. deep and 6 in. wide a wire 1 ft. long can be stretched 
to reach from one corner to the diagonally opposite corner. Required the 
length of the box. Answer to two decimal places. 

Given the rectangular parallelepiped BE 
representing a box; AC =3in., AD=6in., 
and Bl=1 tt-=12 in: 

Required to find the length of AB. 

Solution. Through the edge ED and the di- 4 
agonal BH pass a plane cutting the base of the parallelepiped BH 


in BD. § 429 
ED is 1 to the base ABFD. § 515 
.. ED is 1 to DB. § 430 
In the rt. A EDB, BE* = ED’ + BD’. § 837 
In the rt. A DAB, BD’ = AD’ + AB’. § 337 
+, BE? = ED + AD’ + AB’. Ax. 9 
But ED=AC=B8in. § 125 
o. 122 = 82 + 624 AB’, Ax.9 
». AB? = 122— 32 — 6? Ax.2 
= 99. 

» AB=8V11 Ax.5 

= 9.95. 
Therefore 9.95 in. is the length of the given box. Q.E.F. 


7. The diagonal of the base of a rectangular parallelepiped is 312 in. 
and the height of the parallelepiped is 23.7 in. Required the length of 
the diagonal of the parallelepiped. 

Given AC, a diagonal of the rectangular 
parallelepiped AC, and BC, a diagonal of its 
base DE. BC = 813 in., and AB = 23.7 in. 

Required to find the length of AC. 
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Solution. AB is 1 to the base BDCE. § 515 
-. AB is 1 to BC. § 480 
In the rt. A ABC, 
AC? = AB’ + BC’. § 837 
». AO” = 28,72 + (318)? Ax.9 
= 561.69 + 998.56 
= 1560.25. 
eA Ci 30 50s 
Therefore 39.5 in. is the length of AC. Q.E.F. 


8. The total area of the six faces of a cube is 18 sq. in. Find the 
diagonal of the cube. 


Given the cube AC whose total area is 18 sq. in. 
Required to find the length of AC, its diagonal. 


Solution. Since a cube has six equal square 


faces, § 517 
the area of the square DE = } x18 sq. in., or 3 sq.in. 
- DO?=3. 
Draw BC. 
The edge AB is 1 to the face DE. § 515 
.. the edge AB is 1 to BC. § 430 
In the rt. A ABO, AC = AB + BC. § 337 
But inthe rt. ABDC, BO*?=BD?+ DC’. § 337 
-. 40” = AB’ + BD*+ DC’. Ax.9 
Now AB=BD=D0O, § 65 
POAC =o DG. Ax.9 
Since DO? =3, Proved 
-. AC? =9. Ax. 9 
$y LOSS Ax. 5 
Therefore 3 in. is the length of AC. Q.E.F. 


9. The diagonal of the face of a cube equals V14. Find the diagonal 
of the cube. 


Given the cube AC; also BC, a diagonal of its face DE, equal to V 14. 
Required to find the length of AC, its diagonal. 


Solution. In the rt. A BDO, 
BD’ 4 CD? =BC". § 837 
Now BO=V14, Given 
-, BD’ + CD’ =14. Ax. 9 
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But J510)— (OU), 
. 2BD’ =14. 
.. BD*=7. Ax. 4 
Since AB= BD, § 65 
AB’=BD? = Ax.5 
= Ax. 4 
The edge AB is 1 to the face DE. § 515 
-. the edge AB is | to BC. § 430 D 
In the rt. A ABO, AG’ =AB' + BC*. 
-, AQ? =7 $14, or 21. 
+ AC = V2], by Ax. 5. Q.E.F. 
10. The diagonal of a cube equals 2.75-V3. Find the diagonal of a 
face of the cube. B 


Given AB, a diagonal of the cube AB, equal to 
2.75 V3. 

Required to find the length of AC, the diagonal of 
a face. 


Solution. BC is 1 to the face CDAE. § 515 D A 
~ BO is 1. to AC. -§ 430 
In the rt. A BCA, AB’ = BC’ + AC”. § 337 
But in the rt. ACDA, AC*=CD’?+ AD’. § 337 
Now CD = AD = BC, § 65 
». AC? = 2 BC". Ax. 9 
- BO? = 1 AC". Ax.4 
Renae = 440° AC = 2 ACs. OAxeO 
«. AG? = 3 AB’. Ax. 3 

But AB =2. 75-V3 = 28-V3, 
whence AB? = (23-V3)? = 383. Ax. 5 
a6 ey 88 191 x 2 Hee 
Sie ~ ie 


- AC = V2, or 2.75 V2, by Ax. 5. @.E.F. 
11. A water tank is 3 ft. long, 2 ft. 6 in. wide, and 1 ft. 9 in. deep. 
How many square feet of zinc will be required to line the four sides and 
the base, allowing 14 sq. ft. for overlapping and for turning the top edge ? 
Solution. The total area of the two sides = 2 x 3 x 12 x 1 sq. ft. = 
103 sq. ft.; the total area of the two ends = 2 x 24 x 1 x 1sq. ft.= 
82 sq. ft.; and the area of the base = 3 x 24 x 1 sq. ft. = 74 sq. ft. 
Therefore the number of square feet of zinc required, an allowance 
of 14 sq. ft. being made for overlapping and for turning the top edge, is 
(104 + 82 + 7} + 14) sq. ft., or 28% sq. ft. Q.E.F, 
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Exercise 87. Page 333 


1. Find the ratio of two rectangular parallelepipeds, if their dimensions 
are 8, 4, 5, and 9, 8, 10 respectively. 

Solution. Let P and P’ denote the volumes of the given rectangular 
parallelepipeds, taken in order. 

Then Es ee) mele by § 534. Q.E.F. 
TENSORS SS MO 1 

2. Find the ratio of two rectangular parallelepipeds, if their altitudes 
are each 6 in., and their bases 5 in. by 4 in., and 10 in. by 8 in. respec- 
tively. 

Solution. Let P and P’ denote the volumes of the given rectangular 
parallelepipeds, taken in order. 

J EIT ipa: Seen | 

The — = —— = -, by § 531. Here 
% 2S yeas {aa 

3. Find the volume of a rectangular parallelepiped 2 ft. 6 in. long, 
1 ft. 8 in. wide, and 1 ft. 6 in. high. 

Solution. The required volume is 24 x 1% x 14 x 1 cu. ft. =64 cu. ft., 
by § 534. Q.E.F. 

4. Find the volume of a rectangular parallelepiped whose base is 
27 sq. in. and whose altitude is 134 in. 

Solution. The required volume is 27 x 134 x 1 cu. in. = 864} cu. in., 
by § 535. Q.E.F. 

5. The volume of a rectangular parallelepiped is 1152 cu. in. and the 
area of the base is half a square foot. Find the altitude. 

Solution. Let V, 6, and a designate the volume, area of base, and ~ 
altitude respectively of the given rectangular parallelepiped. 

The number of square inches in 1 sq. ft. is 144. 


.. b=} of 144 sq. in., or 72 sq. in. Given 
Then VA Exes § 536 
se I) Sense Ax. 9 
o. @ = 1452 Ax. 4 
 =16, 
Therefore the altitude is 16 in. Q.E.F. 


6. The volume of a rectangular parallelepiped with a square base is 
273.8 cu. in. and the altitude is 5 in. Find the dimensions. 

Solution. Let V, 6?, and a designate the volume, area of base, and 
altitude respectively of the given rectangular parallelepiped, 
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Then Vi= a x62. § 536 
“. 273.8 = 567. Ax. 9 

That is, 50? = 273.8. 
Os pits = 54.76. Ax. 4 
OM N- D4 Olea nia Ax. 5 
Therefore the required dimensions of the given rectangular paral- 
lelepiped are 7.4 in., 7.4 in., and 5 in. Q.E.F, 


7. A rectangular tank full of water is 7 ft. 8 in. long by 4 ft. 6 in. wide. 
How many cubic feet of water must be drawn off in order that the surface 
may be lowered a foot? 

Solution. The required number of cubic feet of water drawn off is 
74 x 44 x 1 = 828, by § 534. Q.E.F. 

8. Find to two decimal places the length of each side of a cubic reservoir 
that will contain exactly a gallon (231 cu. in.). 

Solution. Let s denote the length of each side of the given reservoir. 


Then e281 § 534 
* s= V231 Ax. 5 
= 6.183. 


Therefore the length of each side of the reservoiris6.18 in. @.x.F. 


9. A box has as its internal dimensions 18 in., 94 in., and 44 in. 
The box and cover are made of steel $ in. thick. If steel weighs 490 lb. 
per cubic foot, what is the weight of the box ? 

Given AC, a rectangular parallelepiped representing a box, with 
cover made of steel 4 in. thick, whose internal 
dimensions are 18 in., 94 in., and 44 in. 

Required to find the weight of the given box, 
the weight of steel being 490 lb. per cubic foot. 

Solution. The external dimensions of AC are 
184 in., 92 in., and 4} in. 

Therefore the volume of a rectangular parallelepiped having these 
dimensions is 184 x 92 x 44 x 1 cu. in. = (4 x 82 x $) cu. in. § 534 

= 8002$ cu. in. 

But the volume of the space included by the internal dimensions of 
the box is 18 x 94 x 44 x 1 cu. in. = 726 cu. in. § 5384 

Therefore 80023 — 7263, or 7384 cu. in. of steel are used in the con- 
struction of the given box and cover. 


31 
Therefore - 5 ; x 490 = 202395, or 21, is the weight of the given box 


and cover expressed in pounds. Q.E.F 
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10. A steel rod 4 ft. 8 in. long is 2 in. wide and 14 in. thick. How 
much does it weigh, at 490 lb. per cubic foot ? 

Solution. The volume of the given steel rod is 42x4x}x1lcu.ft.= 
wz cu. ft. § 534 

Since 1 cu. ft. of steel weighs 490 lb., 74 cu. ft. weighs ,’, x 490, or 
4722 lb. 

Therefore the weight of the given steel rod is 4728 Ib. Q.E.F. 

11. If 3 cu. in. of gold beaten into gold leaf will cover 75,000 sq. in. 
of surface, find the thickness of the leaf. 

Solution. Let xz be the thickness of the gold leaf expressed in inches. 


.. 75,000 z is the volume of the gold leaf. § 536 
Then 75,009 2 = 3. Ax. 8 
*, & = .00004. Ax. 4 


Therefore .00004 in. is the thickness of the gold leaf. @.z£.F. 


12. The sum of the squares on the four diagonals of a parallelepiped 
is equivalent to the sum of the squares on the twelve edges. 

Given AG, CH, BH, and DF, the four z H 
diagonals of the parallelepiped AG. 

To prove that AG?e BH’ + CEs. 
DF* = AB’ + BC’ + CD" + DA? +4 BF? + 
CG?+DH’+AE’+4EF’+FG" + GH’ + 
HE*. 


Proof. Draw AC, EG, FH, and BD. is 

AE and OG are equal and il, and FB and AD are equal and Il. § 503 
The sections ACGE and BDHF are &/. § 118 
In the AACG, 20@"7+ 2007 = AC’ + CG’. § 343 
In the A AGE, 2 0G?+20E*= AE’ + EG’. § 843 
» 406°+2007 2208 =AC* + CC? AE LEG Ast 
But OG =}AG, and OC = OF =} EC. § 131 
4 AG PEO =AC' + CG*wiAn- + NG. plea 

Similarly, BH? + FD’ = BD’ + DH’ + BF’ + FH’. 


2 AG 4 BACT OP SDF 
=AE*+ 0G?4 BF’+ DH’ + EG’+ FH’+40?+BD? (1). Ax.1 
Again, the bases HG and AC are &, § 514 
» EG’ + FH* = BF? + 7G" 4 GH? + HE, 
and AO?+ BD* = AB’ + BC? + CD'+ DA* 
Substitute these values for HG” + FH? and AG? + BD? in (1). 
Then AG? + BH’ + CE + DF? 
=AB'+BC*+ CD’ + D4 4B + CC. DH YAn err 
+ FG? + GH’? + HE* by Ax. 9. Q.E.D, 
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Exercise 88. 


1. Find the volume of the trian- 
gular prism whose base is 17 sq. in. 
and altitude 8 in. 


Vi 00. § 538 
*v=17x8 Ax. 9 
= 186. 


.. the volume is 186 cu. in. 


2. Find the volume of the trian- 
gular prism whose base is 15.75 sq.ft. 
and altitude 3 ft. 


»v = ba. § 538 
-0=15.75x8 Ax.9 
= 47.25. 


.. the volume is 47.25 cu. ft. 


3. Find the volume of the trian- 
gular prism whose base is 31 sq. ft. 
and altitude 1 ft. 8 in. 

l= 00. 
.v=d3t x 12 
= 72, or 57%. 
.. the volume is 5,5; cu. ft. 


§ 538 
Ax. 9 


4. Find the volume of the trian- 
gular prism whose base is 53 sq. ft. 
and altitude 2 ft. 9 in. 

Mh. 
ca Ol Oke ans: 
= 121, or 15}. 
.. the volume is 15} cu. ft. 


§ 538 
Ax. 9 


5. Find the volume of the trian- 
gular prism whose base is 15.84 sq.ft. 
and altitude 3 ft. 10 in. 


v = ba. § 5388 
*, v=15.84 x 88 Ax. 9 
= 60572: 


+, the volume is 60.72 cu. ft. 
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6. Find the volume of the trian- 
gular prism whose base is 162 sq. in. 
and altitude 22 in. 


C00. § 538 
-. v=162 x 22 Ax.9 
— 50 x 12 
= 40. 


.. the volume is 40 cu. in. 


7. Find the volume of the trian- 
gular prism whose base is 224 sq. in. 
and altitude 43 in. 


Dirks § 538 
7. U= 224 x 44 Ax. 9 
=x} 


= 424, or 101}. 
.. the volume is 101} cu. in. 


8. Find the volume of the trian- 
gular prism whose base is 334 sq. in, 
and altitude 74 in. 


v = ba. § 538 
-.v=3381 x7 Ax.9 
= 190 x 36 
= 240. 


.. the volume is 240 cu. in. 


9. Find the volume of the trian- 
gular prism whose base is 42} sq. in. 
and altitude 3$ in. 


v = ba. § 588 
-. v= 427 x 38 «=Ax.9 
— 843 y 27 
8 Ey 
__ 843 x 27 
pain 64 


= 2381) or 14448. 
«. the volume is 1444% cu. in. 


896 BOOK VII. SOLID GEOMETRY 


10. Find the volume of the triangular prism whose base is 27% sq. in. 


and altitude 32 in. v = ba. § 538 
“. U= 272 x 38f AX, G 
= 138 x 1b 
=1032. 


Therefore the volume is 103} cu. in. 


11. Find the volume of the triangular prism whose base is 12 sq. ft. 
75 sq. in. and altitude 2 ft. 7 in. 


12sq. ft. 75sq. in. = 1223 sq. ft., 


and 2 ft. Tin, = 2,% ft. 
Now U = ba. § 538 
*, v= 1223 x 25 Ax. 9 
= Pe x 
= 32399. 


Therefore the volume is 32122 cu. ft. 


Exercise 89. Page 336 
1. If the length of a rectangular parallelepiped is 18 in., the width 
9in., and the height 8 in., find the total area of the surface. 


Solution. The total area of the surface of the given rectangular par- 
allelepiped is its lateral surface plus the sum of its bases. 


Now V= ep. § 512 
Here e= 8 in., and p = 2(18 + 9), or 54 in. 
». L=8 x 54, or 482. Ax. 9 


Therefore the lateral surface of the given rectangular parallelepiped 
is 432 sq. in. 

The bases of the given rectangular parallelepiped are equal rec- 
tangles. § 526 

-. (2x18 x 9), or 824 sq. in., is the sum of the areas of the two bases. 

Therefore (432 + 324) sq. in., or 756 sq. in., is the area required, by 


As, Lil. Q. E.F. 

2. Find the volume of a triangular prism, if its height is 15 in. and 

the sides of the base are 6 in., 5 in., and 5 in. A’ Co’ 
Given, in the triangular prism ABC-B’, AB = 6in., Wei 


BC = 5in., AC = 5 in., and its height a = 16 in. 
Required to find the volume of the prism ABC-B’. 
Solution. Bisect AB in D and draw CD. 

Then CD is 1 to AB. § 151 
In the rt. A CDB, CD* = BO? — BD’. §'338 


A Cc 
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Now BC =5,and BD=}4AB=3. Given 
». OD? = 5% — 8%, or 42. Ax. 9 
o (CNM eh Ax. 5 
The area of A ABC = ane § 325 
OOS Ax. 9 
2 
==) 
Since v = ba, § 538 
Olean el Oval SO: Ax. 9 
Hence the volume of the prism is 180 cu. in. Q.E.F. 


3. Find the volume of a prism whose height is 15 ft., if each side of 
the triangular base is 10 in. A’ C’ 
Given the prism A BC-B’ whose base A BC is an equi- 7; 
lateral A, 10 in. on a side, and whose height is 15 ft. 

Required to find the volume of A BC-B’. 


A Cc 
Solution. Draw CD to the mid-point of AB. D 
Then CDis1toAB. §151 
In the rt. AADO, OD 402— AD - § 338 
Now AC 0 yandeArD =A Bib. 
+. CD? = 10?— 5%, or 76. Ax.9 
CD = VTS: Ax. 5 
=5V3. 
The area of A ABC = == § 325 
10 x 5V3 
= os or 25-V3 Sq. in. Ax.9 
Now v= 00. § 538 
But (es Oeite Ola, xa Quin 
v= 25-V3 x15 x 12 Ax. 9 
= 4500 V3. 


Therefore 4500 V8 cu. in. is the volume of the prism, Q.5.F. 


4. The base of a right prism is a rhombus of 
which one side is 20 in., and the shorter diagonal 
24 in. The height of the prism is 30 in. Find the 
entire surface and the volume. 

Given the right prism ABCD-E whose base is 
the rhombus ABCD, with the shorter diago- 
nal BD, and whose height .is BE, AB = 20 in., 
BD = 24 in., and BE = 80 in, 
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Required to find (1) the entire surface of ABCD-E ; (2) the volume 
of ABCD-E. 


Solution. (1) The perimeter of ABCD = 4 x 20, or 80in. Ax. 11 
Since l=ap,; § 513 
Se Ui Se 3h!) Ko) 
= 2400. 
Draw AG 1 to BD. § 227 
Then AG bisects BD. § 85 
That is, BG =i BD. 


In thert. AAGB, AG? = AB*— BG” = § 338 
= AB*—(} BD)? Ax.9 


= AB*—1BD’. 
o. AG? = 20?—} x 242 Ax.9 
= 400 —4 x 576 
= 400 — 144 
= 256. 
BAGG: Ax. 5 
Now the area of AABD=1AG x BD § 325 
=}x 16 x 24 8q. in. Ax. 9 
= 192 sq. in. 
But the A ABD and CBD are congruent. § 80 


Therefore the area of the 
rhombus A BCD = 2 x AABD 


= 2 x 192'sq.in. Ax. 9 
= 884 sq. in. 
Therefore the area of the two bases of the 
right prism A BOD-E = 2 x 3884 sq. in. § 503 
= 768 sq. in. 
Therefore the total area of the 
right prism ABCOD-E = 2400 + 768 sq. in. Ax. 11 
= 3168 sq. in. Q.E.F. 
(2) Since PSO, § 539 
‘. the volume of the 
right prism A BCOD-E = 384 x 30 cu. in. Ax. 9 
== 151 520 culin. Q.E.F. 


5. How many square feet of lead will be required to line an open cistern 
which is 4 ft. 6 in. long, 2 ft. 8 in. wide, and contains 42 cu. ft.? 


Solution. Or UG § 539 
But b = 4} x 22. § 820 
», 42=41 x 22x@ Ax. 9 


white 
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That is, 124 = 42. 
Chi Bi Ax. 4 
That is, 34 ft., or 3 ft. 6 in., is the depth of the given cistern. 
Now Vearape § 513 
Here a = 3} ft., and p = 2 (43 + 22), or 14} ft. 
. l= 38} x 142 Ax. 9 


= $01, or 601. 
That is, the lateral surface of the cistern is 50} sq. ft. 
The area of the bottom of the cistern = 43 x 22, or 12 sq. ft., as 
shown above. 
Therefore the number of square feet of lead required to line the 
given cistern is (503 + 12),or 623 sq. ft., by Ax. 11. Q.E.F. 


6. An open cistern 6 ft. long and 44 ft. wide holds 108 cu. ft. of water. 
How many square feet of lead will it take to line the sides and bottom ? 


Solution. 0007 § 539 
But Ones. § 320 
~elOSi=— 64a Ax. 9 
== is 
That is, 27a = 108. 
Shee Ax. 4 
That is, 4 ft. is the depth of the given cistern. 
Now v=ap. § 5138 
Here a= 4 ft., and p = 2(6 + 43), or 21 ft. 
~, L=4 x 21, or 84 sq. ft. Ax. 9 


That is, the lateral surface of the cistern is 84 sq. ft. 
The area of the bottom of the cistern = 6 x 44, or 27 sq. ft., as 
shown above. 
Therefore the number of square feet of lead required to line the 
given cistern is (84 + 27), or 111 sq. ft., by Ax. 11. Q.E.F. 


7. One edge of a cube is e. Find in terms of e the surface, the volume, 
and the length of a diagonal of the cube. 
Given the cube AC, whose edge AB =e, 
Required to find in terms of e (1) the surface of 
the cube AC; (2) volume of the cube AC; and 
(8) the length of the diagonal AC of the cube AC. 
Solution. (1) The given cube AC has six equal 
square faces. § 517 
The area of one of these squares is e?. § 320 
.. the entire surface of the cube AC = 6e?. 
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(2) The volume of the given cube AC is e?°. § 534 
(8) Draw BC. 
Then, in the rt. A BDC, 
BO’ =22. 
AB is 1 to the face DCEB. 
ALB sel toeBGs 


Then in the rt. A ABC, 
ee AC?= ABs BC? 
=e+4+2e 
SNC. 
». AO =eVv3, by Ax. 5. 


8. The diagonal of one of the faces of a cube is d. Find in terms of d 
the volume of the cube. 

Solution. Clearly two times the square of an edge of the given cube 
equals the square of a diagonal of one of its faces, for that diagonal 
is the hypotenuse of a rt. A having two edges of the cube as legs. § 337 

That is, when z is the edge of the cube, 


22? = d?. 

a= pd. Ax. 4 
- g=3v_2d. Ax. 5 
- 8 —4V203. Ax. 5 


That is, the volume of the given cube is +d V2, by § 584. Q.E.F. 


9. The three dimensions of a rectangular parallelepiped are a, b, c. 
Find in terms of a, 0, and c the volume and the area of the surface. 


Given AC, a rectangular parallelepiped 
whose dimensions BC, BD, and BE are 
equal to a, b, and c respectively. 

Required to find (1) the volume of the 
rectangular parallelepiped AC, and (2) the 
area of the surface of the rectangular par- 
allelepiped AC. 


Solution. (1) The volume of the given parallelepiped = abe. § 534 
(2) The perimeter of the base DE of the rectangular parallelepiped 


AC is 2(b + ¢). § 125 
Since l= ap, § 513 
-. V=2a(6/+ c). INE 


That is, the area of the lateral surface of AC is2a(b 4c). 
Moreover, the sum of the areas of the two bases is twice the area of 
the base DE. § 526 
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Now the area of the base DH is bc. § 320 
.. the sum of the areas of the two bases is 2 bc. 

Hence 2a (b + c) + 2bc, that is, 2 (ab + bc + ac), is the total surface 
of the given rectangular parallelepiped AC, by Ax. 11. Q.E.F. 

10. Find the volume of a prism with bases regular hexagons, if the 
height is 10 ft. and each side of the hexagons is 10 in. 

Given the prism AC, whose bases are regular 
hexagons 10 in. on a side, the height of AC be- 
ing 10 ft. 

Required to find the volume of AC. 

Solution. Let O denote the center of the reg- 


ular hexagon AD. 
Draw the radii OA and OL. § 358 @ 


Also draw OH 1 to AL. 
Theninthert.A AHO, AH=HE §85 
=4AZk. 
ZEAG = 120°. § 145 
$5 LINAC =O, § 363 
25 AAONE! == 02 § 107 
Cn OAR= OPA. Ex. 2, p. 80 
Now OH? = 0A*— AH”. § 338 
-, OH’ = (2 AH)? — AH” Ax. 9 
= 38AH’. 
». OH =\/3 AH’, or AH V3. Ax. 5 
But AH =} x 10in., or 5 in. Ax. 9 
-. OH = 5 V3 in. Ax.9 


’. the area of the regular hexagon AD 
=4x6x10x 5V3sq.in. § 386 
= 150V8 sq. in. _ 

Therefore the volume of AC = Ts — v3 cu.ft.  § 539 


= 107, V3 cu. ft. Q.E.F. 

11. An open cistern is made of iron 1 in. thick. The inner dimensions 

are: length, 4 ft. 6 in.; breadth, 3 ft.; depth, 2 ft. 6 in. What will the 

cistern weigh when empty? when full of water? (A cubic foot of water 

weighs 624 lb. Iron is 7.2 times as heavy as water ; that is, the specific 
gravity of iron is 7.2.) 

Solution. The outer dimensions of the given cistern are: length, 4 ft. 

6 in. + 2 x fin. = 4 ft. 6} in., or 544 in.; breadth, 3 ft.4 2x fin. = 

3 it. } in., or 36} in., depth, 2ft. Gin. + fin. = 2 ft. 6} in., or 304 in. 
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Therefore the volume of the iron forming the cistern plus its capacity 
= 544 x 364 x 30} cu. in. | § 534 
= 199 x 78. x 121 cu. in. 

109 x 73 x 121 
= cu. ft. 
16 x 1728 
= 982797 cu. ft., or 8422483 cu. ft. 

But the capacity of the cistern 
= 41 x 3 x 21 cu. ft. 
= 31X68 Xp cu. it. 
= 145 cu. ft., or 33$ cu. ft. § 534 

Therefore the volume of iron forming the cistern 
= 3432763 cu. ft. — 332 cu. ft. 
= 1,702.9, cu. ft. 

Therefore the weight of iron forming the cistern 
= 1,3028, x 624 x 7.2 lb. 
= 483.019 lb. 

That is, the weight of the cistern when empty is 483.019 Ib. 

Since the capacity of the cistern is 333 cu. ft., 

+. the weight of water the cistern will contain 
= 833 x 623 lb. 
= 38.75 x 62.5 lb. 
= 2109.375 lb. 

Therefore the weight of the cistern full of water 
= 483.0192 lb. + 2109.375 lb. 
= 2592.394 Ib. Q.E.F. 


Exercise 90. Page 343 


1. The slant height of a regular pyramid is 6 in., and the base is 
an equilateral triangle of altitude 2V3 in. Find the lateral area of 


the pyramid. 
Given VD = 6 in., the slant height of the pyr- 


amid V-A BC, whose base A BC is an equilateral 
A with altitude CD= 2 V3 in. 
Required to find the lateral area of V-A BC, 


Solution. In the rt. A ADC, A 
SE eee 5 eee C 
AC SAD 0D". § 338 

Now CD bisects AB. § 85 D 


SAC. Ax.9 2 
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‘AC —tAC I= OD. Ax. 9 
That is, 3A0*= OD’. 
«, AG” = ¢ OD’. Ax.8 
«. AC=#V38CD. Ax. 5 
But CD= 2x8) J Given 
» AO =$V3 x 2V3 
ie (v3)? = 4, 
Then the perimeter of A ABC = 3 x 4, or 12. PARK lel 
Since A=+t58p, § 553 
Bs) Jal cami Seay oe lM Ax. 9 
— 36. 


Therefore the lateral area of V-ABC is 36 sq. in. Q.E.F, 


2. The slant height of a regular triangular pyramid equals the altitude 
of the base. The area of the base is V3 sq. ft. Find the total area of 
the pyramid. Vv 

Given, inthe regular triangular pyramid V-A BOC, 

VD, the slant height, equal to CD, the altitude of 
the base ABC whose area is V3 sq. ft. 


Required to find the total area of V-ABC. @ c 
Solution. The triangular pyramid V-ABC is a D 
: B 
regular pyramid. § 547 
Then the face AV AB, VAC, and VBC are congruent. § 548, 2 
Now the AVAB and ABC have the common base AB, and the 
equal altitudes VD and CD respectively. Given 
.. the AVAB and ABC are equivalent. § 326 


.. the AVAB, VAC, VBC, and CAB are equivalent. Ax. 8 

.. the total area of the regular triangular pyramid 
V-ABC =4 x AABC Ax, 11 
=4V3 sq. ft., by Ax. 9. Q.E.F. 


3. A pyramid has for its base a right triangle with hypotenuse 5 and 
shortest side 3. Another one of equal altitude has for its base an equi- 
lateral triangle with side 2/2 V3. Prove Vv 
the pyramids equivalent. 

Given the pyramid V-ABC whose base 
ABC is art. A with hypotenuse AC = 5 
and shorter leg A B= 3; also the pyramid 
V -A’B’C’ whose altitude equals the alti- 
tude of V-ABC, and whose base A’B’C’ is 


an equilateral A with side 2/2 V3. A 
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To prove that V-ABC and V’-A’B’C’ are equivalent. 


Solution, In the A ABO, BO? = AC”?— AB’. § 338 
MD Opa 54 hee Ax. 9 
ge JO 4h 
The area of the A ABC =4ABx BC § 325 
=4x3x4 Ax. 9 
=O: 
In the A A’B’C’ draw A’D 1 to B’C’. 
Then A’D bisects B’C’. 
That is, B’D—4BC’. v 
DD) =e eA ce Ax. 9 
Since A’D?=A’B’*7—BD*, § 338 
AD =A AR Ax.9 
eA Be. Cc 
- AD= VE AB" Ax. 5 
=}fA'B V3. 
AUD =4 BO V3. Axo: B 
But the area of the A A’B’O’ = 3 A’D x BC’. § 325 
.. the area of the A A’B’O’ = (4)? V3 x BC” Ax. 9 


= 4)2V3 x (2/23) Ax. 9 
—}4xvV8x4x2V3=6. 
Then the given pyramids V-ABC and V’-A’B’C’ have equivalent 
bases and equal altitudes. 
Therefore V-ABC and V’-A’B’C’ are equivalent, by § 558. Q.£.F. 


Exercise 91. Page 346 


1. Find the lateral area of a regular pyramid whose slant height is 
34 in. and perimeter of base 57 in. 


Solution. @=¢ Sp. § 553 
Sd =the Oa OL Ax. 9 

= 969. 
Therefore the lateral area is 969 sq. in. Q.E.F. 


2. Find the lateral area of a regular pyramid whose slant height is 
82 in. and perimeter of base 17% in. 


Solution. = 3 3p. § 553 
a=%3 x 8 x 17} Ax. 9 
= 7439 


- Therefore the lateral area is 7482 sq. in. Q.E.F 
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3. Find the lateral area of a regular pyramid whose slant height is 
2 ft. 7 in. and perimeter of base 4 ft. 6 in. 


Solution. s$=2ft. 7 in. = 27, ft., 
and p=4 ft. 6in. = 43 ft. 
Now a= sp. § 553 
*.@=4 x 27%, x 43 Ax. G 


=Extxd 
= $4, or 54g. 
Therefore the lateral area is 512 sq. ft. Q. E.F. 
4. Find the lateral area of a regular pyramid whose slant height is 
127 ft. 5 in. and perimeter of base 63 ft. 2 in. 


Solution. s = 127 ft. 5in. = 127, ft., 
and p = 68 ft. 2 in. = 68} ft. 
Now a= sp. § 553 
.&@= 3 x 127), x 63} Ax. 9 
= 579491, or 4024,85,. 
Therefore the lateral area is 402435, sq. ft. Q.E.F. 


5. Find the lateral area of the frustum of a regular pyramid whose 
slant height is 4 in. and perimeters of bases 8 in. and 6 in. 


Solution. a=is(p+p’). § 554 
.@= 4x 4(8+4 6) Ax. 9 

= 28. 
Therefore the lateral area is 28 sq. in. Q.E.F. 


6. Find the lateral area of the frustum of a regular pyramid whose 
slant height is 5} in. and perimeters of bases 9} in. and 73 in. 


Solution. a=is(pt+p’). § 554 
 @=} x 5 (92 +7) Ax. 9 

= 43113, 
Therefore the lateral area is 43433 sq. in. Q.E.F. 


7. Find the lateral area of the frustum of a regular pyramid whose slant 
height is 2 ft. 3 in. and perimeters of bases 4 ft. 8 in. and 8 ft. 9 in. 


Solution. a=is(pt+p’). § 654 
Now s=2ft.3 in. = 21 ft., 
p= 4 ft. 8 in. = 42 ft., 
and p = 3 ft. 9 in. = 32 ft. 
o. @ =h xX 23 (42 4 38) Ax. 9 
=2x9x ays 


= 498, or 915. 
Therefore the lateral area is 943 sq. ft. Q.E.F 
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8. Find the volume of a pyramid whose altitude is 7 in. and area of 
dase 9 sq. in. 


Solution. v= ba. § 561 
2 US 4 < 9507 Ax.9 

=21 
Therefore the volume is 21 cu. in. Q.E.F. 


9. Find the volume of a pyramid whose altitude is 6 in. and area of 
base 23 sq. in. 


Solution. v =+4ba. § 561 
Oe Xo O Ax. 9 

=46. 
Therefore the volume is 46 cu. in. Q.E.F. 


10. Find the volume of a pyramid whose altitude is 17 in. and area 
of base 51 sq. in. 


Solution. v= ba. § 661 
“ U=4x 51X17 Ax. 9 

= 289. 
Therefore the volume is 289 cu. in. Q.E.F. 


11. Find the volume of a pyramid whose altitude is 34 in. and area 
of base 54 sq. in. 


Solution. v=iba. § 561 
-v=1x 54x 3} Ax. 9 
= EX Ax 
= TYP, or 575% 
Therefore the volume is 5,63, cu. in. Q.E.F. 


12. Find the volume of a pyramid whose altitude is 43 in. and area of 
base 19 sq. in. 


Solution. v= ba. § 561 
 v=ix 19x 4g Ax. 9 
=31x 19x 3 
= 585, or 27}. 
Therefore the volume is 2734 cu. in. Q.E.F. 


13. Find the volume of a pyramid whose altitude is 27.5 ft. and area 
of base 325 sq. jt. 


Solution. v = ba. § 561 
w. 0 =4 X 825 x 27.5 Ax. 9 
= 2979.16 


Therefore the volume is 2979.16 cu. ft. Q.E.F. 
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14. Find the lateral area of a regular pyramid, given the slant height 
2.3 in., the number of sides of the base 4, and the length of each side 2.1 in. 


Solution. a= sp. § 553 
But Dn TAXe lil 
= 42 ors.4. Ax. 9 
SOB SZ) NG tole Ax. 9 

= 9:66. 
Therefore the lateral area is 9.66 sq. in. Q.E.F. 


15. Find the lateral area of a regular pyramid, given the slant 
height 3.7 in., the number of sides of the base 6, and the length of each 
side 2.9 in. 


Solution. a= sp. § 553 
But p= nl Ax. 11 
== (5) SOLD Ore Uriel Ax.9 
Bs, Ope Risa SC EE Ax. 9 

Sowelo: 
Therefore the lateral area is 82.19 sq. in. Q.E.F. 


16. Find the lateral area of a regular pyramid, given the slant 
height 5.33 in., the number of sides of the base 8, and the length of each 
side 3 in. 


Solution. a= sp. § 553 
But jo) = 0s INS Tl 
= 8 x 3, or 24. Ax. 9 
er a OOO Gene Ax. 9 

= 63.96. 
Therefore the lateral area is 63.96 sq. in. Q.E.F. 


17. Find the volume of a pyramid, given the altitude 7 in. and the 
base a square with side 2 in. 


Solution. v= tba. § 561 
But b= 22, or 4. § 320 
Os i eC BrS U Ax. 9 

= 28, or 91. 
Therefore the volume is 9} cu. in. Q.E.F. 


18. Find the volume of a pyramid, given the altitude 63 in. and the 
base a square with diagonal 3 V2 in. 


Solution. v=1 ba. § 561 
Since b is the area of the square which is the base of the given 
pyramid, Vb is one side of that square. § 320 


Therefore the square on the diagonal of the base = 2(-V b)?. § 337 
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Then 2 (vb)? =(3 V2)? 
fy 2) ss Ise 
whence ‘== 0). Ax. 4 
. v=tXx 9x 63 Ax. 9 
=4+x9Ox we 
= §, or 20}. 
Therefore the volume is 20} cu. in. Q.E.F. 


19. Find the volume of a pyramid, given the altitude 8.9 in. and the 
base a triangle with each side 8.7 in. 


Solution. Let the equilateral A ABC represent the K 
base of the given pyramid. 
Draw CD 1 to AB. 
Then CD bisects AB. § 85 +5 7” 
That is, Ape tape pAG! “ke 394 
In the rt. AADO, CD t= AC — AD’. § 338 
«. CD? = AC’ —} AC* Ax. 9 
= 8 AC”: 
 OD=}4ACV3. Ax. 5 
.. the area of AABC=i10Dx AB § 325 
=34CDx AC Ax. 9 
= (4)? v3: G.7)° Ax.9 
=1-x V3 x 18.69 
= 8.4225 V3. 
That is, b = 3.4225 V3. 
Now v=tba. E § 561 
v=1 x 3.4225 V8 x 8.9 Ax.9 
= ei atshs 
Therefore the volume is 17.586 cu. in. Q.E.F. 


20. Find the lateral area of a regular pyramid, if the slant height is 
16 ft. and the base is a hexagon with side 12 ft. 


Solution. a=tsp. § 553 
p =6 x 12; or 72 ft. 
Po Choe Woy So 7H) Ax. 9 
= O05 
Therefore the lateral area is 576 sq. ft. Q.E.F. 


21. Find the lateral area of a regular pyramid, if the slant height is 
8 ft. and the base is a pentagon with side 5 ft. 
Solution. a=tsp. § 558 
DOM O.Ors Zo tts 
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~-a@=tx8x 26 Ax. 9 
= 100. 
Therefore the lateral area is 100 sq. ft. Q.E.F. 


22. Find the total surface of a regular pyramid if the slant height is 
6 ft. and the base is a square with side 4 ft. 


Solution. a=tsp. § 558 
p=4x 4 ft., or 16 ft. 
iS 6G Ax. 9 
= 48. 


Therefore the lateral area is 48 sq. ft. 
Since the base of the given pyramid is a square with side 4 ft., its 


area is 42, or 16, sq. ft. § 320 
Therefore the total area of the given pyramid is 48 sq. ft.4+16 sq. ft., 
or 64 sq. ft., by Ax. 11. Q.E.F. 


23. Find the total surface of a regular pyramid if the slant height is 
18 ft. and the base is a square with side 8 ft. 


Solution. a=+tsp. § 553 
p=4~x 8ft., or 32 ft. 
2 @=4 xX 18 x 32 Ax. 9 
= 288. 


Therefore the lateral area is 288 sq. ft. 
Since the base of the given pyramid is a square with side 8 ft., its 


area is 82, or 64, sq. ft. § 320 
Therefore the total area of the given pyramid is 288 sq. ft. + 64 sq. ft., 
or 352) sq. ft., by Ax. 11. Q.E.F. 


24. Find the total surface of a regular pyramid if the slant height is 
16 ft. and the base is a triangle with side 8 ft. 
Solution. Let A ABC represent the base of the 
given regular pyramid. 
Then A ABC is an equilateral A. § 546 
Draw CD 1 to AB, 


Them OD bisects 4 Ui ¢ eb ees 
That is, AD=}AB=}34AC. Ax. 8 
Now inthert. AADC, OD?=<AC?— AD”. § 338 
ve OD? 10° — 4 AG? Ax. 9 

= BAO 
2. CD=4ACV3 Ax. 5 


= ABV3. Ax. 9 
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.. the area of AABCO =4CD x AB § 325 
= (3)? V3. AB* Ax. 9 
=}x 8v3 Ax. 9 


— 16 V3, or 27.713. 
That is, the area of the base of the given pyramid is 27.718 sq. ft. 
Furthermore a=4Sp. § 553 


p =3 x 8, or 24 ft. A 
. &4=4x 16x 24 Ax. 9 
= 192% 
Therefore the lateral area is 192 sq. ft. 
Therefore the total area of the given pyramid is 4 Ly i: 
27.718 sq. ft. + 192 sq. ft., or 219.713 sq. ft., by Ax. 11. Q.E.F. 


25. The volume of a pyramid is 26 cu. ft. 936 cu.in., and each side 
of its square base is 8 ft. 6 in. Find the height. 


Solution. v= tba. § 561 
3 

== . AX. 4 

Now v = 26 cu. ft. 936 cu. in. Given 


= 26 x 1728 cu. in. + 936 ecu. in. 
= 45,864 cu. in. 
Since the base of the given pyramid is a square with side 3 ft. 6 in., 
or 42 in., 


.. 6 = 42%, or 1764 sq. in. § 320 
_ 3 x 45,864 
Erm Ax. 9 
== Tiss 


Therefore the height of the given pyramid is 78 in., or 6ft.6in. @.5.F. 


26. The volume of a pyramid is 20 cu. ft. and the sides of its triangu- 
lar base are 5 ft., 4 ft., and 3 ft. respectively. Find the height. 

Solution. Since 5? = 4? + 382, the sides of the base A of the given pyr- 
amid whose lengths are 4ft. and 3 ft. respectively include art. 2. § 337 

Therefore the area of the base A of the given pyramid is } x 4 x 38, 


or 6 sq. ft. § 825 
Now vy =tba. § 561 
_ 380 ee 
= x 
3 x 20 
a= - = 10: Ax.9 


Therefore the height of the given pyramid is 10 ft. @.x.F. 
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27. Find the volume of a regular pyramid with a square base whose 
side is 40 ft., the lateral edge being 101 ft. 

Given the regular pyramid V-A BCD, having a square base A BOD 
with side 40 ft., and its lateral edge 101 ft. Vv 

Required to find the volume of V-ABCD. 

Solution. Draw VO to the mid-point O of the diago- 
nal BD. 


O is the center of the base A BOD, A D 
and VO is to it. § 546 
In the rt. AVOB, VQ?=VB?— BO’. § 338 
Since BO =} BD, B c 
a VO! = VB BD: Ax. 9 
In the rt. ABCD, ~ BD? =BC"?+ CD? § 337 
= 2 BC’. 
-. VO? = VB? — 3 BOC’ Ax. 9 
= 1012-3 x 40? Ax. 9 
= 9401. 
. VO =V9401. Ax. 5 
That is, a = V9401. 
Moreover, b = 402, or 1600. § 320 
Since v= ba, § 561 
*. v=1 x 1600 x V9401 Ax. 9 
= 51,712. 


Therefore the volume of the given pyramid is 51,712 cu. ft. a.n.¥K. 


28. Find the volume of a regular pyramid whose slant height is 12 ft. 
and whose base is an equilateral triangle inscribed in a circle of radius 
10 ft. V 

Given the regular pyramid V-A BC, 
having for its slant height VD =12ft., 
and for its base the equilateral A A BC 
inscribed in a © whose radius is 10 ft. 


Required to find the volume of 
V-ABC. a \ 
Solution. Draw VO 1 to the plane ore | 


ABC. 
Draw AO and OD. 
Then O is the center of the equilateral A ABC, § 546 
That is, AO is the radius of the © circumscribed about A ABC, § 358 
Since A AVB is isosceles, § 548 
-. VD bisects AB in D, § 85 


(OID) ip AE Wo) 72 Uo}. § 161 
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Now AO bisects Z BAC. § 363 
-. Z DAO = $ of 60°, or 30°. 
Al ODE =1G0 § 107 
-. OD=4AO=t} of 10 ft., or 5 ft. Ex. 2, p. 80 
VOis 1 to OD. § 430 
In the rt. A VOD, VO? = VD’ — OD’. § 338 
-. VO" = 12? — 5? Ax.9 “4 
Os 
AON 119): Ax. 5 


In the rt. A ODA, 
AD’ =A0*—OD* § 338 


== 02-107, OF0.0 AX. O y 
-. AD=5V3. Ax. 5 a \ 
» AB=10V3. Ax. 3 D 


Now the line OD produced will pass B 
through C. § 150 
-. DC = 0D + 0C Ax. 11 
= 5410, or 15. Ax. 9 
.. the area of A ABC = $ DC x AB § 325 
= 34x15 x 10V3 Ax. 9 
= 75 V8. 
Since v = $ ba, cz = § 561 
0=$xX 75V3 x V119 Ax. 9 
= 25-V357 
= 472.36. 


Therefore the volume of V-ABC is 472.36 cu. ft. Q.E.F. 

29. Having given the base edge a and the total surface t of a regular 
pyramid with a square base, find the height h. Vv 

Given the regular pyramid V-A BCD, with the square 

base ABCD whose side is a, and with the total surface ¢. 
Required to find the height h in terms of a and f. 

Solution. Draw VO to the base ABCD of the pyra- 

mid V-ABCD, draw VE 1 to AB, and draw OE, 
Now VE is the slant height of V-ABCD.  § 547 


“. $(VE x 4AB)+ AB? =t. Ax. 11 
-. 2ABxVE+AB’=t. 
Since AB, Given 


sy 210 KEV AE athe 
. 2axVE=t— a’, 


t— a? 
<i id) = ° 
2a 
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Moreover, VE bisects AB; that is, H is the mid-point of AB. § 85 


Also point O is equidistant from A and B. § 358 
~. OF isl to AB; § 151 
Draw BO. 
In the rt. A BEO, ZEBO = 48°. § 363 
. ZEOB = 45°. § 107 
*, OL = BE. § 76 
But |\ BE =}tAB=f}a. Ax. 9 
«, OF =}a. Ax. 8 
In the rt. A VOB, VO"? =VE’— OF”. § 838 
ey G— a2\2 1 2 
35 WO) =i; y- Ga) Ax.9 
2a 2 
_V-2at+a* w@ 
ye 40? 4 
_?—-2at+a* at 
ss 4 a? 4 a2 
_ — 2a%t 
4q2 
1? —2 at 
~VO= ave et Ax. 5 


See 2a), 
20 
Re fb =5- Vid 2a*), by Ax.9, Q.E.F. 
a 


30. Having given the base edge a and the total surface t of a regular 
pyramid with a square base, find the volume v. ila 

Given the regular pyramid V-A BCD, with the square 
base A BCD whose side is a, and with the total surface ¢. 

Required to find the volume v in terms of a and €. 


Solution. Draw VO 1 to the base A BCD of the regu- 
lar pyramid V-A BCD. 
Also draw VE 1 to AB, and draw OF. 
Now VE is the slant height of V-ABCD. § 547 


.. $(VE x 4AB) + AB? =t. Ax. 11 
_  2A4B xX VE 4 AB’ st. 
Since MIDE Given 
, Sb ACLS WIG OS Gp vs (ip Asx, 9 
2 2ax VE =t — a’, Ax. 2 
t— a? 
By IT . Ax. 4 


2a 
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Moreover, VE bisects AB; that is, H is the mid-point of AB. § 85 


Also point O is equidistant from A and B. § 358 
+. OH is to AB: § 151 5 
Draw BO. 
In the rt. A BEO, Z EBO = 46°. § 363 
i PASH ON amt te2 § 107 
OE es Ee § 76 
But BE =4AB=}a. Ax. 9 
-. OK =a. Ax.8 (A D 
In the rt. A VOE, V0?=VE’— OE’. § 338 
oon t — q2\2 1 E 
lO =i )-G4) Ax. 9 
2a 2 B 0 
_@—2a%+a* a? 
i 4 a2 4 
_?—2at+a* at 
a 4 aq? ~ 4a2 
_P— art 
=e 
(2 — 2 art 
pe Nie Ax. 5 
== Vt(t — 202). 
Since »=1AB’x VO, § 561 
va satx = Vid Bal) Ax.9 
=tavet(t—2a?). Q.E.F. 


31. The eight edges of a regular pyramid with a square base are equal 
and the total surface is t. Find the edge. 

Given the regular pyramid V-A BCD whose 
base ABCD is a square, having its eight edges 4 D 
all equal and with the total surface ¢. 

Required to find the edge of V-ABCD in £ 


V 


terms of ¢. 
Solution. Draw VE, the slant height of », C 
V-ABCD, to AB. 
Then VE bisects AB. § 85 
Now +(VE x 4AB) + AB*=t. Ax. 11 


« 2ABx VE +4 AB =t. 
But in the rt. AVEB, VE*=VB?— BE’. § 338 
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Since BE=34AB Proved 
and Vib = PAB, Given 
.. VE" = AB’--4 4B? Ax. 9 
—8AB’, 
.. VE =4 ABV3. Ax. 5 
Substituting this value of VEZ, we have 
2ABx4ABV34 AB’ =t. Ax. 9 


-, AB’. V3 4+ AB’ =t. 


- AB(V84+1)=t. , 


oe ee Ax.4 
V3 +1 
». AB =, cu . Ax. 5 
Vee eal 
Therefore the edge of V-ABOCD is : Q.E.F. 
3841 
32. Find the base edge a of a regular pyramid with a square base, 
having given the height h and the total surface t. V 


Given the regular pyramid V-ABCD whose base 
ABCD is a square, having the height VO equal to h 
and with the total surface ¢. 

Required to find the base edge a of V-ABCD in 
terms of A and t¢. 

Solution. Draw VE, the slant height of V-ABCD, 2 


to AB; and draw OL, E 
Then OF is | to AB. § 151 
Now 43(VEx4AB)+AB?=t. Ax it & 
. 2ABx VE+ AB’ =t. (1) 
In the rt. AVOE, VE" =V0"+ OE’ (2) § 887 
Draw BO. 
In the rt. A BEO, ZEBO = 45°. § 363 
-. ZEOB = 48°. § 107 
$5 (OM) > Tepe § 76 
But BE =3 AB. § 85 
-, OF =4AB. Ax. 8 
Substituting in (2), we have 
VE" = 1? +4AB". Ax. 9 
«. VE =i? +4 AB? Ax. 5 
Substituting this value of VE in (1), we have 
2ABxV/h? 4+ 44B' + AB =. Ax. 9 


» Q2ABxX Vi +4AB? =t— AB?’ Ax. 2 
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-. 4 AB? (i? + 4. AB’) = @— 2t- AB? +4 AB". Ax. 5 
nah eAe ot Ap eee be eae. v 
422. AB? 4 2t- AB’ =? Ax. 2 
o 2AB (2h 41) =. 
= 2 
Oy og, ee Ax.4 
2 (2h? + 1) 
t2 
gC ere ee ee Ax.5 4 D 
2 (2h? + t) 
t £E 
V2 (2h? + t) k 2, 
é by Ax. 8. Q.E.F, 


—— 
V2 (2h? + 1) 
33. Show how to find the volume of any polyhedron by dividing the 
polyhedron into pyramids. 


The volume of any polyhedron may be found by dividing it into 
pyramids, computing their volumes separately and finding the sum 
of their volumes. 


Exercise 92. Page 352 


1. Find the volume of a frustum of a pyramid, the altitude being 3 in. 
and the bases 8 sqg.in and 2 sq. in. 


Solution. v=ta(o+0'4+Vvo0b’). § 565 
| . v=$x 8(8424V8 x 2) Ax.9 
= 14. 


. the volume of the given frustum of a pyramid is 14 cu. in. @.5.F. 


2. Find the volume of a frustum of a pyramid, the altitude being 
At in. and the bases 8} sq. in. and 3 sq. in. 


Solution. v=ta(b+4+Vo0’). § 565 
 v=4x 44 (8b + 3 4+ VBE x 8) Ax. 9 
= 24}, 


.. the volume of the given frustum of a pyramid is 244 cu. in. @.E.F, 


3. Find the volume of a frustum of a pyramid, the altitude being 
8.2 in. and the bases 2 sq. in. and 0.18 sq. in. 


Solution. v=ta(b40'4+Vo00’). § 565 
0=4 x 8,2(24 0.18 4+V2 x 0.18) Ax.9 
=+4$x 3.2 x 2.78 
= 2.965. 


.. the volume of the given frustum of a pyramid is 2.965 cu. in. @.5.F. 
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4. Find the volume of a frustum of a pyramid, the altitude being 2 ft. 
6 in. and the bases 10 sq. ft. and 2 sq. ft. 72 sq. in. 


Solution. @= 2 ft. 6 ins= 2¢ ft, 
and b’ = 2 sq. ft. 72 sq. in. = 24 sq. ft. 
Now v=falb+b'4+Vob0’). § 565 
v= x 24(10 4 25 +-V10 x 24) Ax. 9 
eh | 5 35 
53 2S py 2S) 


— Ue, or 14,5. 
-. the volume of the given frustum of a pyramid is 14,/, cu. ft., or 
{4 cu. ft. 1008 cu. in. Q.E.F. 


5. Find the volume of a frustum of a pyramid, the altitude being 3 ft. 
7 in. and the bases 24 sq. ft. 72 sq. in. and 2 sq. ft. 


Solution. a=3 ft. 7in. = 3, ft., 
and b = 24 sq. ft. 72 sq. in. = 243 sq. ft. 
Now v=ta(b4+¥4vo0’). § 565 
w V=1x BY, (244 + 2 4+ V'244 x 2) Ax. 9 


=3x $x YF 
= 281, or 40,4. 
.. the volume of the given frustum of a pyramid is 40, cu. ft., or 
40 cu. ft. 24 cu. in. Q.E.F. 


6. A pyramid 2 in. high, with a base whose area is 8 sq. in., is cut 
by a plane parallel to the base 1 in. from the vertex. Find the volume of 
the frustum. 

Given the pyramid V-ABCDE 
cut by the plane MN || to the base, 
intersecting the lateral edges in A’, 
B’, O’, D’, E’, and the altitude VO 
inOs VO 2 in Oe eine and 
the area of ABCDE = 8 sq. in. 

Required to find the volume of 
the frustum A’B’O’'D’E’-A BCDE. 

Solution. The polygons ABCDE 
and A’B’ CO’ D’E’ are similar. § 555, 2 

ABODE VO" 


el - 8885 
ABCDE VO” 
But a = 4 Given 


eA BC ee Lad 
ABCDE 22% 4 


418 BOOK VII. SOLID GEOMETRY 


But the area of ABCDE is 8 sq. in. 


tA BODE =}. Ax. 9 
o ABODE’ = 2. Ax.3 
That is, the area of A’B’C’D’E’ is 2 sq. in. 
Now v=talb+V4vo00'). _—-s-§ 565 
v= 4$(2—1)(84+24V8x2) Ax.9 
— 14, or 42, 


.. the volume of the frustum A’B’C’D’E’-A BODE is 43 cu. in. 9. £.F. 


7. A pyramid 3 in. high, with a base whose area is 81 sq. in., is cut 
by a plane parallel to the base 2 in. from the base. Find the volume of 
the frustum. V 

Given the pyramid V-ABCDE 
cut by the plane MN || to the base, 
intersecting the lateral edges in A’, 
B’, C’, D’, EL’, and the altitude VO 
iO VO sins, 00+ 2hn., and: 
the area of ABCDE = 81 sq. in. 

Required to find the volume of 
the frustum A’B’C’D’E’-A BCDE. 

Solution. The polygons ABCDE 
and A’B’O’D’E’ are similar. § 555, 2 

_ABCDE Vo" 


=p) $885 
ABCDE VO? 
BO a Aa Coe 
VO” 
_ABCDE (8-2)? 1 melee 
ABODE 3 9 , 
But the area of ABCDE is 81 sq. in. 
*. gp A’B’C’ DE’ = 3. Ax 9 
ABODE’ = 9. Ax. 3 
That is, the area of A’B’O’D’E’ is 9 sq. in. 
Now v=talb+ + Vov’). § 565 
 0=4x 2(81494 V81x9) Ax.9 
= 117 
= 78. 


.. the volume of the frustum A’ B’O’D’E’-A BODE is 78 cu. in. 9.5. F. 


8. The lower base of a frustum of a pyramid is a square 4 in. on a 
side. The side of the upper base is half that of the lower base, and the 
altitude of the frustum is the same as the side of the upper base. Find 
the volume of the frustum. 
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Solution. The area of the lower base of the given frustum of a 


pyramid is 4?, or 16, sq. in. § 320 
Since the side of the upper base of the given frustum is } of 4, or 
2, in., the area of the upper base is 2, or 4, sq. in. § 320 
Moreover, the altitude of the frustum is 2 in. 
Hence a=2in., b=16 sq. in., and b’=4 sq. in. 
Now v=ta(d4d' + Viv’). § 565 
o V=$x 2(16 444 V16 x 4) Ax. 9 
=4 xX 28 
= 38, or 183. 


_ .. the volume of the given frustum of a pyramid is 18% cu. in. @.£.F. 


9. The lower base of a frustum of a pyramid is a square 3 in. on a 
side. The area of the upper base is half that of the lower base, and the 
altitude of the frustum is 2 in. Find to two decimal places the volume 
of the frustum. 


Solution. The area of the lower base of the given frustum of a 
pyramid is 3”, or 9, sq. in. § 320 

Then the area of the upper base of the given frustum is 4 of 9, 
or 44, sq. in. 


Hence a=2in., b=9 sq. in., and b’ = 4} sq. in. 
Now v= ta(b+b' + Vobb’). § 565 
0=4xX2(94444 V9 x 44) Ax. 9 
= $x 44 (3+ V2) 
=38(3 + V2) 
=9+4+38V2. 
But 8V2=8 x 1.414 = 4.242. 
v= 94 4.24, or 13.24. Ax. 11 


.. the volume of the given frustum of a pyramid is 138.24 cu. in. @.5.F. 


10. A pyramid has six edges, each 1 in. long. Find to two decimal 


places the volume of the pyramid. - 


Given the regular tetrahedron V-A BC whose 
edge is 1 in. long. 
Required to find the volume of V-ABC. A C 


Solution. Draw the altitude VO and the slant D 
height VD to AB, inV-ABC. 
Also draw BO and DO. E 
Then O is the center of the equilateral A ABC. § 546 
.. BO bisects Z ABC. § 368 


420 BOOK VII. SOLID GEOMETRY 


But ZABC = 60°, for A ABC is equilateral and therefore equi- 


angular. § 107 
ba -, ZDBO = 30°. 
Since VD is 1 to AB, § 547 
-. VD bisects AB. § 85 
-. DO is 1 to AB. § 151 
Then in the rt. AODB, Z BOD = 60°. § 107 
-. DO=4B0O. Ex. 2, p. 80 
Since ALB rset 
BD =} in. 
Now BO? = BD? + DO”. 
. BO” = (3)? + 4G Boy 
=3+4+4B0° 
BO? —} BO’ =}. 
: 3 BO” 19 
» BO? = +. 
In the rt. A VOB, VO? =VB’ — BO’. § 338 
VO == ¥ org. Ax. 9 
- VO=4V6. Ax. 5 
Furthermore, in the rt. A VDB, 
VD? =VB’ — BD’. § 338 
-- VD" =1-— (3), or . Ax. 9 
s VD=4V3. Ax. 5 
Since the area of AAVB=}4ABxVD, § 325 
*. the area of AAVB=4x 4V3, or V3. Ax. 9 
But & ABC and AVB are congruent. § 80 
. the area of A ABC =3 V3. Ax. 8 
Now the volume of V-ABC = 4VOx the area of A ABC. '§ 559 
. the volume of V-ABO =4x4V6x4V3 Ax. 9 
= 4 V6 V3 
— tes 2 
= (1) iby 
Therefore the volume of V-ABC is 0.12 cu. in. Q.E.F. 


11. A regular tetrahedron has a volume 2V2cu.in. Find to. two 
decimal places the length of an edge. 

Given the regular tetrahedron V-A BC whose volume is 2 Vi cu. in. 

Required to find the length of an edge of V-ABC. 


Solution. Draw the altitude VO, and the slant height VD to AB in 


-ABC, 
V Also draw BO and DO. 


Then O is the center of the equilateral A ABC, § 546 
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.. BO bisects Z ABC. § 363 
But the 7 ABC = 60°, for A ABC is equilateral and therefore equi- 
angular. § 107 
AD BO = 302 
Since VD is 1 to AB, § 547 
-. VD bisects AB. § 85 
ODS toeAB: § 151 
Then in the rt. AODB, 2 BOD = 60°. § 107 
oT DO BO: Ex. 2, p. 80 
Now BO*=BD*+D0". § 387 Vv 
-, BO? = BD* + (4 BO)? Ax 9 
= De BO. 
& 3 BO’ = BD’, AX 2m Al Cc 
whence BO’ = 4BD. Ax. 3 
In the rt. A VOB, VO" = VB’— BO”. § 388 om 
.. VO? = VB?— 4 BD’. Ax.9 B 
But PAlBi= abs § 567 
and BD=4AB. 
Sy oa Die AVES, Ax. 9 
.. VO? =VB*—4VB? Ax. 9 
=3VB". 
o VO=kV6VB. Ax. 5 
Furthermore, in the rt. A VDB, 
VD’ = VB*— BD’. -§ 338 
-. VD? = VB? —34VB° Ax. 9 
=3VB". 
“ VD=4v3VB. Ax. 5 
But the areaof AAVB=}$ABXVD. _ § 825 
.. the area of AAV B = (3)? AB x VBV3. Ax. 9 
Since AB =) Bi 
. the area of AAVB=4V3VB"*. Ax.9 
But & ABC and AVB are congruent. § 80 
«. the area of A ABC = 4V3 VB’. Ax. 8 


Now the volume of V-ABC =4VOx the areaof A ABC. § 559 
-. the volume of V-ABC =4x4V6VBXx2V3VB* Ax.9 
=s5 V6V3 x VB 


=, V2 x VB’. 
But the volume of V-ABC = 2 v2 cu, in. 
oo fe V2 x VBP = 2-V2. : Ax.8 
.. VB = 24, Ax. 4 
whence i VB =2 V3 = 2.88. Ax. 5 


Therefore the length of an edge of V-ABC is 2.88in. Q.E.¥. 
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12. The base of a regular pyramid is a square lft. ona side. The slant 
height is s ft. Find the area of the entire surface. V 


Given the regular pyramid V-A BOD, with its 


base ABCD asquare / ft. on a side, and with its a 
slant height V# equal to s ft. 
Required to find the entire surface of V- 
ABCD in terms of / and s. 
Solution. The lateral surface of V-A BCD B Cc 
=i(VE x 4 AB) § 553 
e=(s 4 1) Ax. 9 
=21s. 
Furthermore, the area of the base ABCD = /?. § 320 
Therefore the area of the entire surface of V-ABCD 
=2ls4+P=1(2s+l). cACXce LT 
Q.E.F. 


13. Consider the formula v = 4.a(b + b’+ Vbb’) of § 564, when b’= 0. 
Discuss the meaning of the result. Also discuss the case in which b = b’. 

When 0’ = 0 the formula v = 1a(b + b’+ Vb’) becomes v = 1 ba. 
In this case the given frustum of a pyramid ceases to be a frustum 
and becomes a pyramid instead. 7s 

Hence, by putting 0 for 0’ in the formula v = $a (b + W’/+ Vb’), we 
simply deduce the formula for the volume of a pyramid. 

When b=’ the formula v =4a(b + 0’ + Vb’) becomes v = 44a 
(2b + b), orv = ab. In this case the given frustum of a pyramid ceases 
to be a frustum and becomes a prism instead. 

Hence, by putting b for b’ in the formula v = $.a(b + 0’ + Vb’), we 
simply deduce the formula for the volume of a prism. 
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1. The diameter of a well is 6 ft. and the water is 7 ft. deep. How 
many gallons of water are there in the well, reckoning 74 gal. to the cubic 
foot ? 

Solution. The volume of water in the well is the volume of a right 
circular cylinder whose diameter is 6 ft. and altitude 7 ft. 


Now the volume of any right circular cylinder is ara. § 590 
Therefore the volume of water in the given well = 3? x 7m cu. ft. = 
637 cu. ft. Ax. 9 


Therefore the number of gallons of water in the given well is 
74 x 637, or 1484.406. Q.E.F, 
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2. When a body is placed under water in a right circular cylinder 60 
centimeters in diameter, the level of the water rises 40 centimeters. Find 
the volume of the body. 

Solution. Since the water rises 40 centimeters in the given right 
circular cylinder when the given body is placed under water in it, 
and the increase in volume is obviously due to the size of the body 
immersed, it follows that the volume of a right circular cylinder 60 
centimeters in diameter and 40 centimeters in height is the volume of 
the body immersed. 

But the volume of a right circular cylinder with these measurements 

= ($ x 60)? x 40 x r § 590 
= 36,000 7, or 113,097.6. 
Therefore the volume of the body immersed is 113,097.6 cu.cm. @. E. F. 


3. How many cubic yards of earth must be removed in constructing a 
tunnel 100 yd. long, the section being a semicircle with a radius of 18 ft. 
Solution. The volume of earth excavated is half the volume of a 
right circular cylinder 100 yd. long, having a radius of 18 ft., or 6 yd. 
Therefore the number of cubic yards of earth excavated 
== 006277 § 590 
= 18007, or 5654.88. Q.E. F. 
4. How many square feet of sheet iron are required to make a pipe 
18 in. in diameter and 40 ft. long ? 
Solution. The circumference of the given pipe 


= Serine OL. om ft. § 384 
Therefore the required number of square feet of sheet iron 

== 40) 1. Siar § 588 

= 607, or 188.496. Q.E.F. 


5. Find the radius of a cylindric pail 14 in. high that will hold exactly 
2CUs fs 

Solution. Let r be the number of inches in the radius of the given 
cylindric pail. 


Then, since 2 cu. ft. = 2 x 1728 cu. in., or 3456 cu. in., 
14 mr? = 3456. § 590 
ik EES aed 
147 Tt 
ei hg Ax. 5 
11 
= 8.864. 


Therefore the required radius of the given cylindric pail is 
8.864 in. Q.E.F. 
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6. The height of a cylindric vessel that will hold 20 liters is equal to the 
diameter. Find the altitude and the radius. 
Solution. Let r be the number of centimeters in the radius of the 
given cylindric vessel. 
Then, since the diameter of the vessel is 27 centimeters, the height 
of the vessel will be 2r centimeters. 
.. the volume of the vessel = 27 x 7rr?. § 590 
Then, since 20 liters = 20 x 1000 cu. cm., or 20,000 cu. cm., 
2r x wr? = 20,000. 
. 2ar = 20,000. 
3 _ 20000 10000 
pe » Or é 


Ax. ‘4 
' 27 T 
mere Oe) 1072, or 14.7. Ax. 5 
Tw 
Oy Vip eV Ax. 3 
Therefore the altitude and radius of the given vessel are 29.4 and 
14.7 centimeters respectively. Q.E.F. 


7. If the total surface of a right circular cylinder is t and the radius 
of the base is r, find the altitude a. 


Solution. t=2nr(a+r). § 588 
That is, 2ar(a+yr)=t. 
.. 2rra+ 27r? =F. 
«. 2arra =t— 277? Are 
B. ph ee by Ax. 4. Q.E.F. 
2ar 


8. If the lateral surface of a right circular cylinder is | and the volume 
is v, find the radius r and the altitude a. 


Solution. Let r be the radius of the base, and a the altitude. 


Then Pest SRO (h (1) § 588 
and Ugo 6 Oh NOE (2) § 590 
Multiply (2) by 2, and then divide by (1), r = seh Axs. 3, 4 

Substitute this value of r in (1). : 
Then 27 (=) C= Ax. 9 
 4mva = 2’. Ax. 3 

2 

= Trea Ax. 4 


Therefore the radius of the base and the altitude of the given right 
2 


circular cylinder in terms of v and / are = and respectively. Q.5.F. 
a) 
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9. If the circumference of the base of a right circular cylinder is ¢ 
and the altitude is a, find the volume »v. 


Solution. The radius of the base = = § 384 
T 
; EN C2 
*, the area of each base = ( 7, Or —. § 389 
27 4a 
C2 
“ v=>— Xa § 589 
4a 
Lae are 
ores ELF. 


10. If the circumference of the base of a right circular cylinder is c 
and the total surface is t, find the volume v. 


Solution. The radius of the base = a § 384 
Tv 
c \2 2 
*, the area of each base = (~) 7, or —. § 389 
2 7, 4a 
2 2 
.. the lateral surface = t — 2 (a) or t— as 
4m 20 
2 hee 
.. the altitude = (: - =) + ¢, or tla 
2 7, 2 7c 
Diet 
te Se lal § 589 
4a 271e 
cao 
= a. Q.E.F. 


11. If the volume of a right circular cylinder is v and the altitude is a, 
find the total surface t. 


Solution. The area of each base = . § 589 
Then the area of the two bases = 2, Ax. 3 
and the radius of each base = Nie Sa 7, or oe § 389 

. the circumference of each base = 2 7 we § 385 


Ta 
-, the lateral surface = 2 7a se or 2 Varav. § 588 
— 2 
t= 2Vaa0 + — Ax. 11 
ae 2(a V7av + v) 
— me Car tees U 


Q.E.F 
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12. If v is the volume of a right circular cylinder in which the altitude 
equals the diameter, find the altitude a and the total surface t. 


Solution. Since the altitude of the given right circular cylinder is a, 


the diameter of the base is also a. Given 
Therefore the radius of the base = 4a. 
“. 0= ($a)? xa § 590 
ui 
ae 
a OS ae Ax. 4 
T 
4 
Se aS Ax. 5 
7 
=i V4 720. 
Since the diameter of the base is a, the circumference is there- 
fore 7a. § 384 
.. the lateral surface = a. 7a = 7a?. § 588 
Moreover, the area of each base = (4 a)? = } 7a?. § 389 
.. the area of the two bases = 2 x 17a? = 1 7a?. Ax. 3 
J Gl do ett = Ae Ax. 11 
2 
= (= v4 7) 
T 
Uo 
= $mr-—. V16 rte? 
= 
f 1 ey ; 
5 ra  aTN 271 
TT 
= 3 V2 mv? Q.E.F 


13. From the formula t = 2mr(a +r) (§ 588) find the value of r. 


Solution. na t=2mr(a+7). Given 
That is, 2ar(a+r)=t. 
Pte Te XS Un 
or 2rr? + 2rar=t. 
5 ro ee Ax. 4 
Q7 
a t a? 
.. 72 eae el INS 
0 eee a 
_ 2t+ 7a? 


4a 
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a 2t+ 7a? 
05 Wp bes Se 4/——— 
+3 a 4 


Exercise 94. 


1. Find the lateral area of a 
cone of revolution, given the slant 
height 24 in. and the circumference 
of the base 5% in. 

l= ise. 
*, L=4x 27 x 53 
= ee 28 x 48 


§ 609 
Ax. 9 


= $3%, or 77%. 
. the lateral area is 7,98, sq. in. 


2. Find the lateral area of a 
cone of revolution, given the slant 
height 43 in. and the circumfer- 
ence of the base 8} in. 


— 15 , 
= 1445, or 18¥. 
-. the lateral area is 184; sq. in. 


3. Find the lateral area of a 
cone of revolution, given the slant 


height 6, in. and the circumfer- 
ence of the base 104 in. 
l= ise. § 609 
*, L=4x 65, x10$ Ax.9 
=i x 191 x 4 


= 2121, or 33,8. 
. the lateral area is 33,4 sq. in. 


427 


Ax. 5 
\- + 7a? 
T 
| 2 
pha Gs su ed Ax. 2 
2 T 
Q.E.F 
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4. Find the lateral area of a 
cone of revolution, given the slant 
height 3.7 in. and the circumfer- 


ence of the base 5.8 in. 
Jee £80, — § 609 
os USO Gall 6 as), Avs. Y) 
= Ball SEO 
= Oso. 


«. the lateral area is 10.73sq. in. 


5. Find the lateral area of a 
cone of revolution, given the slant 
height 5.3 in. and the circumfer- 
ence of the base 9.7 in. 


l 
2 


mx g 


§ 609 
a BU Ave, Y 
705. 
is 25.705 sq. in. 


al 
2 
aa 
2) 
2 


. the lateral are 


= 


6. Find the lateral area of a 
cone of revolution, given the slant 
height 6.5 in. and the. circumfer- 
ence of the base 11.6 in. 


=ase. § 609 
*, 1=}xX6.5x11.6 Ax. 9 

= 6.5 x 5.8 

SaSifeite 


-. the lateral area is 37.7 sq. in. 
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7. Find the lateral area of a 
cone of revolution, given the slant 
height 2 ft. 6 in. and the circumfer- 
ence of the base 4 ft. 8 in. 


2 ft. 6 in. = 2} ft., 


and 4ft.8in, = 43 ft. 
Now l= 8c. § 609 
l=} x 24 x 4% Ax. 9 

=4 x 3 x 4 

= 35, or 58. 


-. the mee area is 53 sq. ft., 
or 5 sq. ft. 120 sq. in. 


8. Find the lateral area of a 
cone of revolution, given the slant 
height 3 ft. 7 in. and the circumfer- 
ence of the base 8 ft. 6 in. 


8 ft. Tin, = 8%, ft., 


and 8 ft. 6in. = 83 ft. 
Now l=4 se. § 609 
play aaa 28h Ax. 9 

= b x ¢ $x An 

= BA, ae 15h}. 


-. the lateral area is 1534 sq. ft., 
or 15 sq. ft. 33 sq. in. 


9. Find the lateral area of a 
cone of revolution, given the slant 
height 5 ft. 8 in. and the circum- 
Serence of the base 12 ft. 4 in. 


5 ft. 8in, = 5% ft., 


and 12 ft.4in. = 123 ft. 
Now U= 3 se. § 609 
*, d= 4x 52x 121 Ax. 9 

4x ay 


= 628, or 3447. 
:. the lateral area is 3447 sq. ft., 
or 84sq. ft. 1386 sq. in. 
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10. Find the lateral area of a 
cone of revolution, given the slant 
height 32 in. and the radius of the 
base 24 in. 


anne § 610 
oo U2 XO GT OO 

=3xipr 

= a, or 29.45. 


*. the lateral area is 29.45 sq.in. 


11. Find the lateral area of a 
cone of revolution, given the slant 
height 24 in. and the radius of the 
base 13 in. 


l= ars. § 610 
OSES SRD 
=4X jr 
oe oes or 18.74. 


*. the lateral area is 13.74sq.in. 


12. Find the lateral area of a 
cone of revolution, given the slant 
height 4% in. and the radius of the 
base 34 in. 


eae § 610 

wade BES dar Ace © 
= 18 x {oq 
BESS 


:. the lateral area is 49.77 sq.in. 


13. Find the lateral area of a 
cone of revolution, given the slant 
height 6.4 in. and the radius of the 
base 4.8 in. 

L—=aciss § 610 

oy = Oe LOA PAGO 

= 30.727, or 96.51. 

. the lateral area is 96.51 sq. in. 
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14. Find the lateral area of a 
cone of revolution, given the slant 
height 7.2 in. and the radius of the 


base 5.3 in. 
= 71s. § 610 


Se ie GSI SS Ursa Joe) 
= 88.167, or 119.88. 
«. the lateral area is 119.88 sq. in. 


15. Find the lateral area of a 
cone of revolution, given the slant 
height 8.9 in. and the radius of the 


base 5.6 in. 
= qk § 610 


SMW SK tee Ieee 

= 49.847, or 156.58. 

«. the lateral area is 156.58 sq. in. 

16. Find the lateral area of a 

cone of revolution, given the slant 

height 2 ft. 8 in. and the radius of 

the base 8 in. 

ott. o1n. = 22 tt. 


and 8in.=# ft. 
Now US sarrs. § 610 
Ba 2 rm 
=2x¢r 


= $7, Or 4.71, 
.. the lateral area is 4.71 sq. ft. 
17. Find the lateral area of a 
cone of revolution, given the slant 
height 4 ft. 6 in. and the radius of 
the base 2 ft. 
4ft.6in. = 44 ft. 


Now = lrrrsk § 610 
oo5) Ue ae aaTy Ax. 9 
= 9m, or 28.27. 


.. the lateral area is 28.27 sq. ft. 


18. Find the lateral area of a 
cone of revolution, given the slant 
height 6 ft. 9 in. and the radius of 
the base 3 ft. 2 in. 
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6 ft. 9in. = 63 ft., 


and 3 ft. 2in. = 3! ft. 
Now l=7rs. § 610 
v l=81 x 6389 Ax. 9 
=12 x le 
17 
= uty or 67.15. 


.. the lateral area is 67.15 sq. ft. 


19. Find the total area of a 
cone of revolution, given the slant 
height 3 in. and the radius of the 
base 2 in. 

t=amr(s+r). § 610 
“. €=27(3 + 2) Ax. 9 
= 107, or 31.416. 
.. the total area is 31.416 sq. in. 


20. Find the total area of a 
cone of revolution, given the slant 
height 5 in. and the radius of the 
base 3 in. 

t=ar(s+7r). 
-. (= 37(5+4 8) 
= 247, or 75.4. 
.. the total area is 75.4 sq. in. 


21. Find the total area of a 
cone of revolution, given the slant 
height 7 in. and the radius of the 
base 4 in. 

t=-ar(s+r). 
w t=4m(7+ 4) 
= 447, or 138.23. 
.. the total area is 188.23 sq. in. 


22. Find the total area of a 
cone of revolution, given the slant 
height 9 in. and the radius of the 
base 5 in. 

t=ar(s+7). § 610 
«. 6=57(9 +4 5) Ax. 9 
= 707, or 219.91. 
.. the total area is 219.91 sq. in. 


§ 610 
Ax. 9 


§ 610 
Ax. 9 
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23. Find the total area of a cone of revolution, given the slant height 
6 ft. and the radius of the base 4 ft. 


Solution. t=ar(s+7). § 610 
« t=47(6+4 4) Ax. 9 
= 407, or 125.66. 
Therefore the total area is 125.66 sq. ft. 


24. Find the total area of a cone of revolution, given the slant height 
12 ft. and the radius of the base 5 ft. 


Solution. t=ar(s+7). " § 610 
-. t= 57(12 + 5) Ax. 9 

= 857, or 267.04. 
Therefore the total area is 267.04 sq. ft. Q.E.F. 


25. Deduce a formula for finding the lateral area of a cone of revolu- 
tion in terms of the radius of the base and the altitude. 


Solution. Denote the lateral area of the given cone of revolution 
by J, the radius of the base by r, the altitude by a, and the slant 
height by s. 


Then ern ss § 610 
But Sr anes § 337 
whence SISHV a2 er. Ax. 5 
s l= arva? +r, by Ax. 9. Q.E.F. 


26. Deduce a formula for finding the slant height in terms of the lateral 
area and the circumference of the base. 


Solution. Denote the circumference of the base of the given cone 
of revolution by c, the lateral area by /, and the slant height by s. 


Then i= escy § 609 
3 SG Ss Ax. 3 

Dit 
*,$=—, by Ax. 4. Q. ELF. 

c 


27. Deduce a formula for finding the slant height in terms of the lat- 
eral area and the radius of the base. 


Solution. Denote the slant height of the given cone of revolution 
by s, the lateral area by J, and the radius of the base by r. 
Then l= rs. § 610 


& 9 wee by Ax. 4. Q. EF. 
a 
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28. Deduce a formula for finding the radius of the base in terms of 
the lateral area and the slant height. 

Solution. Denote the slant height of the given cone of revolution 
by s, the lateral area by 1, and the radius of the base by r. 

Then l= Ts § 610 


jite 2 dead 6 Q. E.F. 
TS 


29. Deduce a formula for finding the slant height in terms of the total 
area and the radius of the base. 

Solution. Denote the slant height of the given cone of revolution 
by s, the total area by ¢, and the radius of the base by r. 


Then t=ar(s+7) § 610 
= mrs + mr. 
+, wrs = t — mr. Ax. 2 
= 
fae: us » by Ax. 4. Q.E.F. 
ar 


30. Deduce a formula for finding the circumference of the base in 
terms of the lateral area and the slant height. 

Solution. Denote the circumference of the given cone of revolution 
by c, the lateral area by 1, and the slant height by s. 


Then l=4se. § 609 
co SCe—— Tails Ax. 3 

21 
oC —i— IDV TAS 4, Q.E.F. 

s 


Exercise 95. Page 371 


1. Find the volume of a circular cone, given the altitude 4 in. and the 
area of the base 8 sq. in. 
Solution. = tba. § 611 
+x8x4 Ax. 9 


Therefore the volume of the given cone is 102 cu. in. Q.£.F. 


2. Find the volume of a circular cone, given the altitude 3} in. and 
the area of the base 92 sq. in. 


Solution. v = 16a. § 611 
v=} x 9 x 3} Ax. 9 
eee Ce 


= 325, or 10¥5. 
Therefore the volume of the given cone is 10, cu. in. @.£.¥. 
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3. Find the volume of a circular cone, given the altitude 53 in. and the 
area of the base 104 sq. in. 


Solution. v= tba. § 611 
.v=4 xX 103 x 5} I> 5519) 
=41x 4x 48 


= §01, or 1818. 
Therefore the volume of the given cone is 183% cu.in. Q.£.F. 


4. Find the volume of a circular cone, given the altitude 6.3 in. and the 
area of the base 3.8 sq. in. 
Solution. v= tba. § 611 
[Ol 15 OLX, Oso Ax. 9 
= 2.1 x 3.8, OF 7.98. 
Therefore the volume of the given cone is 7.98 cu.in. Q.5.F. 


5. Find the volume of a circular cone, given the altitude 7.8 in. and 
the area of the base 6.9 sq. in. 


Solution. v= tba. § 611 
5 OSS LE SOR) Se Us! Ax. 9 

= 2.3 x 7.8, or 17.94. 
Therefore the volume of the given cone is 17.94 cu. in. Q.5.F. 


6. Find the volume of a circular cone, given the altitude 9.3 in. and 
the area of the base 16.8 sq. in. 
Solution. v=tba. § 611 
“. v=4 X 16.8 x 9.3 Ax. 9 
= 5.6 x 9.3, or 52.08. 
Therefore the volume of the given cone is 52.08 cu. in. @.5.F. 


7. Find the volume of a circular cone, given the altitude 4 in. and the 
radius of the base 3 in. 


Solution. v=tarra. § 612 
_V=4t X 8 x47 Ax. 9 
= 127, or 87.7. 


Therefore the volume of the given cone is 37.7 cu. in. @.E.F, 


8. Find the volume of a circular cone, given the altitude 6 in. and the 
radius of the base 4 in. 
Solution. v=4tara. : § 612 
Pe Sek Sees e Ax. 9 
= 827, or 100.53. 
Therefore the volume of the given cone is 100.53 cu. in. Q.x.F. 
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9. Find the volume of a circular cone, given the altitude 8 in. and the 
radius of the base 5 in. 


Solution. v=trr'a. § 612 
7. V=t X 8 X 8a Ax. 9 

— 2007 or 200.44. 
Therefore the volume of the given cone is 209.44 cu. in. Q.E.F. 


10. Find the volume of a circular cone, given the altitude 9.8 in. and 
the radius of the base 4.3 in. 


Solution. v=tnrra. § 612 
*v=t X 4.3? x 9.89 Ax. 9 

= 189.75. 
Therefore the volume of the given cone is 189.75 cu. in. Q.E.F. 


11. Find the volume of a circular cone, given the altitude 10.5 in. and 
the radius of the base 6.2 in. 


Solution. v=trra. § 612 
 v=+ xX 6.2? x 10.57 Ax. 9 
= 3.5 x 38.447 
= 422.67. 
Therefore the volume of the given cone is 422.67 cu. in. Q.E.F. 


12. Find the volume of a circular cone, given the altitude 14.9 in. and 
the radius of the base 9.6 in. 


Solution. v=4tnra. § 612 
. = $< 9.67 X 14.947, Ax. 9 
=x 92.16 x 14.97 
= 80.72 x 14.97 
= 1437.998. 


Therefore the volume of the given cone is 14387.998 cu. in. q.E.F. 
13. Howmany cubic feetin aconical tent 10 ft. in diameter and 7 ft. high? 


Solution. v= tara. § 612 
 0=4x (42) X74 Ax. 9 

= ot, or 183.26. 
Therefore the number of cubic feet in the tent is 183.26. Q.E.F. 


14. How many cubic feet in a conical pile of earth 15 ft. in diameter 
and 8 ft. high? 


Solution. v= tna. § 612 
v=1x (48)? x 83 Ax. 9 


=4 x 245 x 8a 
= 1507, or 471.24. 
Therefore the number of cubic feet in the pile of earth is 471.24. q.u.¥. 
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15. Deduce a formula for finding the altitude of a circular cone in 
terms of the volume and the area of the base. 

Solution. Denote the altitude of the given circular cone by a, the 
volume by v, and the area of the base by D. 


Then v = tba. § 611 
UT) SS 5 Ax. 3 
go: a="*, by Ax. 4, Q.E.F. 


16. Deduce a formula for finding the area of the base of a circular 
cone in terms of the volume and the altitude. 

Solution. Denote the area of the base of the given circular cone 
by b, the volume by v, and the altitude by a. 


Then v= 4ba. § 611 
OC = Si0s Ax. 3 
R= = » by Ax. 4. Q.E.F. 


17. Deduce a formula for finding the altitude of a circular cone in 
terms of the volume and the radius of the base. 

Solution. Denote the altitude of the given circular cone by a, the 
volume by v, and the radius of the base by r. 


Then v=trrra. § 612 
Lo iO = BO INE 3} 
3 ee By Aad Q.E.F. 

oe 


18. Deduce a formula for finding the radius of the base of a circular 
cone in terms of the volume and the altitude. 

Solution. Denote the radius of the base of the given circular cone 
by vr, the volume by v, and the altitude by a. 


Then v= tm"a. § 612 
So WIG = BO Ax. 3 
3 
Pee Ax.4 
7a 
ase 
~ Naa 
1 —— 
ae V3 av, by Ax. 5. Q.E.F. 


19. Deduce a formula for finding the volume of a cone of revolution in 
terms of the slant height and the radius of the base. 

Solution. Denote the volume of the given cone of revolution by v, 
the slant height by s, and the radius of the base by r. 
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Now ve =torra. § 612 
But a? = 82 — 72, § 338 
whence a= V2 — 1, Ax. 5 
vw =hrr V's? — 72, by Ax. 9. Q.E.F. 


20. Deduce formulas for finding the slant height and the altitude of a 
cone of revolution in terms of the volume and the radius of the base. 

Solution. Denote the slant height of the given cone of revolution 
by s, the altitude by a, the volume by v, and the radius of the base by r. 


(1) v=4hrra. § 612 
But = s2— 7, § 338 
whence a= Vs? — 72, Ax. 5 
l= smi — Tes Ax. 9 
: 3v 
st— 7? = —_. Axs. 8, 4 
ar 
2 
a Fare Ace Ax. 5 
Bae 
9 v2 
a Pash 
TORN ard Ax. 1 
26 2 
ued Ax.11 
A 
a: Go ye O07, by Ax. 5. Q.E.F. 
wr 
(2) v =4$nr'a. § 612 
OS lide) VIO) Ax. 3 
x, eee 4, Q.E.F. 
ame 


Exercise 96. Page 375 


1. Find the lateral area of a frustum of a cone, given the circumfer- 
ences of the bases 4 in. and 3 in. and the slant height 0.5 in. 
Solution. Y=} (G-- c))s. § 615 
«. l=$(4+4+ 8) x 0.5 Ax. 9 
Shs) 6 (ORGS Ce Ory, 
.. the lateral area of the given frustum of a cone is 1.758q. in. @.£.F. 


2. Find the lateral area of a frustum of a cone, given the circumfer- 
ences of the bases 6 in. and 5 in. and the slant height 1.4 in. 
Solution. l=4t(c+c’)s. § 615 
v. L=$(6+4 5) x 1.4 Ax. 9 
= 10.056 an OMiiant 
-. the lateral area of the given frustum of a cone is 7.78q. in. @.E.¥. 
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3. Find the lateral area of a frustum of a cone, given the circumfer- 
ences of the bases 74 in. and 5% in. and the slant height 24 in. 


Solution. l=i(c4+c)s. § 615 
«. L= 4 (7h + 5$) x 24 Ax. 9 
= 58 x a 


= #9), or 142;. 
.. the lateral area of the given frustum of a cone is 14,5, sq. in. @.=.F. 


4. Find the lateral area of a frustum of a cone, given the circumfer- 
ences of the bases 23 in. and 18 in. and the slant height 16 in. 


Solution. l=}3(c+c)s. § 615 
~. l= $(23 + 18) x 16 Ax. 9 
=4x 41x 16 
= 328. 


.. the lateral area of the given frustum of a cone is 328 sq. in. @.E.F. 


5. Find to two decimal places the volume of a frustum of a cone, 
given the altitude 3 in. and the areas of the bases 44 sq. in. and 2 sq. in. 


Solution. v=ta(b+l + Vov’). § 617 
o0=}x 8(444 24 V4} x 2) Ax. 9 
= 9.5. 


«. the volume of the given frustum of a cone is 9.5 cu. in. Q.E.F. 


6. Find to two decimal places the volume of a frustum of a cone, 
given the altitude 4 in. and the areas of the bases 84 sq. in. and 3 sq. in. 


Solution. v =la(b +0 4+ Vb’). § 617 
. v=1x 4(8143+4 V8i x 8) Ax. 9 
=$x 


= 136, or 21.78. 
.. the volume of the given frustum of a cone is 21.78 cu. in. @.E.F. 


7. Find to two decimal places the volume of a frustum of a cone, 
given the altitude 54 in. and the areas of the bases 16 sq. in. and 9 sq. in. 


Solution. v=ta(o+0 + Vov’). § 617 
“ V=4x 53 (1649+ V16 x 9) Ax.9 
xX 3 
= 67.83. 


.. the volume of the given frustum of a cone is 67.83 cu. in. @.E.F. 
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8. Find to two decimal places the volume of a frustum of a cone, 
given the altitude 6 in. and the areas of the bases 17 sq. in. and 11 sq. in. 
Solution. v=ta(b4+0' + Vo0’). § 617 
. 0=$ x 6(174 114 V17 x 11) Ax. 9 
= 2 (28 + V187) 
= 56 + 2/187 
= 56 + 27.35 
= 83.35. 
.. the volume of the given frustum of a cone is 83.35 cu. in. Q@.5.F. 


9. Find to two decimal places the volume of a frustum of a cone of rev- 
olution, given the altitude 4 in. and the radii of the bases 3 in. and 2 in. 


Solution. v=tra(r? +r? +17’). § 618 
*. v=4m xX 4(82 4 22 4 8 x 2) Ax. 9 
=inax 4(9+ 4+4 6) 
=17x 76 
a, or 79.59 


.. the volume of the given frustum of a cone of revolution is 
79.59 cu. in. Q.E.F. 


10. Find to two decimal places the volume of a frustum of a cone of rev- 
olution, given the altitude 5 in. and the radii of the bases 34 in. and 24 in. 


Solution. v=tra(r? +72 417). § 618 
“. v=47xX5[(84)?4+ (24)? +384 x 24] Ax. 9 

=$r(PtH +e 

=a xt 
Se r81.88) 
48 

.. the volume of the given frustum of a cone of revolution is 
131.88 cu. in. Q.E.F. 


11. Find to two decimal places the volume of a frustum of acone of rev- 
olution, given the altitude 6 in. and the radii of the bases 3.7 in. and 8.1 in. 
Solution. v=tra(r? +r? +717’). § 618 
1 Vv=tr x 6(3.7 4 3.12 + 3.7 x 3.1) Ax. 9 
= 27 (18.69 + 9.61 4+ 11.47) 
Nery 54 Oy ttl 
= 69.54 7, or 218.47. 
.. the volume of the given frustum of a cone of revolution is 
218.47 cu. in. Q.E.F, 
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12. Find to two decimal places the volume of a frustum of a cone of rev- 
olution, given the altitude 74 in. and the radii of the bases 4% in. and 34 in. 
Solution. v= gra(r? +r? +417’). § 618 
0 = Fm x TA[(48)? + (84)? + 42 x 84] Ax. 9 
= 373i + UP + 47) 
=f x 3g) 


Be OD rao ie: 


«. the volume of the given frustum of a cone of revolution is 
370.49 cu. in. Q.E.F. 


13. Deduce a formula for finding the altitude of a frustum of a circu- 
lar cone in terms of the volume and the areas of the bases. 

Solution. Denote the altitude of the given frustum of a circular 
cone by a, the volume by v, and the areas of the bases by b and b’ 
respectively. 


Then __v=ha(b+b' + Vo’). § 617 
~~ a(b+ 0) + Vbv’) = 382. Ax. 3 
30 
a = ——_———_. by Ax. 4. Q.E.F. 
b+ b+ Voi’ 


14. Deduce a formula for finding the altitude of a frustum of a cone 
of revolution in terms of the volume and the radii of the bases. 


Solution. Denote the altitude of the given frustum of a cone of 
revolution by a, the volume by v, and the radii of the bases by r and 
r’ respectively. 

Then v= tra (r? + 72417’). § 618 

o. 7 (7? + x? + rr’) = 82. Ax 3 
30 
ese a), by Ax. 4. Q.E.F. 


Exercise 97. Page 376 


1. There is a rule for calculating the strongest beam that can be cut 
from a cylindric log, as follows: 

Erect perpendiculars MD and NB on opposite sides of a diameter AC, 
at the trisection points M and N, meeting the circle in D and B. Then 
ABCD is a section of the beam. 

Calculate the dimensions, the log being 16 in. in diameter. 


Given the © ADC, a right section of the given cylindric log; MD 
and VB Js on opposite sides to AC, the diameter of the © ADC, at its 
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points of trisection M and N, meeting the © in D and B; and the lines 
DA, DC,BA,and BC. The length of AC=16in. 
Required to find the dimensions of A BOD. 
Solution. Since MD and NB are each L to AC, Given 
.. DA? =AC x AM, 


D 
and BO? =AC x ON. § 298 
But AM = ON. Given i 
» AC x AM=AC XON. Ax.3 4 C 
DAs = BU: Ax.8 
Whence DA = BG Ax. 5 yy, 
Similarly, DE = BA. 


+ ABCDisa LH. § 129 


Now 4 ADC and CBA are rt. A. § 215 
Since 4 BAD and DCB are equal, § 124 
. & BAD and DCB are rt. A. § 144 
ee ed, § 119 
Since DA*=ACx AM, Proved 
and gh =4AC, Given 
aA =4A0" Ax. 9 
-, DA” = 4(16)? Ax. 9 

— 2 38, 6 
a DA = 36 V3, or 9.238. Ax. 5 
Also since DO’? = AC x CM, Proved 
and CM=iAC, Given 
DO = AC. Ax. 9 
. DO*= } (16)? = 84 Ax. 9 
DO = 18 V6, or 13.064. Ax. 5 


Therefore the dimensions of ABCD are 9.238 in. and 13.064 in.@. 5. ¥F. 

2. A cylindric funnel for a steamboat is 4 ft. 3 in. in diameter. It is 
built up of four plates in girth, and the lap of each joint is 1gin. Find 
one dimension of each plate. 


Solution. 4 ft. 3 in. = 51 in. 
The circumference of the funnel = 7d § 384 
= 517 in. Ax. 9 


Therefore, making no allowance for a joint, we have for a dimension 
rae 
of one plate = in. 
Therefore the required dimension of one of the plates 
= 5.7 in. + 1¢ in. Ax. 11 
= 41.4304 in. 
= 8 ft. 5.4804 in. Q.E.F 
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3. A tubular boiler has 124 tubes, each 33 in. in diameter and 18 ft. 
long. Required the total tube surface. Answer to the nearest square foot. 


Solution. The surface of one of the given tubes is the lateral surface 
of a cylinder having the same dimensions. 


Now 37 in, = $A in. = 34 ite 
Since l= 2zra, where 27r = the diameter, § 588 
5, Uns OE Ie Ax. 9 
_ 937 
: 16 » OSi7r 
That is, the lateral surface of one tube is —— sq. ft. 


16 
Therefore the total tube surface of 124 such tubes 


= 124 x as sq. ft., or 2264 sq.ft., by Ax.11. @.x.7. 


4. A room in a factory is heated by steam pipes. There are 235 ft. of 
2-inch pipe and 26 ft. 3 in. of 38-inch pipe, besides 2 ft. 8 in. of 4t-inch 
feed pipe. Required the total heating surface. Answer to the nearest 
square foot. 


Solution. 25in = ttt, 

3 in. = } ft., 

26 ft. 3 in. = 263 ft., 
2 ft. 8 in. = 22 ft., 


and 41 in. = }f ft. 
Since 1 = 27ra, where 2r = the diameter, § 588 
« l=k x 23577 Ax. 9 
_ 2357 
6 235 3 
That is, the heating surface of 235 ft. of 2-inch pipe is sq. ft. 


‘For like reason the heating surface of 26 ft. 3 in. of 3-inch pipe is 


+ x 264-7 sq. ft., or — 


of 44-inch pipe is $4 x 227 sq. ft., or pee sq. ft. 


sq. ft.; and the heating surface of 2 ft. 8 in. 


Therefore the total heating surface 


235% 105%  1%ar 
= sebbe . 
( 6 af 16 + 18 )sa Ax. 11 
= m (235 + 8) + 34) 8a. ft. 
= Glens sq. ft., or 147 sq. ft. QE. 


144 
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5. A triangular plate of wrought iron % in. thick is 2 ft. 7 in. on each 
side. If the weight of a plate 1 ft. square and t in. thick is 5 lb., find to the 
nearest pound the weight of the given triangular plate. 


Solution. Let the equilateral AA BC represent the K 
face of the given triangular plate of wrought iron 
whose side = 2 ft. 7in. = 2,4 ft. 
Draw CD 1 to AB. 
Then OD bisects AB. §85 “ 7 ® 
That is, AD=}4AB=4AC. Ax. 9 
In the rt. A ADO, Cp =A0— AD: § 838 
= OD =AC'—+A0° Ax.9 
= Ao’. 
CD=43V3AC Ax. 5 
Now the area of A ABC =3AB x CD § 825 
=}4AC x CD. Ax. 9 
.. the area of A ABO = (3)? V3. AO” Ax. 9 
=1V3 (27%)? sq. ft Ax. 9 
=} V8 (34)? sq. ft. 
= oY, v3 sq. ite 
576 


Now v = ba, where v = the volume of the given triangular plate, b = 
the area of A ABC, its base; and a = 3 in. = % ft., its altitude. § 538 


v= 961-V3 x es Cutt: Ax. 9 
576 96 
4805 V3 
= cu. ft. 0.1505 cu. ft. 
55900 C2 t, OF cu 
Furthermore, the volume of a square plate 1 ft. on a side and { in., 
or gz; ft., thick is j, cu. ft. § 584 


But this square plate weighs 5 lb. 
Therefore J, cu. ft. of the given wrought iron weighs 5 lb. 
Whence 1 cu. ft. of it weighs 96 x 5 lb., or 480 lb. 
Therefore the weight of the given triangular plate is 0.1505 x 4801b., 
or 72 lb. Q.E.F. 


6. The water surface of an upright cylindric boiler is 2 ft. 8 in. below 
the top of the boiler, and is 12.57 sq. ft. in area. What is the volume of 
the steam space ? 

Solution. The volume of the steam space is the volume of a right 
circular cylinder whose base is 12.57 sq. ft. and whose altitude is 2 ft. 
8 in. = 23 ft. 
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Since O00 § 589 
5 US WO oe PF Ax. 9 
= 33.52. 


That is, the volume of the given stcam space is 83.52 cu. ft. Q.E.F. 


7. A cylinder 16 in. in diameter is required to hold 50 gal. of water. 
What must be its height, to the nearest tenth of an inch, allowing 231 
cu. in. to the gallon ? 


Solution. 50 gal. = 50 x 231 cu. in., or 11,550 cu. in. 
Now v= ara. § 590 
Here v = 11,550 cu. in., 
and r =4of 16 in., or 8 in. 
.. 11,550 = 8? 7a Ax. 9 
= 6474. 
Whence C= Uipee Ax. 4 
647 
— 57.4. 
Therefore the height of the cylinder required is 57.4 in., or 4 ft. 
9.4 in. Q.E.F. 


8. How many square feet of tin are required to make a funnel, if the 
diameters of the top and bottom are 30 in. and 15 in. respectively, and 
the height is 25 in. ? 


Given AD, a frustum of a right circu- 
lar cone representing a conical funnel, in 
which AH and CD are the diameters of 
the upper and lower bases respectively, 
AE being 30 in. and CD 15 in., and the 
height being 25 in. 

Required to find the number of square 
feet of tin necessary to make the given 
funnel. 


Solution. Draw OO’ joining the centers O and O’ of the bases. 
Through OO’ and AO pass a plane cutting the base CDin CO’. § 425 
Then draw CB in the plane AO’ 1 to AO. 


The lines BO and CO’ are ||. § 453 
Also the lines BC and OO’ are ||, * § 95 

since the given frustum is a frustum of a right circular cone. 
sees C.OLONS an/2).. § 118 


-. BC = 00’, and BO = CO’. § 125 
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Pq PEO AS 1s, Ax. 8 
and AB= AO— BO 
=AO— CO’ Ax. 9 
= 49 in. — 4 in., or 43 in. Ax. 9 
Now A ABC is right angled at B. Const. 
In the rt. AABO, AO*= AB? + BC’. § 337 
». AO? = (45)? + 25? Ax.9 
= 2725, 
- AO = $V109. Ax. 5 
But l=}(c+c’)s. § 615 
Since c= 3807, and c’=157, § 384 
». L= 4 (80m + 157) x §-V109 Ax.9 
= 3 x 45 TX 109 
__ 225 + -V109 
eT a 
Therefore the number of square inches of tin required to make the 
given funnel 225 3r-V109 
4 
Therefore the number of square feet of tin required to make the funnel 
_ 225 V/109 
4x 144 
= 225 7 V 109 or 12.81. Q.E.F. 
576 


9. Find to two decimal places the weight of a steel plate 4 ft. by 3 ft. 
2 in. by 1% in., allowing 490 lb. per cubic foot. 


Solution. 3 ft. 2 in. = 3} ft., 
and 13 in. = 4} ft. 

Since the volume of any rectangular parallelepiped is equal to the 
product of its three dimensions, § 534 
-, the volume of the given steel plate 

= 4x 3} x 44 cu. ft. Axo 


=4x 12 x 44 cu. ft. 
= 229 cu. ft. 
Therefore the weight of the steel plate 
= 299 x 490 lb., or 711.18 lb. Q.E.F. 


10. A steel plate for a steamship is 5 ft. long, 3 ft. 6 in. wide, and $ in. 
thick. A porthole 10 in. in diameter is cut through the plate. Required 
the weight of the finished plate, allowing 0.29 lb. per cubic inch. Answer 
to two decimal places, 
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Solution. 5 ft. = 60 in., 
and 3 ft. 6 in. = 42 in. 

Since the volume of any rectangular parallelepiped is equal to tne 
product of its three dimensions, § 534 
.. the volume of the entire steel plate including the circular plate 
cut out for the porthole = 60 x 42 x $.cu. in. Ax. 9 

= 1260 cu. in. 

But since the volume of any right circular cylinder is wr?a, where 
mr? is the area of the base and a the altitude, § 590 

.. the volume of the circular plate cut from the given plate 

= 5% x 47 cu. in. Ax. 9 
= 39.27 cu. in. 


. the number of cubic inches in the finished steel plate 
= 1260 — 39.27, or 1220.78. 
Since the weight of the steel is 0.29 lb. per cubic inch, Given 
.. the finished plate weighs 1220.73 x 0.29 lb., or 354.011b. Q.£.F. 


11. A cast-iron base for a column is in the form of a frustum of a pyra- 
mid, the lower base being a square 2 ft. on a side, and the upper base having 
a fourth of the area of the lower base. The altitude of the frustum is 9 in. 
Required the weight to the nearest pound, allowing 460 lb. per cubic foot. 


Solution. The area of the lower base of the given frustum of a pyra- 


mid is 2? sq. ft., or 4 sq. ft. § 320 

Then the area of the upper base is } of 4 sq. ft., or 1 sq. ft. 
Now v=ta(b + b+ Vodb’). § 565 
.0=1x 2 (4414 V4) cu. ft. Ax. 9 


= cu. ft., or 13 cu. ft. 
That is, the volume of the given cast iron base is 1$ cu. ft. 
But the weight of 1 cu. ft. of the cast iron used in the base is 460 Ib. 
Therefore the weight of the base 

= 1% x 460 lb., or 805 lb. Q.E.F. 


12. A cylinder head for a steam engine has the shape shown in the 
figure, where the dimensions in inches are: a =12,b =3,c=2,d=6, 
e=3,f=t,g=4,andh=%. There are siz 3-inch holes for bolts. Com- 
pute the weight of the plate, allowing 41 lb. for the weight of a steel plate 
1 ft. square and 1 in, thick. Answer to the nearest tenth of a pound. 

Solution. It is clear that the volume of the given cylinder head with 
no holes in it equals the total volume of the first three right circular 
cylinders given below, minus the volume of the fourth which follows: 

(1) A right circular cylinder with diameter a = 12 in. and height 
j= i in. 
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(2) A right circular cylinder with diameter b = 8 in. and height 
i=in. 


(8) A right circular cylinder with F 3f "holes 
1 
| 


diameter d = 6 in. and height A = %in. 
(4) A right circular cylinder with 


-- 2K --€--> 


diameterc = 2in.andheighth=#in. (7s 
Now v= Tra. §590 SING! 
Therefore the volume of a right cir- | : 
cular cylinder 12 in. in diameter with ! 
height 7 in. = (42)?xZmcu.in. Ax.9 ¢ 
= $87 cu. in.; 
the volume of a right circular cylinder 3 in. in diameter with height 
2 in. = ($)? x ¢arcu. in, Ax. 9 
=) Cul, AN. 
the volume of a right circular cylinder 6 in. in diameter with height 
2 in. = ($)? x }7 cu. in. Ax. 9 
= 42 cu. in. 
and the volume of a right circular oplinder 2 in. in iomere with 
height 3 in. = = 27 cu.in: Ax. 9 
= $7 cu. in. 
Therefore the total volume of the given cylinder head with no 
holes in it = (Sia + 3 Oe lee 0, FeN5: 11 
= 7 ($8 + 3 3) cu. in, 


= 2997 ane hae eae 883 3 culyiive 
The six $-inch holes each have a depth of g= in. 

Then the volume of a right circular es with dimensions equal 
to those of one of the holes = Q x $)2 x Facu. in. Ax. 9 
= 93, 3 cu. in. 

Therefore the total volume of six such cylinders, each with dimen- 
sions equal to those of one of the holes, 
= 6 x 83, 7 cu. in. Ax. 11 
= 4227 cu. in. 
Therefore the volume of the given cylinder head with the six 3-inch 
holes in it = (883 3 — 322 77) cu. in. 
= 37224 7 cu. in., or 119.34 cu. in. 
The volume of a steel plate 1 ft., or 12 in., square and 1 in. thick is 
144 cu. in. § 534 
Since this pe weighs 41 Ib., 
pe ISCus Ineo the steel weighs 744 lb. 
Therefore aie ee cylinder head with the six 3-inch holes in it 
weighs 119.34 x 744 lb., or 34 lb, Q.E.F, 
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13. A steel beam 10 in. by 5 in., in the form here shown, is 18 ft. long. 
The thickness of the beam is $ in. and the average thickness of the flanges 
is 8 in. Find the weight of the beam to the nearest pound, allowing 0.29 


lb. per cubic inch. a 
Solution. From the adjoining figure it is obvious that é ¥ 

the volume of the given steel beam equals the volume of “& *-¥ 

a solid steel beam of the same length, 10 in. by 5 in. in yh 3 


right section, minus the total volume of two equal solid ee 


steel beams of the same length as the given beam, each of which is 
(10 — 2 x 3) in., or 94 in., by } (5 — 3) in., or $3 in., in right section. 
Now the volume of a solid steel beam 18 ft. long and 10 in. by 4 in. 
in right section = 18 x 12 x 10 x 5 cu. in., or 10,800 cu. in. § 534 
And the total volume of two equal solid steel beams, each 18 ft. long 
and 93 in. by 22 in. in right section, equals the volume of a single solid 
steel beam 18 ft. long and 9} in. by 2 x $3 in.= % in. in right section. 
The volume of a solid steel beam 18 ft. long and 93 in. by % in. 
in right section = 18 x 12 x 93 x 38 cu. in. § 5384 
= 18 x 12x & x 4 cu. in. 
= 87414 cu. in. 
Therefore the volume of the given steel beam 
= 10,800 cu. in. — 87413 cu. in. 
= 20583 cu. in. 
But the weight per cubic inch of the given steel beam is 0.29 Ib. 
Therefore the weight of the given steel beam 
= 20583 x 0.29 lb., or 597 Ib. Q.E.F, 


14. A hollow steel shaft 12 ft. long is 18 in. in exterior diameter and 
8 in. in interior diameter. Find the weight to the nearest pound, allow- 
ing 0.29 lb. per cubic inch. 


Solution. The volume of any right circular cylinder is expressed by 


the formula v= Tra. § 590 
Therefore the volume of a right circular cylinder 12 ft. long and 
18 in. in diameter =1G5)7 06 126 12a cus ine Ax. 9 


= 11,664 7 cu. in. 
And the volume of a right circular cylinder 12 ft. long and 8 in. in 
diameter ==1(S) 2 elie, 12 ances Ax. 9 
= 2304 7 cu. in. 
Since the volume of the given hollow steel shaft is the difference of 
the volumes of two right circular cylinders each 12 ft. long, the one 
being 18 in. in diameter, the other 8 in. in diameter, 
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‘, the volume of the given steel shaft 
= 11,664 7 cu. in. — 2804 7 cu. in. 
= 9360 7 cu. in., or 29,405.3876 cu. in. 
But the weight of the steel is 0.29 lb. per cubic inch. 
Therefore the weight of the given steel shaft 
= 29,405.376 x 0.291b., or 85281b.  Q. EF. 


15. Find the expense, at 70 cents a square foot, of polishing the curved 
surface of a marble column in the shape of the frustum of a right circular 
cone whose slant height is 12 ft. and the radii of whose bases are 3 ft. 6 in. 
and 2 ft. 4 in. respectively. 

Solution. 3 ft. 6 in. = 33 ft., 

and 2 ft. 4 in. = 23 ft. 

Since the lateral surface of any frustum of a right circular cone is 
expressed by the formula / = } (¢ + c’)s, § 615 
.. the lateral surface of the given marble column in the shape of a 
frustum of a right circular cone 

= 4(2 x 847+ 2 x 247) x 128q. ft. Ax. 9 
= 12(3} 7 + 217) sq. ft. 
= 10lmnsq. itr, or 219/912) sq. ft: 

Therefore the expense of polishing the given marble column at 70 

cents a square foot = 219.912 x $0.70 
= $153.94. Q.E.F. 


Exercise 98. Page 378 


1. The slant height of the frustum of a regular pyramid is 25 ft., and 
the sides of its square bases are 54 ft. and 24 ft. respectively. Find the 
volume. 186 


Given, in the frustum ABCD-EFGH of a 
regular pyramid, the sides of the square bases 
ABCD and EFGH equal to 54 ft. and 24 ft. 
respectively, and the slant height’equal to 25 ft. 

Required to find the volume of the frustum 
ABCD-EFGH. 


Solution. Let OO’ be a segment of the axis 
of the regular pyramidof which ABCD-EFGH mM 
is a frustum. 

Draw O’K 1 to EF. 

Through OO’ and O’K pass a plane (§ 425) cutting the base ABCD 
in OM, and the lateral face BE in KM. § 429 

Then draw KS L to OM. 
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The points O and O’ are the centers of the bases ABCD and 


EFGH respectively. § 546 
Then OO’ is | to each of the bases ABCD and EFGH. 
.. the plane MO’ is | to the base HFGH. § 477 
Now OK is 1 to HF. Const. 
.. HF is Ltotheplane MO’. § 482 
.. HF is 1 to KM. § 430 
Then KM is the slant height of the given 
trustum ABCD-EFGH. § 552 
Since O’E is || to OS, § 453 
and OO’ is || to KS, § 95 
3. OSKO* isa. § 118 
£5 OS = OAK § 125 
But SM = OM — OS. 
-. SM = OM — OK. Ax.9 
Now AB is || to HF. § 551 
Since EF is 1 to the plane MO’, Proved 
.. AB is 1 to the plane MO’. § 445 
eA Buse to OM, § 430 


Draw OB and O’F. 
Then OB and O’F bisect the 4 ABC and EFG respectively. § 363 
-. A ABO and HFO’ each equal 45°. 


Then A MOB and KO’F each equal 45°. § 107 
-. OM = MB, and O'K = KF. : § 76 
But since OM is 1 to AB, Proved 
and OFGIS TT to EE. Const. 
«. MB=}$AB,and KF =} EF, § 85 
-. OM=}$AB,and OK =4EF. Ax. 8 
- OM=4$-x 54ft., or 27ft.; and OK =} 24ft., or12ft. Ax.9 
Since SM = OM— O’K, 
o. SM = 27 ft. — 12 ft., or 15 ft. Ax. 9 
Inthert.AKSM, KS?=KM’—SM”. § 338 
. KS? = 25? — 18? Ax. 9 
= 625 — 225, or 400. 
reese 205 Ax. 5 
The volume of any frustum of a pyramid is expressed by the 
formula v=ta(b+ + Veo’). § 565 
v= 4x 20(5424 2424 542x242) Ax. 9 
= 22 x 4788 
= 31,920. 


Therefore the required volume is 31,920 cu. ft. Q.E.F 


TEACHERS’ EDITION 449 


2. If the bases of the frustum of a pyramid are regular hexagons 
whose sides are 1 ft. and 2 ft. respectively, and the volume of the frustum 
is 12 cu. ft., find the altitude. 


Given, in the frustum ABCDEF-GHKLMN, the bases AD and 
GL regular hexagons whose sides are 2 ft. and 1 ft. respectively, and 
the volume equal to 12 cu. ft. 


Required to find the altitude of the given 3 oe 
frustum ABCDEF-GHKLMN. Gt 2 Dae 
Solution. Let O be the center of the 
base GL. 
Draw OH and OK, and OS 1 to HK. 
4OHK and OKH each equal 60°. § 363 
Then ZAANOKE=1602 ALO 2 5 
Since OS is 1 to HK, Const. 
3 LEIS SG § 85 B C 
Be JENS = IK, 
Then TSt ha ott OL abs Ax. 9 
OH = HK = 1 ft. § 77 
Now OS? = OH”? — HS”. § 338 
-. OS” = 12 — (3)? Ax. 9 
». OS =4v3. Ax. 5 
But _ the area of the base GL = 4 OS x 6HK. § 386 
.. the area of GL =1x4V3x6 Ax. 9 
=? V3. 
The regular polygons GL and AD are similar. § 378 
-. polygon GL: polygon AD = HK’: BO’. § 334 
“ $V3:AD=12: 2%, Ax.9 
Whence the area of AD = 6 V3. § 261 
Since the volume of a frustum of any pyramid is expressed by the 
formula v=ialb+v' + Vov’), § 565 
o. 12 = ta(3-V346V3 4/3 x 6(V3)?) Ax.9 
=1a(3 V3 + 3V3) 
= IV3-a. 
fa Oh SS ee Ax. 4 
iv3 


= 7V3, or 14 V3. 
Therefore the altitude of the given frustum ABCDEF-GHKLMN 
is 1} V8 ft. Q.E.F 
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3. From a right circular cone whose slant height is 30 ft., and the cir- 
cumference of whose base is 10 ft., there is cut off by a plane parallel to 
the base a cone whose slant height is 6 ft. Find the lateral area and the 


volume of the frustum. V 
Given the right circular cone V-AB, the cir- A 
cumference of whose base is 10 ft. and whose if i\ 
slant height is 30 ft., cut by the plane CD || to / | \ 
the base AB, so that VC is 6 ft. Jroshey\ 


UL 
’ ‘ 


Required to find the lateral area and the 
volume of the frustum AB-CD. 

Solution. The section CD isa ©. § 601 

Let VO be the axis of the right circular 


cone V-AB. § 597 
Then VO is 1 to the plane of the OCD at 
its center O’. § 456 
“. VOis 1 to AOand CO’. § 430 
Now the rt. AVOA and VOC are similar. § 287 
a WAls YOSAOree § 282 
== 5 aOR EXO 
oO 0 = 102 O07 Ax. 9 
n. OOR 2m Or—= 160; § 261 
So BRO a0 Ax. 4 
Since the lateral area of a frustum of a circular cone is expressed 
by the formula l=4(c+c’)s, § 615 
“, L=4(10 + 2) (80 — 6) Ax. 9 
=} x 12 x 24 
= 144, 


Therefore the lateral area of the frustum AB-CD is 144 sq. ft. 
Furthermore, since the rt. & VOA and VO’C are similar, Proved 


«. VO: VO'=A0:C0’ § 282 
=27A0:27C00’ 
= 10:2 Ax. 9 
==) ph. 
ke VO—3V0 oat 1k § 268 
That is, 00’: VO’ =4:1. 
In the rt. AVO'C, VO =VC" = 00%. § 338 
. VO? = 6 — (=) Ax. 9 
2 7. 
= 36 = 
7m 


_ 8677-1 
Set 
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V0 =_V 861. Ax. 5 

-, OO’: “86m 1=4: ul Ax. 9 

. 00 = = V86n— 1. § 261 

Now the volume of a frustum of a cone is expressed by the formula 
v= " a + 72 + rr’). § 618 


2 2 
Pe 4 367? — ix (G2) + (= \+5| Ax. 9 
Tr, 


12 
‘Vaaai x (84245) 


2 2 


= Vi RR = 
7 


_ iu 124 Vg6q2— 1. 
= Bae 2 
Therefore the volume of the frustum A B-CD is 5a V8 a? — 1ou. ft. 


Q. E. F. 

4. Find the difference between the volume of the frustum of a pyramid 
whose altitude is 9 ft. and whose bases are squares, 8 ft. and 6 ft. 
respectively on a side, and the volume of a prism 
of the same altitude whose base is a section of the 
Frustum parallel to its bases and equidistant from 
them. 

Solution. The volume of a frustum of a pyramid 
is expressed by the formula 

v=ta(b+4+vbob’). § 565 

Therefore, for the given frustum A BOD-EFGH, 

v=1x 9(82 + 62 4 V8? x 6?) 
= 3 (64 + 386 + 48) 
= 3 x 148, or 444. 

Let MNRS be the section of the given frustum 
ABCD-EFGH || to the bases and midway between 
them. 

From F let fall the 1 FK upon the base ABCD, cutting the mid- 
section MNRS in O. 


Draw BK and NO. 


The lines BK and NO are ll. § 453 

NG Ei — Oe rLe. § 273 

But IMO) Ss Ji NGPA Given 
i HIN SIDI 3 reed a Ax.8 


That is, NV is the mid-point of BF, 
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Similarly, it may be shown that R, S,and M are the mid-points of 
CG, DH, and AF respectively. 

Then each side of the mid-section MVRS equals 
half the sum of a side of square ABCD and a side 
of square HFGH. § 137 

That is, a side of MNRS =4(AB+ EF) 
4(84+6)ft. <Ax.9 
4 x 14ft., or 7 ft. 
Moreover the 4of MNRS are rt. A. § 461 

.. MNRS is a square 7 ft. on a side. 
Now the volume of a prism is expressed by the 


lI 


formula v = ba. § 539 
Therefore, for the given prism whose base is the 
mid-section MNVRS, (ies UF SO) Cl ae, AG 1) 
= 49 x) 9 cuyit, 
= 441 cu. ft. 


’ Therefore the difference between the volumes of the given frustum 
of a pyramid and the given prism 

= 444 cu. ft. — 441 cu. ft. 

SOreustiGe Q.E.F. 


5. A Dutch stone windmill in the shape of the frustum of a right cone 
is 12 meters high. The outer diameters at the bottom and the top are 16 
meters and 12 meters, the inner diameters 12 meters and 10 meters. How 
many cubic meters of stone were required to build it ? 


Solution. The volume of stone required to build the given Dutch 
windmill equals the difference in the volumes of two frustums of 
right cones each being 12 meters high, the one having for its diame- 
ters 16 meters and 12 meters, the other 12 meters and 10 meters. 

But the volume of a frustum of a right circular cone is expressed 


by the formula v= 47a (r? + 12 +4 17’). § 618 
Therefore the volume of the greater given frustum 
=} xler[(f) + A)? + AS) G4) Ax. 9 


= 4 x 1487, or 5927; 
and the volume of the smaller given frustum 
=4 x 127[(12)? + (4°)? + (2) - 2)] Ax. 9 
= 4x 917, or 3647. 
Therefore the volume of stone required to build the given Dutch 
windmill = 5692 7 cu. m. — 8647 cu. m. 
= 228 7 cu, m., or 716.2848 cu. m. Q. ELF. 
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6. The chimney of a factory has the shape of a frustum- of a regular 
pyramid. Its height is 180 ft., and its wpper and lower bases are squares 
whose sides are 10 ft. and 16 ft. respectively. The flue throughout is a 
square whose side is 7 ft. How many cubic feet of material does the 
chimney contain ? 


Solution. The volume of material in the given chimney equals the 
difference in volume of two geometric solids, the one a frustum of a 
regular pyramid with square bases 10 ft. and 16 ft. on a side and 
height 180 ft., the other a rectangular parallelepiped with a square 
base 7 ft. on a side and height 180 ft. 

Now the volume of a frustum of a pyramid is expressed by the 
formula v = } a(b + 04+ V bb’). § 565 
Therefore the volume of the given frustum of a regular pyramid 
= 1 x 180(102 + 162+ V102 x 162) cu.ft. Ax. 9 

= 60 x 516 cu. ft., or 30,960 cu. ft. 

Also the volume of a rectangular parallelepiped is equal to the 


product of its three dimensions. ; § 534 
Therefore the volume of the given rectangular parallelepiped 
= 180 x 7? cu. ft., or 8820 cu. ft. Ax. 9 


Therefore the volume of material in the given chimney 
= 30,960 cu. ft. — 8820 cu. ft. 
= 22,140. cu. ft. Q.E.F. 


7. Two right triangles with bases 15 in. and 21 in., and with hypote- 
nuses 25 in. and 35 in. respectively, revolve about their third sides. Find 
the ratio of the total areas of the solids generated and find their volumes. 


Given the right circular cones C-A G and F-DH generated by the rey- 
olution of the rt. A ABC and DEF F 
about their sides BC and EF re- C 
spectively ; also AB=15in., DE = 
21in., AC = 25in., and DF=3din. 
Required to find (1) the ratio of 
the total areas of the right circular 
cones C-AG and F-DH ; (2) the volumes of the right circular cones 
C-AG and F-DH., 


A GD A 


Solution. (1) Since GRU SOOT a § 614 

.. the ratio of the total areas of the right circular cones C-AG and 

F-DH a ley? eles Ax. 9 
ae be 


) 


25: 49, no QE.F, 


i 
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(2) In the rt. A ABC, BO =10 AB § 338 
«. BO? = 252 — 15? Ax. 9 
= 400. 
«. BO = 20in. Ax. 5 
In the rt. A DEF, EF’ = DF? — DE’. § 338 
». EF* = 35%—21? Ax.9 


= 784. (0) 
VHF 28a Ax. 5 
Now the volume of any right 
circular cone is expressed by the 4, 
formula v = } 77a. § 612 
.. the volume of C-AG =1 x 1527 x 20 
= 1500 7, or 4712.4 ; 
and the volume of F-DH = 1 x 21?7 x 28 Ax. 9 
= 41167, or 12,930.83. 
Therefore the volumes of C-AG and F-DH required are 4712.4 
cu. in. and 12,930.83 cu. in. respectively. Q.E.F. 


Exercise 99. Page 379 


1. A cube each edge of which is 12 in. is transformed into a right 
prism whose base is a rectangle 16 in. long and 12 in. wide. Find the 
height of the prism and the difference between its total area and the total 
area of the cube. 


Solution. Let a@ = the number of inches in the height of the right 
prism equivalent to the given cube. 
Then the volume of the right prism 
=16x12acu.in.,or192acu.in. § 539 
But the volume of the given cube is 12° cu. in., or 1728 cu. in. § 534 


Since the right prism and the cube are equivalent solids, Given 
-. 1924 =1728. 


i480 Ax. 4 
Therefore the height of the given right prism is 9 in. : 
Now the lateral area of a right prism is expressed by the formula 


l= ap. § 513 
Therefore the lateral area of the given right prism 
= 9 x 2 (16 + 12) sq. in. Ax. 9 
= 504 sq. in. 


Since the area of one base of the right prism is 192 sq. in.; § 320 
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.. the entire area of the two bases 
= 2 x 192 sq. in., or 384 sq. in. 
Therefore the total area of the right prism 
= 504 sq. in. + 384 sq. in., or 888sq.in. Ax.11 
Furthermore, the total area of any cube is equal to six times the 


area of one of its faces. § 517 
Therefore the total area of the given cube 
= 6 x 12? sq. in., or 864 sq. in. § 320 
Hence the difference in the total areas of the right prism and 
the cube = 888 sq. in. — 864 sq. in. 
= 24 sq. in. Q.E.F. 


2. The dimensions of a rectangular parallelepiped are a, b, c. Find 
the height of an equivalent right circular cylinder, having a for the radius 
of its base; the height of an equivalent right circular cone having a for 
the radius of its base. 

Solution. (1) Let h be the height of a right circular cylinder, with 
a base whose radius is a, equivalent to the given rectangular paral- 


lelepiped. 
Then zra?h = the volume of this right circular cylinder. § 590 
But a x b x ¢, or abc, = the volume of the given rectangular paral- 
iped. 534 
telepipe So GOs COG. : 
= ae Ax. 4 
wa? 
be 
=—.- Q.E.F. 
7d. 


(2) Let h, be the height of a right circular cone, with a base whose 
radius is a, equivalent to the given rectangular parallelepiped. 
Then 47a?h, = the volume of this right circular cone. § 612 
Since the volume of the given rectangular parallelepiped = abc, § 534 
2. $7 Oeh, — ade. 


ai Seas Ax. 4 
47a? 

_ 3be ae 

=o, : Q.E.F, 


3. A regular pyramid 12 ft. high is transformed into a regular prism 
with an equivalent base. Find the height of the prism. 

Solution. Let « = the number of feet in the height of the regular 
prism equivalent to the given regular pyramid, 
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Denote the area of each of the bases of these geometric solids by b. 
Then 4 x 126, or 4b =the volume of the given regular pyramid. § 561 
Also bz = the volume of the regular prism equivalent to the given 


regular pyramid. § 589 
A mOt— 4D 

ois A Ax. 4 

Therefore the height of the prism is 4 ft. Q.E2F. 


4. The diameter of a cylinder is 14 ft. and its height 8 ft. Find the 
height of an equivalent right prism the base of which is a square with a 
side 4 ft. long. 


Solution. Let x = the number of feet in the height of a right prism 
with a square base 4 ft. on a side, equivalent to the given circular 
cylinder. 


Then 42. a, or 16a” = the volume of this right prism. § 539 
But (44)? x 87, or 392m =the volume of the given circular cyl- 
inder. § 590 
Gti 992 ar: 
By Goes EN kg Ax. 4 
= Ose 
Therefore the height of the prism is 76.97 ft. Q. E.F. 


5. If one edge of a cube is e, what is the height h of an equivalent 
right circular cylinder whose radius is r? 


Solution. The volume of the right circular cylinder equivalent to 


the given cube = 7r?h. § 590 
Also the volume of the given cube = é&. § 5384 

to ASG 

@ 
“. Ah =—, by Ax. 4. Q.E.F, 

mr? 


6. The heights of two equivalent right circular cylinders are in the ratio 
4:9. If the diameter of the first is 6 ft., what is the diameter of the second? 


Solution. Let 2 = the number of feet in the diameter of the second 
of the two given right circular cylinders. 
Denote by 4h and 9h the heights of the two given cylinders 
respectively. 
Then the volume of the first of these cylinders 
= (§)? x 4arh § 590 
= 36 th, 
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and the volume of the second cylinder 


2\2 

= (5) x Oarh § 590 
= } wha. 

Since the two given cylinders are equivalent, Given 
*. $ahx? = 36 7h. 

95 ie eG. Ax. 4 

Co Bae Ax. 5 


Therefore the diameter of the second prismis4ft. Q.E.F. 


7. A right circular cylinder 6 ft. in diameter is equivalent to a right 
circular cone 7 ft. in diameter. If the height of the cone is 8 ft., what is 
the height of the cylinder ? 

Solution. Let c = the number of feet in the height of the given right 
circular cylinder. 


Then the volume of this cylinder = (8)? 7x § 590 

== Deigien 
Furthermore the volume of the given right circular cone 

(eh) Sauer § 612 
eae 

Since the given cylinder and cone are equivalent, Given 
“. Dare = 28 ar. 

“. & = $8, or 3hf. Ax. 4 


Therefore the height of the given cylinder is 3837 ft. q.n.F. 


8. The frustum of a regular pyramid 6 ft. high has for bases squares 
5 ft. and 8 ft. on a side. Find the height of an equivalent regular pyra- 
mid whose base is a square 12 ft. on a side. 

Solution. Let = the number of feet in the height of a regular pyr- 
amid with a square base 12 ft. on a side, equivalent to the given 
frustum of a regular pyramid. 


Then the volume of this pyramid = 1(12)?.a@ § 561 
= 4805 

Since the volume of a frustum of a pyramid is expressed by the 

formula v= alo ++ Vb’), § 565 


.. the volume of the given frustum of a regular pyramid 
=1 x 6(5? 4 824+ V5? x 82) Ax. 9 
= 2'x 129; or 258. 


. 482 = 258. 
*, & = 238, or 53. Ax. 4 


Therefore the height of the regular pyramid is 53 ft. a@.n.F. 
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9. The frustum of a cone of revolution is 5 ft. high and the diameters 
of its bases are 2 ft. and 3 ft. respectively. Find the height of an equiva- 
lent right circular cylinder whose base is equal in area to the section of the 
Frustum made by a plane parallel to the bases and equidistant from them. 


Solution. Let AD-BC be the given frustum of a 
cone of revolution with bases BC and AD 2 ft. and 
8 ft. in diameter respectively, and with height 5 ft. 
Let AB and OO’ be segments of an element and 
of the axis respectively of the given cone of revo- y= 
lution of which AD-BC is a frustum. Let the a 
plane AO’ determined by the lines AB and OO’ 
intersect the bases AD and BC in the lines AO | 
and BO’ respectively, and the section ZF, ll to AD 4 
and BC and midway between them, in EQ. 


Now OO’ is | to the base AD. § 597 

Then OO’ is 1 to the base BC and to the section HF. § 456 
Moreover the section HF isa ©. § 601 

Then O, O’, and Q are centers of the © AD, BC, and EF respec- 
tively. § 602 
.. AO, BO’, and £Qare radii of the © AD, BC, and EF respectively. 
The radii AO, BO’, and EQ are || lines. § 453 


Then in the trapezoid AOO’B, 
EQ bisects OO’ at Q, 
and is || to its bases AO and BO’. 


«. EQ bisects AB. § 134 
s. EQ= (AO + BO). § 187 
w EQ=1} x 3(3 + 2) Ax.9 


> 
f mee 
That is, HQ, or 3 ft., is the radius of the base of a right circular 
cylinder equivalent to the given frustum of a cone of revolution, 
AD-BC. 
Let x denote the height in feet of this right circular cylinder. 


Then the volume of this cylinder = (2)? - wa, or 23 7a. § 590 
But the volume of the given frustum of a cone of revolution 
= 4 x 5a[(%)? + (3)? + 3 x §] § 618 


= 3 xX iP 7m, or $37. 
w. 2bame = Um, 
“. 762 = 880. Ax. 3 
og = Ones Ax. 4 
Therefore the height of the right circular cylinder equivalent to 
the given frustum of a cone is 57, ft. Q.E.F. 
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Exercise 101. Page 390 


1. The four perpendiculars erected at the centers of the circles circwm- 
scribed about the faces of a tetrahedron meet in the same point. 


Given any tetrahedron D-A BC with Js erected 
at the circumcenters of its four faces. 
To prove that these Js are concurrent lines. 


Proof. Let O be the center of asphere cireum- 4 
scribed about the tetrahedron D-ABC.  § 650 

Let HQ be the 1 erected at the circumcenter 
of the face ABD. B 

Then £Q is the locus of a point equidistant from A, B,and D. § 442 

Since OA OR = OD, '§ 621 

.. O lies in #Q. 
That is, #Q passes through O. 

Similarly, it may be shown that each of the 1s erected at the cir- 
cumcenters of the other three faces of the tetrahedron D-A BC passes 
through O. 

Therefore the Js erected at the circumcenters of the faces of a tet- 
rahedron D-ABC are concurrent lines. Q.E.D. 


2. The six planes perpendicular to the edges of a tetrahedron at their 
mid-points intersect in the same point. 

Given in any tetrahedron D-ABC the six 
planes L to its edges at their mid-points. 

To prove that these planes intersect in the 
same point. 

Proof. Let the two planes 1 to the edges AB 
and BC at their mid-points F and G respec- 
tively intersect in the line ZQ. § 429 

Then, since the plane L to AB at Fis the locus of a point in space 
equidistant from A and B, and the plane to BC at G is the locus of 
a point in space equidistant from B and C, § 443 
therefore the intersection of these planes, line HQ, is the locus of a 
point in space equidistant from A, B, and C. 

459 
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Then line #Q lies in the plane 1 to AC at its mid-point ; that is, 
the plane L to AC at its mid-point passes through line HQ. § 448 
Furthermore, since the planes | to AB and 
BC at F and G respectively are each L to the 
plane of the A ABC, § 477 
. the intersection of these planes, line FQ, 
is L to the plane of the A ABC. § 478 
Therefore line HQ is 1 to A ABC at its 
circumcenter. § 243 
In like manner it may be shown that the planes L to the sides of 
the face A DAB, DBC, and DAC at their mid-points intersect in lines 
+ to these A respectively at their circumcenters. 
Now let O denote the center of the sphere circumscribed about the 
tetrahedron D-ABC. § 650 
Then, since OA = OB= OC, § 621 
.. O lies in line HQ; that is, line £Q passes through O. 
Similarly, it may be shown that each of the Js to the face A DAB, 
DBO, and DAC at their circumcenters passes through O. 
Therefore the six planes L to the edges of a tetrahedron D-A BC 
at their mid-points intersect in the same point. Q.E.D. 


3. The six planes which bisect the six dihedral angles of a tetrahedron 
intersect in the same point. D 
Given in any tetrahedron D-A BC the bisect- 
ing planes of the six dihedral 4. 
To prove that these planes intersect in the 
same point. A C 
Proof. Let the two planes bisecting the di- 
hedral 4 DA and DB intersect in the line 
DG. § 429 B 
Since the bisecting plane of the dihedral Z DA is the locus of a point 
equidistant from the planes of the face A DAB and DAC, and the 
bisecting plane of the dihedral Z DB is the locus of a point equidistant 
from the planes of the face A DAB and DBO, § 479 
.. the intersection of these bisecting planes, line DG, is the locus of a 
point equidistant from the planes of the face A DAB, DAC, and DBC. 
Then line DG lies in the bisecting plane of the dihedral 7 DC; that is, 
the bisecting plane of the dihedral Z DC passes through line D@. § 479 
Similarly, it may be shown that the bisecting planes of the dihedral 
4 of the trihedral 4 A, B, and C intersect in lines which are the loci 
of a point equidistant from the faces of these trihedral 4 respectively. 
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Now let O denote the center of the inscribed sphere of the tetra- 
hedron D-A BC. § 649 

Since Ois equally distant from the face A DA B, DAC, and DBC, § 647 
.. O lies in the line DG; that is, line DG passes through O. 

For a like reason, the loci of points equidistant from the faces of 
the trihedral 4 A, B, and C each pass through O. 

Therefore the six bisecting planes of the six dihedral & of the tet- 
rahedron D-A BC pass through the same point. Q.E.D. 


4. Circles on the same sphere having equal polar distances are equal. 

Given, on the sphere whose center is O, the © whose centers are H 
and EH’, having the equal polar distances PB 
and P’B’ respectively. 

To prove that the © whose centers are H 
and E” are equal. 

Proof. Draw PO, P’O, BO, B’O, BE, and BE’. 

Then PO and P’O are 1 to the given © at 
E and E’ respectively. § 441 

.. the 4 OFB and OH’B are rt. A. § 430 
In the rt. A OLB and OE’B’, 


P 


ZPOB=ZP’OB, § 167 

and IO) = IO), § 621 
.. the rt. A OLB and OEF’B’ are congruent. § 91 

DEY} IIT, § 67 


Therefore the © whose centers are H and EH’ and whose polar 
distances PB and P’B’ are equal, have equal radii and are conse- 
quently equal, by § 162. Q.E.D. 

5. Equal circles on the same sphere have equal polar distances. 

Given, on the sphere whose center is O, the equal © whose centers 
are # and £’, and whose polar distances are PB and P’B’ respectively. 
(See Fig. in Ex. 4.) 

To prove that the arcs PB and P’B’ are equal. 


Proof. Draw PO, P’O, BO, B’O, BE, and BE’. 
Then PO and P’Oare | to the given © at H and E’ respectively. § 441 
.. the 4 OLB and OH’B’ are rt. 4, § 430 
In the rt. A O#Band OL’B’, OB= OB, § 621 
and BE = BE’, § 162 
’. the rt. A OHB and O#’B’ are congruent. § 89 
~. the 4 HOB and H’OB’ are equal. § 67 

That is, the 4 POB and P’O’B’ are equal. 


., the ares PB and P’B’ are equal, by § 166. Q.E.D. 
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6. Find the locus of a point ina plane at a given distance from a 
given point. Also of a point in a three-dimensional space. 

The locus of a point in a plane at a given distance from a given 
point is a © whose center is the given point and whose radius is the 
given distance. § 160 

The locus of a point in space at a given distance from a given fixed 
point is a sphere whose center is the fixed point and whose radius is 
the given distance. 

For every point on the surface of the sphere is at the given distance 
from. the fixed point (§ 621), and every point not on the surface of the 
sphere is at a distance greater or less than the given distance from the 
fixed point, Ax. 11 


7. A line tangent-to a great circle of a sphere lies in the plane Hla 
to, the sphere at the point of contact. 


‘Given the line AB tangent at P to the 
great ©'PN of the sphere whose center is 
O; also the plane RS tangent to the sphere 
at P. 

_ To prove that the line AB lies in the 
plane RS. 


Proof. Draw OP. 
AB is 1 to OP. § 185 
Moreover the plane RS is 1 to OP. § 646 
. AB lies in the plane RS, by § 482. Q.E.D. 


~ 8. Any line in a tangent plane drawn through the point of contact is 
tangent to the sphere at that point. 
“Given the plane MN tangent at P to the 
sphere whose center is O; and the line QP 
drawn in the plane MN through P. 


M, : 
To prove that QP is tangent to the given 
sphere. 


Proof. ° ; : 5 Draw OP. : ¥ 
Since the plane MN is tangent to the sphere, Given 
-. the plane MN is 1 to OP. 9 7 e's ~~ $646 
ORAL iw Aye § 430 


Through QP and OP pass the plane QOP: 
“Then QP is tangent to the great © made by the intersection of the 
plane QOP with the sphere. $184 
e Therefore QP is tangent to the given sphere, by § 648. @.r.p. 
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9. One plane and only one plane can be passed through a given point 
on a given sphere tangent to the sphere. 


Given the plane MN tangent at P to the 
sphere whose center is O. 

To prove that MN is the only plane that 
can be passed through P tangent to the given 
sphere. 


Proof. Draw OP. 
The plane MN is 1 to OP. § 646 
That is, OP is | to the plane MN. § 430 
Now OP is the only line that can be drawn 1 to the plane MN 
ate: § 436 
That is, the plane MN is the only plane that can be passed through 
127 MO OVER § 433 


Since every plane passed through P other than the plane MN 
is not 1 to OP, therefore every plane passed through P other than 


the plane MN is not tangent to the given sphere. § 646 
Therefore the plane MN is the only plane that can be passed 
through P tangent to the given sphere. Q.E.D. 


10. Find a point in a plane equidistant from two intersecting lines in 
the plane, and at a given distance from a given point not in the plane. 
Discuss the solution. ; 

Given, in the plane MN, the 
lines AB and CD intersecting 
in £, O a fixed point without 
the plane MN, and d a line of 
fixed length. 

Required to find a point in 
the plane MN equidistant from the intersecting lines AB and CD, 
and at the distance d from O. 


Construction. With O as a center, and with a radius equal to d, de- 
scribe a spherical surface. 


Draw FE, the bisector of Z AEC. § 231 
Produce FE to intersect in P the spherical surface whose center is O. 
Then P is the point required. Q.E.F. 


_ Proof. P is equidistant from AB and CD, since FE bisects 
Z AEC. § 152 
Furthermore, PO=d: § 621 
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Therefore P is a point in the plane MN equidistant from AB and 
CD, and at the given distance d from O. Q.E.D. 


Discussion. If the plane MW intersects the sphere whose center 
is Oso that point # lies within the sphere, it is clear that the bisec- 
tors of the two pairs of vertical 4 included by AB and CD will 
intersect the surface of the sphere in four points, all of which fulfill the 
required conditions. There- 
fore the maximum number of 
points possible is four. 

If the plane MN is tangent 
to the sphere so that one of 
the two bisectors of the two 
pairs of vertical 4 included 
by AB and CD passes through the point of tangency, there is 
obviously but one point which will fulfill the required conditions. 

In all cases where the plane MN is tangent to the sphere, or inter- 
sects the sphere, but where the bisectors of the two pairs of vertical 
Aincluded by 4B and CD do not intersect or touch the sphere, there 
is no solution. 

In the case where the plane MN does not intersect or touch the 
sphere there is no solution. 


11. How many points determine a straight line? a circle? a spherical 
surface? Prove that two spherical surfaces coincide if they have this 
number of points in common. 


Two points determine a straight line. § 54 
Three points not in a straight line determine a ©. § 190 
Four points not in the same plane determine a spherical surface. § 651 
Given two spherical surfaces having four points in common. 

To prove that the two given spherical surfaces coincide. 


Proof. Join the four given points by straight lines. 
These six lines determine planes which inclose a tetrahedron. § 566 
Erect /s at the circumcenters of the face A of this tetrahedron. 
Then these four 1s are concurrent lines. Ex. 1, p. 390 
Therefore there is but one point in space equidistant from the four 
given points; namely, the intersection of the four Ls. § 442 
Hence every spherical surface in which the four given points lie 
must have its center at the intersection of the four s. § 621 
Therefore two spherical surfaces having four points in common 
must coincide, Q.E.D. 
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12. If two planes which intersect in the line AB touch a sphere at the 
points C and D respectively, the line CD is perpendicular to AB in the 
sense mentioned in the discussion under § 450, — that a plane can be 
passed through CD perpendicular to AB. 


Given two planes MN and RQ, which intersect in the line AB, 
tangent at C and D respectively to the sphere whose center is O ; 
also the line CD. 

To prove that a plane 
can be passed through 
CD 1 to AB. 


Proof. Let the plane 
CODEF determined by 
O, C, and D cut the line 
AB in P. 

The radii OC and OD are 1 to the planes MN and RQ respec- 


tively. ~ § 646 
Then the plane CODEF is 1 to the planes MN and RQ. § 477 
: .. AB is 1 to the plane CODEF. § 478 

That is, ‘the plane CODEF is 1 to AB. 
But the line CD lies in the plane CODEF. § 422 


Therefore a plane can be passed through CD L to AB. q.z.p. 


Exercise 102. Page 394 


1. To bisect a given great-circle arc. 


Given AB an arc of a great © on the sphere whose center is O. 
Required to bisect the arc AB. 


Construction. Pass a plane through the 
points O, A, and B. § 427 
In the plane OAB draw OA and OB. 

Then bisect the plane ZAOB by the 


line OF. § 231 
Produce OF to intersect the are A Bin FL. 
Then point # bisects the are AB. Q.E. F. 
Proof. The arc AB lies in the plane OAB. 
The 4 AOE and BOE are equal. Const. 


Therefore the arcs AH and BE are equal, by § 166. Q.u.D. 
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2. If two great-circle arcs intersect, the vertical angles are equal. 


Given AB and CD arcs of great ©, intersecting at EH, on the sphere 
whose center is O. A 

To prove that the spherical 4 AEC and BED are 
equal ; also that the spherical A CEB and DEA are C E 
equal. 

Proof. The planes of the given intersecting arcs O 
intersect in the line O£. § 429 

The dihedral 4 A-OH#-C and B-OE-D are equal ; Be 
also the dihedral A C-OH-B and D-OH-A are equal. § 470, 3 

Therefore the spherical A AEC and BED are equal ; also the spheri- 
cal 4 CEB and DEA are equal, by § 655. Q.E.D. 


3. To describe an arc of a great circle through a given point and 
perpendicular to a given arc of a great circle. 


Given AB an arc of a great © and £ a point 
on the sphere whose center is O. 

Required to describe an arc of a great © 
through # to the given arc AB. 


Construction. From A and B as poles, with 
a quadrant radius are, describe arcs of great © 
intersecting at P. 

From # and P as poles, with a quadrant radius arc, describe arcs 
of great © intersecting at D. 

From D as a pole, with a quadrant radius arc, describe PE, an arc 
of a great ©. 

Produce the are PE to intersect the arc AB in C. 


Then PEC is the are required. Q.E.F. 

Proof. PEC is an arc of a great ©. Const. 
Since PA and PB are quadrants, Const. 
.. Pisa pole of the arc AB. § 641 


Therefore the arc PEC is 1 to the given arc AB, by § 656. Q.5.D. 


4. Every point lying ona great circle which bisects a given are of 
another great circle at right angles is equidistant 
(§ 635) from the extremities of the given arc. 


Given, on the sphere whose center is O, ARB 
an arc of a great © bisected at rt. A at H by 
PE an arc of a great ©. 

To prove that every point on the are PE 
is equidistant from A and B. 
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Proof. Take P any point on the are PE. 
Draw PA and PB arcs of great ©. 
In the spherical A PEA and PEB, 


side PH = side PE, - ; Iden. 

side AH = side BE, Given 

- and the spherical ZPEA = the spherical Z PEB, being rt. spher- 
ical A. 4 ; Given 


But the equal parts of these A occur in the reverse order. 
Therefore the spherical A PEA and PEB are Sate § 672 
Therefore the arcs PA and PB are equal.’ 

Therefore P, any point on the arc PE, is Sie Ron | 


and B. § 635 
Therefore every point on the are PE is equidistant from -A-and B. 
Q.E.D. 


5. Two sides of a spherical triangle are respectively 82° 47’ and 67°39’. 
What is known concerning the number of degrees in the third side ? 


Solution. Let x denote the number of degrees in the third side of 
the given spherical A. 


Then x + 82° 47’ + 67° 39’ < 360°. § 664 
*. & < 860° — 82° 47’ — 67° 39’ Ax. 6 
<-209° 34’. Q.E.F. 


6. Three sides of a spherical quadrilateral are respectively 86° 29, 
73° 47’, and 69° 54’. What is known concerning the number a) degrees 
in the fourth side ? 

Solution. Let z denote the number. of degrees in the fourth side 
of the given spherical quadrilateral. 


Then x + 86° 29 + 73° 47’ + 69° 54” < 360°. 5 664 
That is, x + 280° 10’ < 360°. 
*. 2 < 360° — 230° 10’ eal 


< 129° 50’. Q.E.F. 


7. Draw a picture of a sphere, and of an equilateral spherical triangle 
on the sphere, each side being 90°. Then draw a 
picture of the polar triangle. 

In the accompanying figure the spherical 
A ABC is an equilateral spherical A, each 
side being 90°. 

Therefore the polar A of A ABC coincides 
with A ABC. § 665 
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Exercise 103. Page 398 


1. If two sides of a spherical triangle are quadrants, the third side 
measures the opposite angle. 


Given, in the spherical A ABC, the arcs of great A 
© AB and CB each equal to a quadrant. 
To prove that the arc of agreat © AC is the measure 
of the spherical Z B. 
Proof. Since the arcs AB and CB are quadrants, o 
Given 
.. Bisa pole of the are AC. § 641 


.. the arc AC is the measure of the spherical 2 B, by § 654. Q.u.D. 


2. In a birectangular spherical triangle the sides opposite the right 
angles are quadrants, and the side opposite the third angle measures 
that angle. 


Given the birectangular spherical A ABC, the rx 


spherical A A and C being rt. A. 

To prove (1) that the ares of great © AB and CB 
are quadrants ; (2) that the arc of a great © AC is 
the measure of the spherical Z B. 


Proof. (1) Let O be the center of the given sphere. a 


Draw the radii OA, OB, and OC. 
The planes of the arcs AB and CB are each 1 to the plane of the 
are AC. 

Then BO, the intersection of the planes BOA and BOO, is to the 
plane AOC. § 478 
-. BO is 1 to OA and OC. § 430 

«. & BOA and BOC are rt. A. 
.. the ares AB and CB are quadrants, by § 213. Q.E.D. 
(2) Since the ares AB and CB are quadrants, Proved 
.. Bis a pole of the are AC. § 641 
.. the arc AC is the measure of the spherical Z B, by § 654. Q.r.p. 


3. Each side of a trirectangular spherical triangle is a quadrant. 
Given the trirectangular spherical A ABC. 
To prove that the arcs of great © AB, AC, and BC are quadrants. 


Proof. Let O be the center of the given sphere. 
Draw the radii OA, OB, and OC. 
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The planes of the arcs AB, AC, and BC are each to the other two. 
Then BO, the intersection of the planes BOA and 
BOC, is 1 to the plane AOC. § 478 
Similarly, AO is 1 to the plane BOC. 
-. BO is 1 to OA and OC, and AO is _L to OC. § 480 
-. the 4 BOA, BOC, and AOC are rt. A. 
-. the arcs AB, AC, and BC are quadrants, by 
§ 213. a.e.p. 4 Cc 


4. Three planes passed through the center of a sphere, cach perpen- 
dicular to the other two, divide the spherical surface into eight congruent 
trirectangular triangles. 


Given the three planes ABA’B’, AC’A’C, and 
BO’B’C intersecting the sphere whose center is O, © 
each L to the other two and passing through O. 

To prove that the eight spherical A into which the 
surface of the sphere is divided are congruent trirectangular A. 


Proof. The lines 4A’, BB’, and CC’ are each L to the other two 
at O. §§ 478, 430 
.. the 4 AOB, AOC, and BOC are rt. A. 

.. the arcs AB, AC, and BC are quadrants. § 213 

Then the spherical A ABC is a trirectangular A. § 654 

For a like reason, each of the other seven spherical A are trirectan- 
gular A. 

Therefore the eight trirectangular spherical A into which the sur- 

face of the sphere is divided are congruent, by § 662. Q.E.D. 


5. Find the number of degrees in the sides of a spherical triangle if 
the angles of its polar triangle are 82°, 77°, 69°. 


Solution. The sides of the required spherical A are 
180° — 82° = 98°, 
180° — 77° = 103°, 
and 180° — 69° = 111°, by § 667. Q.E.F. 


6. Find the number of degrees in the sides of a spherical triangle if 
the angles of its polar triangle are 844°, 813°, 722°. 
Solution. The sides of the required spherical A are 
180° — 844° = 951°, 
180°— 813° = 981°, 
and 180° — 724° = 10732°, by § 667. Q.E.F 
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7. Find the number of degrees in the sides of a spherical triangle if 
the angles of its polar triangle are 78° 30’, 89°, 102°. 
Solution. The sides of the required spherical A are 
180° — 78° 80’ =101° 30’, 
/ 180° — 89° = 91°, 
and 180° — 102° = 78°, by § 667. Q.E.F. 


8. Find the number of degrees in the sides of a spherical triangle if 
the angles of its polar triangle are 83° 40’, 48° 57’, 108° 43’. 
Solution. The sides of the required spherical A are 
180° — 88° 40’ = 96° 20’, 
180° — 48° 57’ = 181° 3’, 
and 180° — 103° 43’ = 76° 17’, by § 667. Q. E.F. 


9. Find the number of degrees in the sides of a spherical triangle if 
the angles of its polar triangle are 96° 37’ 40”, 82° 29’ 30”, 68° 47’. 
Solution. The sides of the required spherical A are 
180° — 96° 37’ 40” = 83° 22’ 20”, 
180° — 82° 29’ 30” = 97° 30’ 30”, 
and 180° — 68° 47” = 111° 13’, by § 667. Q.E.F. 


10. Find the number of degrees in the sides of a spherical triangle 
if the angles of its polar triangle are 43° 29’ 37”, 98° 22’ 53”, 87° 36’ 39”. 
Solution. The sides of the required spherical A are 
180° — 48° 29’ 37” = 136° 30’ 23”, 
180° — 98° 22’ 58” = 81° 37’ 7”, 
and 180° — 87° 36’ 89” = 92° 23’ 21”, by § 667. Q.E.F. 


11. Find the number of degrees in the angles of a spherical triangle if 
the sides of its polar triangle are 68° 42’ 39’, 93° 48’ 7’, 89° 38’ 14”. 
Solution. The A of the required spherical A are 
180° — 68° 42’ 39” = 111° 17’ 21”, 
180° — 93° 48’ 7” = 86° 11’ 53”, 
and 180° — 89° 38’ 14” = 90° 21’ 46”, by § 667. Q.E.F. 


12. Find the number of degrees in the angles of a spherical triangle if 
the sides of its polar triangle are 78° 47’ 29”, 106° 36’ 42”, a quadrant. 
Solution. The A of the required spherical A are 
180° — 78° 47’ 29” = 101° 12’ 31”, 
180° — 106° 36’ 42” = 78° 23’ 18”, 
and 180° — a quadrant = 90°, by § 667. Q. E. F. 
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13. Find the number of degrees in the angles of a spherical triangle 
if the sides of its polar triangle are a quadrant, half a quadrant, three 
fourths of a quadrant. 


Solution. The 4A of the required spherical A are 
180° — a quadrant = 90°, 
180° — half a quadrant = 135°, 
and 180° — three fourths of a quadrant = 112° 30’, by § 667. @. =. Fr. 


14. From the center of a sphere are drawn three radii, each perpendic- 
ular to the other two. Find the number of degrees in the sides and angles 
of the spherical triangle determined by their extremities. 


Given, in the sphere whose center is O, the three B 
radii OA, OB, and OC drawn 1 each to the other 
two; also the spherical A ABC. 

Required to find the number of degrees in the sides 
and A of the spherical A ABC. 


Solution. Since AO is | to OB and OC, and BOis C 


1 to OC, Given 
.. the 4 AOB, AOC, and BOC are rt. A. 
.. the arcs of great © AB, AC, and BC are quadrants, or 90°. § 213 
Again, since A Ois1 to OBand OC, AOis 1 totheplane BOC. § 431 
Also, since BO is 1 to OA and OC, BOis 1 tothe plane AOC. § 481 
.. the planes A OB, AOC, and BOC are each L to the other two. § 477 
.. the spherical 4 A, B, and C are rt. A, or 90°, by § 655. Q.z.F. 


Exercise 104. Page 405 


1. The radius of a sphere is 4in. From any point on the surface as a 
pole a circleis described upon the sphere with an opening of the compasses 
equal to 8 in. Find the area of this circle. 


Given, on the surface of the sphere whose 
center is O, the © CB described from P as a 
pole, with an opening of the compasses equal 
tOnEZB: OP s4aine on hy bee ols 

Required to find the area of the © CB. 

Solution. Draw the diameter PP’. 

The diameter PP’ is L to the plane of the 
© CB at its center A. § 627 

Draw the line AB. 
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PCE iselnto sald. § 480 
The section PBP’ is a semicircle. 
ce Ab Ts == bls ee ae § 298 
Whence PB’ = PA x PP’. § 261 
w B=2x4x PA. Ax.9 P 


-. 9=8PA. SS 
pe Alee= 20D a. ede au, 


In the rt. A PAB, 
Ap = PBS PAP § 338 


». AB? = 3? — (14)? Ax. 9 
= 9 Sae-B! 
— 576 or 425 P’ 
= AP — $f, or Sie. 
But a AB’ = the area of the © CB. § 389 
Therefore the area of the O CB = 493 7 sq. in., or 24.2988 sq. in., 
by Ax. 9. Q. E. F. 


2. The edge of a regular tetrahedron is a. Find the radii r, r’ of the 
inscribed and circumscribed spheres. 

Given O, the common center of the inscribed and circumscribed 
spheres, having the radii r and 7’ respec- 
tively, of the regular tetrahedron A-BCD 
whose edge is a. 

Required to find r and 7’ in terms of a. 

Solution. Let fall AM 1 tothefaceA BCD B& 
of the given tetrahedron at M. 

Draw the lines MB, MC, and MD. 
Draw ME 1 to BC. 
Finally, draw OB. 


Since Alspes AlCl es 20), § 568 
Pe AY lss I) (OP a 0 OY, § 440 
.. M is the circumcenter of the A BCD. § 243 
.. AM is the locus of a point equidistant from B, C, and D. § 442 
Since Q is equidistant from B, C, and D, § 621 
-. Olies in AM. 

The line AM is 1 to BM. § 430 

-. the A AMB isa rt. A. 
In the rt. A AMB, AM’ = AB’ — BM”. (1) § 338 


Now ZEBM =%4 ZCBD. § 363 
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But ’ Z CBD = 60°. 
-. ZEBM = $ of 60°, or 30°. 
ae 2 iM B—=,602; 
-. HM =4BM. 
Moreover since MB= MC, 
-. BE =4tBC. 


In the rt. A MEB, BM? — EM? = BE’. 
-. BM? — (4 BM)? = ($ BC)?. 
Be BM? — } BM? =} BC". 
. $ BM"? =} BO. 


-. 3BM’?= BC? 
= AB’. 
» BM’ = 4 AB. 
Substitute this value of BM? in (1). 
Then AM* = AB*—}AB? 
= 3 AB’. 
+, AM =a/} AB? 
=4V6 AB. 
But AB=a. 
-. AM=3V6a. 
Now OA+OM= AM. 
c r+r=tvea. 
In the rt. AOMB, OB?— OM? = BM? 
= AB 


o 72—7r2=4a2, 
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§ 145 
Ax. 9 
§ 107 


Ex. 2, p. 80 


Proved 
§ 85 

§ 338 
Ax. 9 


Next solve the system of simultaneous equations for r and 7’: 


w+r=h V6 a, 
p2— 72 =h a? 
Divide (8) by (2). i 
Then oS 
V6 
=iv6a 
Subtract (4) from (2) ; also add (4) and (2). 
Then 2r=1V6a, 
and 2r =1V6a. 
Whence r= 7, V6a, 


and rat V6a, by Ax. 4, 


(2) 
(3) 


(4) 


Ax. 4 


Q. E.F. 
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3. Find the diameter of the section of a sphere of diameter 10 in. made 
by a plane 3 in. from the center. 

Given the sphere PBP’, whose diameter 
PF’ is 10 in., cut in the circular section AB 
by.a plane 3 in. from the center O. 

Required to find the diameter of the © AB. 

Solution. Let PP’ be 1 to the plane of the | 
© Asp. 

Then PP’ intersects the © AB in its cen- L 
ter E. § 440 E 


The section PBP’ is a semicircle. 

By JEdT 1b as P3103 THES § 297 
Whence BE’ = PE x EP’. § 261 

Now PE = OP— OE 
=3x 10-3 Ax.9 

= 5 — 3, or 2; 

and EP’ = PP’— PE 
= 10 — 2, or 8. Ax. 9 
». BE? =2 x 8, or 16. Ax. 9 
«. BE = V16, or 4. Ax. 5 
Therefore diameter of OA B=2 x 4in., or 8in., by § 163. @.x.F. 


4. Thearc of a great circle drawn from the vertex of an isosceles spheri- 
cal triangle to the mid-point of the base bisects the vertical angle, is per- 
pendicular to the base, and divides the triangle into two symmetric triangles. 


Given EC, an arc of a great ©, joining the vertex 


E of the isosceles spherical A AEB to C, the mid- i 
point of its base AB. 
To prove that the spherical A AEC and BEC are 
symmetric, that Z AEC = Z BEC, and that CE is L ie 
to AB. A Cc 
Proof. In the spherical A AEC and BEC, 
side AH = side BE, Given 
éS) side AC = side BC, Given 
and -side HO = side EC. , , Iden. 


Moreover the equal parts are arranged in the reverse order. 
Therefore the spherical A AZC and BEC are symmetric. § 677 
Therefore ZLAHC =Z BEC, 

Also ‘ZHCA =Z ECB. 

Therefore CE ist to AB, Q. E. D. 
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Exercise 105. Page 406 


1. To bisect a given spherical angle. 


Given BAC any spherical Z. 

Required to bisect the spherical Z BAC. 

Construction. From A as a pole, with a quadrant ra- 
dius arc, describe arcs intersecting AB and AC at B 
and € respectively. 

From Band C as poles, with equal radius arcs greater 
than one half the spherical distance BC, describe arcs 


intersecting at E. —#E 
Through A and E draw an arc of a great ©. 
Then AZ bisects the spherical Z BAC. Q.E.F. 
Proof. Draw BE and CE, arcs of great ©. 
In the spherical A ‘AEB and AEC, 
side AE = side AEF, Iden. 
side 4B = side AC, Const. 
and side BE = side CE. Const. 


But the equal parts occur in the reverse order. 

Therefore the spherical A ALB and AEC are symmetric. § 677 
Then the spherical 4 BAH and CAE are equal. 
_ Therefore AF bisects the spherical 2 BAC. Q.E.D. 


2. To construct a spherical triangle, given two sides and the included 
angle. B 


Construction. Draw AB, an arc of a great ©, vy, me 
equal to one of the given sides. iH \o 
Draw BC, an arc of a great ©, so that the 4°~-———— = 
spherical Z ABC shall be equal to the given spherical Z. 
Then take BC equal to the second of the two given sides. 
Finally, draw AC, an arc of a great ©. 


Then obviously the A ABC is the spherical A required. Q.£.F. 


-8; Do construct a spherical triangle, given two angles and the in- 
cluded) side. 
Construction. Draw an are of a great © AB equal to the given side 
(see figure in Ex. 2). 

~ From A and B draw AC and BC, ares of great ©, so that the A A 
and B-shall’be equal to the-given A. 

2 Produce the ares AC and BC to intersect in C. 

~ Then obviously the A ABC is the spherical A required. Q.£.F. 
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4. To construct a spherical triangle, given the three sides. 


Construction. Draw AB, an arc of a great ©, B 
equal to one of the given sides. f PS 
From A and B as poles, with radius arcs # mak Cc 
equal to the other two sides respectively, de- ve! Lf teers a 


scribe ares intersecting at C. 
Through A and C and through B and C pass arcs of great ©. 
Then obviously the A ABC is the spherical A required. Q.£.F. 


5. To construct a spherical triangle, given the three angles. 


Given the three spherical 4A, B,and C. rc | 
Required to construct a spherical A Cie ~CXO 
having 4 equal to the 44, B, and C ae 
respectively. f = 


/ 
Fae / 


Construction. Construct the spherical 
4 A’, B’, and C’ supplementary to the 
spherical 4.4, B, and Crespectively, 449 5 

From the vertices of the spherical 4 A’, oe 
B’, and C’ as poles, with a quadrant radius are, describe arcs of great ©. 

Produce the sides of the spherical 4A’, B’, and C’ to intercept arcs 
on these arcs of great ©. 

Let a’, 6’, and c’ denote the arcs of great © intercepted by the sides 
of the spherical 4 A’, B’, and C’ respectively. 

Construct the spherical A whose sides are the arcs a’, b’, and c’. 


Ex. 4, p. 406 

Then construct A” B’O”, the polar A of this A. § 665 

Then the A A” B’C’” is the A required. Q.E.F. 

Proof. AG\ A Ae 1802. Const. 
Since Z A’ is measured by the are a’, § 654 

«. ZA + arc a’ = 180°. Ax. 9 

Sea 1802 — Are Ax. 2 

Since A A” B”’C” is the polar A of the A whose sides are the arcs 
a’, 0’, and c’ respectively, Const. 
-. ZA’+ are a’ = 180°. § 667 

wea = 180° — area. Ax. 2 

eA i 0A Ax. 8 


Similarly, it can be shown that ZB’ = Z B, and ZC” = ZC. 
Therefore the spherical A A” B”’C” has its A equal to the given A 
respectively. Q.E.D, 
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6. To pass a plane tangent to a given sphere at a given point on the 


surface of the sphere. 


Given the sphere whose center is O, and P a point on the surface 
of the sphere. 
Required to pass a plane through P, tangent to the given sphere. 


Construction. Draw the radius OP. 
Erect the Is AP and BP to OP.at P. § 228 
Through AP and BP pass the plane MN. § 425 
Then the plane MW is tangent to the given 
sphere. Q.E.F. a | 
N 


Proof. The lines AP and BP are each to 


OR: Const. 
Therefore the plane MN, determined by the lines AP and BP, is L 
to OP. § 431 
Therefore the plane MN is tangent to the given sphere, by 
§ 645. Q.E.D. 


7. To pass a plane tangent to a given sphere through a given straight 
line without the sphere. 


Given the straight line A B without the 
sphere whose center is O. 

Required to pass through the line AB 
a plane tangent to the given sphere. 


M 


Construction. Through the point O pass 
a plane | to AB. § 434 
Let this plane intersect the line AB in 
the point # and let it cut the surface of the sphere whose center is 


N 


O in the great circle RPS. § 625 
Through £ draw a line tangent to the © RPS at P. § 246 
Through P and the line AB pass the plane MN. § 426 
Then the plane MN is tangent to the given sphere. Q.E.F. 

Proof. Draw the radius OP. 
The plane OFP is 1 to AB. Const. 
Therefore the plane MN is L to the plane OH#P. § 477 
Now OP is 1 to EP, § 185 
.. OP is L to the plane MN. § 474 
Therefore the plane MN is 1 to OP. § 474 


Therefore the plane MN is tangent to the given sphere, by § 645. 
Q.E.D, 
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Exercise 106. Page 409 


1. The three medians of a spherical triangle are concurrent. 


Given AE, BF, and CD, the three medians of the spherical A ABC 
on the sphere whose center is O”. 


C 
To prove that the medians AH, BF, and CD ” 
are concurrent. : 
Proof. Draw the chords AB, BC, and AC, ae 
thereby forming the plane A ABC. A “B 


Let D’, E’, and F” be the mid-points of the D 
sides AB, BC, and AC respectively of the plane A ABC. 

Draw the medians AE’, BF’, and CD’ of the plane A ABC. 

Let O’ be the point of intersection of the medians AH’, BF’, and 
CDE Ex. 56, p. 78 

Through the edge O” A of the trihedral Z O”, at the center of the 
given sphere, and the straight line AH” pass the plane AO” EK” (§ 425), 
cutting the face 2 CO” B of the trihedral Z O” in the line O”E’. § 429 

In the plane A BO’ E’ and CO”’E’, 


sy 


Jodo! = (OHH Const. 

OGBi== O40, § 621 

and OGE GOEL, Iden. 
Therefore the plane A BO” E’ and CO”E’ are congruent. § 80 
ML IEOVDH NOK OTH § 67 


Produce the straight line O’E’ to meet the are BC of a great ©. 
The straight line O” HL’ will bisect the arc BC ; that is, O” E’ will pass 
through £. § 166 
Therefore the plane AO” ’ cuts the given spherical surface in the 
arc AE of a great ©. 
Similarly, it can be shown that the planes BO’ F’ and CO” D’ cut the 
given spherical surface in the arcs BF and CD, respectively, of great ©. 
Draw 0” 0’. 
Then O”O’ lies in the plane AO” E’, § 422 
Produce O”O’ to meet the are AE in O. 

Since the point O’ lies also in each of the planes BO” F’ and CO”D’, 
therefore the line 0” 0 lies in each of the planes BO” F’ and CO” D’. 
§ 422 
Then the line O”O’ produced will meet the arc BF in a certain 

point, and the are CD in a certain point. 
But the line O”O’ can meet the given spherical surface in but one 

point within the spherical A ABC. 
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Therefore O is the point of intersection of O”’O’ with the given 
spherical surface. 
Hence O”O’ must meet the ares BF and CD each in O. 
That is, the arcs AH, BF, and CD pass through O. 
Therefore the medians AH, BF, and CD are concurrent, by § 154. 
Q. E.D. 


2. To construct with a given radius a spherical surface that passes 


through three given points. 
Given the points A, B, and C; also the fixed ib 
distance r. Ve 
Required to construct with the radius r a i | 
spherical surface passing through A, B, and C. ve | 
A& ee = -f6) 
Construction. Construct the A ABC. SS S| be f 
Find £, the center of the circumscribed © of S yi 
the A ABC. § 240 Ne 


Erect HO 1 to the plane of the A ABC at E. 

From A as a center, with r as a radius, describe an arc cutting 
£O in O. 

About Oasacenter, with r as a radius, describe a spherical surface. 

Then this spherical surface is the spherical surface required. Q.£.F. 


Proof. The line HO is the locus of a point equidistant from A, B, 


and C, § 442 
Therefore O is equidistant from A, B, and C. 
Now OVAR— aie Const. 
Therefore the spherical surface described about O as a center, with 
r as a radius, will pass through A, B, and C, by § 621. Q.E.D, 


3. To construct with R 


a given radius a spher- 
ical surface that passes 
through two given points 
and is tangent to a given 
plane. 


Given the points A 
and B, the plane MN, 
and the fixed distance r. 

Required to construct 
with the radius r a M, , 
spherical surface, pass- s << N 


ing through A and B, tangent to the plane MN, 
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Construction. Draw AB. 
Bisect AB in L. § 229 
Through £ pass the plane RS 1 to AB. § 433 


Through AB pass a plane TV intersecting the plane kS in 
EF, § 429 

From A as a center, 
with r as a radius, de- 
seribe an are in the 
plane TV intersecting 
the line HF in F. 

From F as a center, 
with EF asa radius, de- 
scribe the circle FXY 
in the plane RS. 

At any point G in 
the plane MN erect GH 
t to the plane MN. 

Take GH =r. 

Through H pass the plane PQ || to the plane MLN (§ 457), cutting the 
© FXY in the points X and Y. 

Then the spherical surface described about X or Y as a center, 
with r as a radius, is the spherical surface required. Q.E.F. 


Proof. The points X and Y lie in the © F-YY in the plane RS, and 
also in the plane PQ. Const. 
Since BAC BGT § 441 
the points X and Y are each at the distance r from A and B.  § 443 
Moreover X and Y are each at the distance r from the plane MN. 

§ 455 

Therefore the spherical surface described about X or Y as a center, 
with r as a radius, passes through the points A and B and is tangent 
to the plane MN. Q.E.D. 


Discussion. If r< AF, or if the plane PQ does not intersect or touch 
the © FXY, there is no solution. 

If the plane PQ is tangent to the © FXY, only one spherical sur- 
face can be described which will satisfy the given conditions. 

If two planes || to MN, one on each side of MN and at the distance 
r from it, are tangent to the © FAY, there will be two spherical sur- 
faces satisfying the conditions; and if the two planes || to MN inter- 
sect the © F-XYY, four spherical surfaces can be described which will 
satisfy the conditions. 
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4. To construct with a given radius a spherical surface that passes 
through two given points and is tangent to a given sphere. 

Given the two points A and B, the R 
sphere whose center is O and radius 
y’, and the fixed distance r. 

Required to construct with the 
radius r a spherical surface passing 
through A and B, tangent to the 4 
given sphere. 

Construction. Draw AB. 

Bisect AB in C. § 229 

Through C pass the plane RS L 
to AB. § 433 ~S 

Through AB pass a plane MN, cutting the plane RS in CD. § 429 

From A as a center, with r as a radius, describe an arc in the 
plane MN, cutting CD in D. 

From C as a center, with the radius CD, describe the O DEG in 
the plane RS. 

About O as a center, with a radius equal to r + 1’, describe a spheri- 
cal surface, cutting the © DHG in the points # and G. 

Then the spherical surface described about # or G as a center, with 
r as a radius, is the spherical surface required. Q.E.F. 

Proof. The points # and G lie in the © DEG in the plane RS, and 
also in the spherical surface described about Oas a center with r + 7’ 
as a radius. Const. 

Since AH=AG= Tt, § 441 
the points # and G are each at the distance r from A and B.  § 443 

Moreover # and G are each at the distance r from the spherical 
surface described about O as a center with 7” as a radius. Const. 

Hence a spherical surface described about # or G as center, with r 
as radius, passes through A and B and is tangent to the sphere. Q.E.pD. 


M—_—~----- 


5. The smallest circle on a given sphere whose plane passes through a 
given point within the sphere is the circle whose 
plane is perpendicular to the radius through the 
given point. 

Given the two circular sections MN and RS 
of the sphere, whose center is O, passing through Te 
a point P within the given sphere, the plane of m\<---“2 


the © MN being L to the radius OPA at P. Sere 


To prove that the O MN < the ORS. De 


482 BOOK VIII. SOLID GEOMETRY 


Proof. Draw OH _ to the plane of the © RS at H. 
The points P and H are the centers of the © MN and KS respectively. 
Draw the radii PM and HS of the © MW and RS respectively. 
Also draw the radii OM and OS of the given sphere. 
Now OP is | to PM, and OH is 1 to HS. § 430 
In the rt. A OPM, 


OP? + PM’ = OM’. § 337 
In the rt. A OHS, 
OH* + HS? = 0s”. § 837 
But OM = OS. g621 
Whence OM’ = OS”. Ax. 5 
». OP? + PM’ = 0H’ + HS”. Ax.8 
Since OP > OF, § 438 
.. OP*> 0H’. Ax. 5 
.. PM’ < HS’. Ax.7 
.. PM<4HS. 
Therefore the © MN < the © RS, by § 890. Q.E.D. 


Exercise 107. Page 415 


1. Using 7 = 3.1416, find the area of a sphere whose radius is 2 in. 


Solution. On aor § 689 
FORO Se PCs Ax. 9 

= 167, or 50.2656. 
.. the area of the given sphere is 50.2656 sq. in. Q. EB. F. 


2. Using r = 3.1416, find the area of a sphere whose radius is 7 in. 


Solution. GSA wr! § 689 
sees Seales Ax. 9 

= 196 7, or 615.7536. 
.. the area of the given sphere is 615.7536 sq. in. Q.E.F. 


3. Using r = 3.1416, find the area of a sphere whose radius is 3} in. 


Solution. a= 47, § 689 
pepe (On) a ASO) 

= 497, or 153.9384. 
.. the area of the given sphere is 153.9384 sq. in. Q.E.F. 


4. Using 7 = 3.1416, find the area of a sphere whose radius is 54 in. 
Solution. a=47r. § 689 
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* @=4x (5227 Ax. 9 
2202 Tovey 489.48716. 


Therefore the area of the given sphere is 483.73715 sq. in. @.=.F. 
5. Using 7 = 8.1416, find the area of a sphere whose radius is 2 ft. 1 in. 


Solution. 2 ft. Lin. = 2,4 ft. 

Now a=4nrr?. § 689 
“. @=4 x (274)? Ax. 9 

Se or s6d Bin. 

Therefore the area of the given sphere is 54.542 sq. ft. Q.E.F. 

6. Using 7 = 3.1416, find the area of a sphere whose radius is 8 ft. 6 in. 

Solution. 8 ft. 6 in. = 34 ft. 

Now a=4nr’. § 689 
=a (Se) 24, Ax. 9 


= 497, or 153.9384. 
Therefore the area of the given sphere is 153.9384 sq. ft. Q.E.F. 
7. Using w = 3.1416, find the area of a sphere whose radius is 48.8 in. 


Solution. a = 47. § 689 
. @=4 x 48.829 Ax. 9 

= 9525.76 7, or 29,926.127596. 
Therefore the area of the given sphere is 29,926.128 sq. in. @.5.F. 


8. Using r = 3.1416, find the area of a sphere whose radius is 4000 mi. 
Solution. a=47r’?. § 689 
a= 4 x 4000?7 Ax. 9 

= 64,000,000 z, or 201,062,400. 
Therefore the area of the given sphere is 201,062,400 sq. mi. Q.z.F. 


9. Using 7 = 3.1416, find the radius of a sphere whose area is 
12.5664 sq. in. 


Solution. a=4m?". § 689 
2 pe yes Ax. 4 

4m 
PS Les Ax. 5 

2a 
ee 19,5604 a Ax. 9 

27 

— at V 4 7, On il, 
Q9 


Therefore the radius of the given sphere is 1 in. Q.E.F. 
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10. Using 7 = 3.1416, find the radius of a sphere whose area is 
50.2656 sq. in. 


Solution. Gea Aan § 689 
pie “Ax. 4 

4a 
wre Vra. Ax.5 

27 
Sod i = V 50.2656 ar Ax. 9 

T 

= SNE or 2. 

27 

Therefore the radius of the given sphere is 2 in. Q.E.F. 


11. Using 7 = 3.1416, find the radius of a sphere whose arewis 1 sq. ft. 


Solution. a= 4m. § 689 
Boh es Ax. 4 
47 
# ee: Ax. 5 
20 
Pp ee Von ot 0.289, Ax. 9 
27 
Therefore the radius of the given sphere is 0.282 ft. Q.E.F. 


12. Using m = 3.1416, find the radius of a sphere whose area is 
100 7 sq. in. 


Solution. O=4 a7. § 689 
oe a Ax. 4 

4a 

1 

.r=—Va4. Ax. 5 

274 
2 a 100 7, or 5. Ax. 9 

27 
Therefore the radius of the given sphere is 5 in. Q.E.F. 


13. Using 7 = 3.1416, find the radius of a sphere whose area is s. 


Solution. a= arr. § 689 
a 
os (eS 0 Ax. 4 
4 ? 
1 —— 
“P= —vVra. Ax. 5 
27 


Sig al Vrs, by Ax. 9. Q.E.F 
27 
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14. Using w = 3.1416, find the radius of a sphere whose area is 473. 


Solution. a=4nr’, § 689 
ee Ax.4 
4a 
Os pS La Ax. 5 
27 
SRE) Becks Ax. 9 
270 
31 =m, OL 3.1416; Q.E.F. 


15. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 2 in., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

«. the area of the zone = 2 (2 x 2077) sq. in. Ax. 9 

= 807 sq. in., or 251.828 sq. in. Q.£.F. 

16. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 3 in., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

«. the area of the zone = 3 (2 x 2077) sq. in. Ax. 9 

= 1207 sq. in., or 876.992 sq. in. Q.E.F. 

17. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 7 in., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

~. the area of the zone = 7 (2 x 207) sq. in. Ax. 9 

= 2807 sq. in., or 879.648 sq. in. Q.E.F. 

18. On a sphere whose radius is 20 in. find the area of a zone whose 

altitude is 10 in., using 7 = 8.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

., the area of the zone = 10 (2 x 207) sq. in. Ax. 9 

= 4007 sq. in., or 1256.64 sq. in. Q.E.F. 

19. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 1 ft., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

~. the area of the zone = 12 (2 x 207) sq. in. Axn9 

= 4807 sq. in., or 1507.968 sq. in. @.E.F, 


486 BOOK VIII. SOLID GEOMETRY 


20. On a sphere whose radius is 20 in. find the area of a zone whose 

altitude is 24 in., using 7 = 3.1416. 
Solution. Since the area of a zone is equal to the product of its 
altitude by the circumference of a great ©, § 691 
.. the area of the zone = 23 (2 x 2077) sq. in. Ax. 9 
=1007sq.in., or 314.16 sq. in. Q@.5.F. 


21. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 3.45 in., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great ©, § 691 

«. the area of the zone = 3.45 (2 x 207) sq. in. Ax. 9 

= 1887 sq. in., or 433.5408 sq. in. @.=.F. 


22. On a sphere whose radius is 20 in. find the area of a zone whose 
altitude is 6.83 in., using 7 = 3.1416. 

Solution. Since the area of a zone is equal to the product of its 

altitude by the circumference of a great O, § 691 

.. the area of the zone = 6.83 (2 x 207) sq. in. Ax. 9 

= 273.2 7 sq. in., or 858.285 sq.in. Q.E.F. 


23. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 30°, using mw = 8.1416. 


Solution. li:s=a: 41t. &. § 694 
Here Sa arr? § 689 
= 400 7. Ax. 9 
-. J: 400 7 = 30: 860 Ax. 9 

== | Gaby, 
el 2el—v4 OO lore § 261 
-. |= 334 7, or 104.72. Ax. 4 


Therefore the area of the given lune is 104.72 sq. in. Q.5.F. 


24. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 45°, using + = 3.1416. 


Solution. US SS ane chide “sy § 694 
Here Stes age § 689 
= 400 z. Ax. 9 
«. 1: 400 7 = 45: 860 Ax 9 

aa Gey 
-. 81= 400. § 261 
tel ==100 are Orb 1.08. Ax. 4 


Therefore the area of the given lune is 157.08 sq. in. Q.z.F, 
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25. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 90°, using 7 = 3.1416. 


Solution. l:s=a:4rt. Z. § 694 
Here s=4 rr? § 689 
= 400 x. Ax. 9 
-. 1: 400 7 = 90: 360 Ax, 9 

tt LAGS Bs 
-. 41= 4007. § 261 
-. J= 100 7, or 314.16. Ax. 4 


Therefore the area of the given lune is 314.16 sq. in. Q.5.F. 


26. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 180°, using 7 = 3.1416. 


Solution. Ueesi——tOn Aerts, ' § 694 
Here Seon § 689 
= 400 z. ; Ax 9 
.. 1: 400 7 = 180 : 360 Ax. 9 

=3 16 2, 
-, 21= 400 7. § 261 
.. l= 200 7, or 628.32. Ax. 4 


Therefore the area of the given lune is 628.32 sq. in. Q.5.F. 


27. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 22° 30’, using 7 = 3.1416. 


Solution. [eS =a base § 694 
Here $= 4 arr § 689 
= 400 7. Ax. 9 
«. 1: 400 7 = 224 : 360 Ax. 9 

= il 3 Gs 
-. 161= 400 7. § 261 
fs = Adin OY eyo Ax. 4 


Therefore the area of the given lune is 78.54sq.in. Q.£.F. 


28. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 7° 30’, using 7 = 3.1416. 


Solution. (Lo SS gE is Za § 694 
Here s=47r? § 689 
= 400 z. Ax. 9 
.. l: 400 7 = 74: 360 Ax. 9 

= eters 
-.481 = 400 7. § 261 
el pee SRE Ax. 4 

48 


Therefore the area of the given lune is 26.18sq.in  Q.5.F. 
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29. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 52° 20’ 20”, using 7 = 3.1416. 


Solution. lLys=a: 47rt. 4. § 694 
Here 8 =4 77? § 689 
= 400 7. Ax. 9 
Moreover a = 52° 20’ 20” = 188,420”, 
and 4 rt. A = 360° = 1,296,000”. 
-. 1: 400 7 = 188,420 : 1,296,000 Ax. 9 
= 9421 : 64,800. 
-. 64,800 1 = 3,768,400 zr. § 261 
= 37684 7 ew 
648 


_ 9421 3 
"* 162 
Therefore the area of the given lune is 182.6976 sq.in. Q@.£.F. 


, or 182.6976. 


30. On a sphere whose radius is 10 in. find the area of a lune whose 
angle is 48° 85’ 10”, using 7 = 3.1416. 


Solution Lesa 4rt. 4. § 694 
Here s=4n7r? § 689 
= 400 7. Ax. 9 
Moreover a = 48° 35’ 10” = 174,910”, 
and 4 rt. 4 = 360° = 1,296,000”. 
-. 1: 400 7 = 174,910 : 1,296,000 Ax, 9 
= 17,491 : 129,600. 
+. 129,600 1 = 6,996,400 zr. § 261 
69964 a 
= 4296 Ax. 4 


_ 17491 7 
824 
Therefore the area of the given lune is 169.5979 sq. in. Q.5.F. 


> or 169.5979. 


31. Two lunes on the same sphere or on equal spheres have the same 
ratio as their angles. A 
Given the lunes AQBM and A MBN on the 
sphere AB, having the A QAM and MAN. 
lune AQBM 24 QAM Q 
lune AMBN- ZMAN 
Proof. Case 1. Whenthe 4 QAM and MAN 
are commensurable. 
Let the Z CAM be a common measure of the 4 QAM aaa MAN. 


To prove that 
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Suppose the Z CA M is contained m times in the Z QAM, and n times 
in tl MAN. 
in the Z ZQAM mm 


Then eee 
ZMAN n 


Apply the Z CAM as a unit of measure to the 4 QAM and MAN, 
and at the points of division draw ares of great © to B. 
Then the lunes AQBM and AMBN are divided into m and n equal 


lunes respectively. 
_ lune AQBM_m 


“june AMBN n 
_ lune AQBM_ Z QAM 
‘lune AMBN ZMAN- 
The above proof holds true when the given lunes are on equal 
spheres. Q.E.D. 
Casp 2. When the 4 QAM and MAN are incommensurable. 
Let the Z QAM be divided into any number of equal A. 
Apply one of these equal A as a unit of measure to the Z MAN. 
Since the 4 QAM and MAN are incommensurable, the 7 MAN will 
contain the unit of measure a certain number of times, leaving a re- 
mainder, the 7 LAN, smaller than the unit of measure. 
Draw the arc of a great O ALB. 
Then, since the 4 QAM and MAL are commensurable, 
_luneAQBM  ZQAM 
; “June AMBL ZMAL 
Now suppose the number of A into which the Z QAM is divided to 
be indefinitely increased. 
Then the unit of measure will be indefinitely diminished, and the 
remainder, the 2 LAN, will approach zero as a limit. 
.. the lune AMBL will approach the lune AMBN as a limit, and 
the Z MAL will approach the 7 MAN as a limit. 


Ax. 8 


Case 1 


, ea eeM will approach tne AOE as a limit 
“ juneAMBL. »" lane AMBN 
AM 
and i tad will approach awe as a limit. 
ZMAL ZMA 
lune AGRE is always equal to z gan as the Z MAL varies in 
lune AMBL ZMAL 
value and approaches the Z MAN as a limit. Case 1 


lune AQBM ZQAM 

“lune AMBN” ZMAN™ 

The above proof holds true when the given lunes are on equal 
spheres. Q. E.D. 


§ 207 
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32. The area of a lune is equal to one ninetieth of the area of a great 
circle multiplied by the number of degrees in the angle of the lune. 

Given / the area, and a the number of degrees in the angle, of a 
lune on a sphere whose radius is 7. 


To prove that l= gar. a. 
Proof. l:s=a:4rt.A. § 694 
os USti = Geaely Ax. 9 
-. 8601 = 4 ar? - a. § 261 
Se MOO sania Ce Ax. 4 
SUS aut es Oy Oa eh Q.E.D. 


33. Zones on the same sphere or on equal spheres are to each other as 
their altitudes. 

Given z and 2’ the areas of two zones, with altitudes a and @’ re- 
spectively, on the same sphere of radius r. 


To prove that ES = & 
re 
Proof. PA Dens 
and Ll rae FT he § 691 


Z 2ara a 


7 


"2/ Qara’ a 
The above proof holds true also for zones on equal spheres. Q.£.D. 


/ 


34. Given the radius of a sphere 15 in., find the area of a lune whose 
angle is 30°. 3 


Solution. (isa. 4 tty. § 694 
Here s = 4 mr? § 689 
= 900 7. Ax. 9 
«. 4; 900 7 = 30 : 360 Ax.39 
Saw 
oA hes OO Dee § 261 
ani (Om, O230.62. Ax. 4 
Therefore the area of the given lune is 235.62 sq. in. Q.E.F, 


35. Given the diameter of a sphere 16 in., find the area of a lune 
whose angle is 75°. 


Solution. iss =a: 4 rt..4, § 694 
Here 8=47r §-689 
= 4x (48)? 7 Ax. 9 

= 256 7. 
«. 6: 2567 = 75: 360 Ax. 9 


= 6.24. 
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-. 241 = 12807. § 261 
2 
1 = 280m or 167.562. Ax.4 
24 
Therefore the area of the given lune is 167.552 sq.in. 4.5.F. 


36. What is the spherical excess of a trirectangular triangle ? 
Solution. The required spherical excess = 3 x 90°— 180°, or 90°, by 
$ 693. Q.E.F, 
Exercise 108. Page 417 
1. Compute the area of a triangle on a sphere of diameter 16 in., the 
angles being 100°, 120°, 140°. 


Solution. The spherical excess of the given A 


= 100° + 120° + 140° — 180° = 180°. § 693 

Therefore the given spherical A is equivalent to a lune whose angle 
is half 180°, or 90°. § 695 
But the area of such a lune = ,%%, of the spherical surface § 694 
=x 4a Ax. 9 

= (48)? ar Ax. 9 


= 647, or 201.0624. 
Therefore the area of the given spherical A is 201.0624 sq. in. @.5.F. 


2. Compute the area of a triangle on a sphere of diameter 10 in., 
the angles being 105°, 180°, 125°. 


Solution. The spherical excess of the given A 


= 105° + 180° + 125° — 180° = 180°. § 693 

Therefore the given spherical A is equivalent to a lune whose angle 
is half 180°, or 90°. § 695 
But the area of such a lune = .%% of the spherical surface § 694 
=} x 477 Ax. 9 

= (2)27 Ax. 9 


= 257, or 78.54. 
Therefore the area of the given spherical A is 78.54 sq. in. .£.F. 


3. Compute the area of a triangle on a sphere of diameter 20 in., 
the angles being 127°, 182°, 90°. 
Solution. The spherical excess of the given A 
_= 127° + 182° + 90° — 180° = 169°. § 698 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 169°, or 844°. § 695 
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But the area of such a lune = oa of the spherical surface § 694 


60 
= 84 x 4rr? Ax. 9 
360 
= 489 x 4 x (29)29 Ax. 9 


BO 52 961. 
18 


Therefore the area of the given spherical A is 294.961 sq. in. @.8.F. 


4. Compute the area of a triangle on a sphere of diameter 80 in., the 
angles being 115°, 124°, 85°. 


Solution. The spherical excess of the given A 


= 115° + 124° + 85° — 180° = 144°. § 693 

Therefore the given spherical A is equivalent to a lune whose angle 
is half 144°, or 72°. § 695 
But the area of such a lune = ;%2, of the spherical surface § 694 
=} x 477 Ax. 9 

= $x (82)?27 AEG 


= 1807, or 565.488. 
Therefore the area of the given spherical A is 565.488 sq. in. @.§.F. 


5. Compute the area of a triangle on a sphere of diameter 40 in., the 
angles being 135°, 110°, 92°. 
Solution. The spherical excess of the given A 
= 135° + 110° + 92° — 180° = 157°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
ig half 157°, or 784°. 784 § 695 
But the area of such a lune = 360 of the spherical surface § 694 


= 134 x 4ar? Ax. 9 
= 135 x (4°)? 7 Ax. 9 
3140 7 


» or 1096.069. 


Therefore the area of the given spherical A is 1096.069 sq. in. @.B.F. 
6. Compute the area of a triangle on a sphere of diameter 25.8 in., the 
angles being 148°, 93°, 68°. 


Solution. The spherical excess of the given A 
= 148° + 938° + 68° — 180° = 129°, § 693 
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Therefore the given spherical A is equivalent to a lune whose angle 
is half 129°, or 644°. 64 § 695 
But the area of such a lune = aa of the spherical surface § 694 


= 433 x 4arr? Ax. 9 
e 2 
(eae a 
180 2 
= 4% X 166.417 
= 374.6688. 


Therefore the area of the given spherical A is 374.6688 sq. in. 9. 5.F. 
7. Compute the area of a triangle on a sphere of diameter 8000 mi., 
the angles being 115° 27’ 830”, 102° 32’ 48”, 68° 27°39”. 


Solution. The spherical excess of the given A 
= 115° 27’ 30” + 102° 32’ 48” + 68° 27’ 89” — 180° 


= 1062200 Sica. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 106° 27’ 57”, or 58° 13’ 58.5”. § 695 
But the area of such a lune = Sada 
860° 
= Pitt's of the spherical surface § 694 
= Shh x 4 rr? Ax. 9 
= MESHES x (8929)? Ax.9 
baabtbs xX 16,000,000 a 
= 1916885 x 4007 


= 29,730,938.844. 
Therefore the area of the given spherical A is 29,780,938.844 sq. mi. 
Q.E.F. 
8. Compute the area of a triangle on a sphere of radius 9 in., the 
angles being 120°, 100°, 90°. 
Solution. The spherical excess of the given A 


= 120° + 100° + 90° — 180° = 180°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 180°, or 65°. § 695 
But the area of such a lune = 48%, of the spherical surface  § 694 
= 43 x 47 Ax. 9 
= 18 x Par Ax. 9 

ltr 


, or 183.7836. 


Therefore the area of the given spherical A is 183.7836 sq.in. Q.E.F. 
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9. Compute the area of a triangle on a sphere of radius 10 in., the 
angles being 130°, 90°, 80°. 
Solution. The spherical excess of the given A 


= 180° + 90° + 80° — 180° = 120°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 120°, or 60°. 7; § 695 
But the area of such a lune = ,&° of the spherical surface § 694 
= 3% x 4ar bos @ 
75 6 Ms Ax. 9 

= ae »or 209.44. 


Therefore the area of the given spherical A is 209.44sq.in. Q.u.F. 

10. Compute the area of a triangle on a sphere of radius 18 in., the 
angles being 105°, 75°, 65°. 

Solution. The spherical excess of the given A 


= 105° + 75° + 65° — 180° = 65°. § 693 

Therefore the given spherical A is equivalent to a lune whose angle 
is half 65°, or 323°. 32} § 695 
But the area of such a lune = 360 2 of the spherical surface  § 694 
= 18, x 4a? Ax. 9 

= 38 x 183 Ax. 9 


= 1177, or 367.5672. 
Therefore the area of the given spherical A is 867.5672 sq. in. Q.£.F. 
11. Compute the area of a triangle on a sphere of radius 86 in., the 
angles being 115°, 102°, 30°. 
Solution. The spherical excess of the given A 


= 115° + 102° + 30° — 180° = 67°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 67°, or 333°. 331 § 695 
But the area of such a lune = BAG of the spherical surface  § 694 
= 5 x 4a? Ax. 9 
= {5 x 8627 Ie) 

= §2 x 867 


= 1515.50784. 
Therefore the area of the given spherical A is 1515.50784sq.in. @.8.F. 
12. Compute the area of a triangle on a sphere of radius 90 in., the 
angles being 140°, 120°, 85°. 
Solution. The spherical excess of the given A 
= 140° + 120° + 85° — 180° = 165°. § 693 
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Therefore the given spherical A is equivalent to a lune whose angle 
is half 165°, or 823°. ; § 695 


But the area of such a lune = : § 694 
Sees rr Ax. 9 
= 14 x 90? 7 Ax. 9 


= 74257, or 23,326.38. 
Therefore the area of the given spherical A is 23,326.38 sq.in. Q.£.F. 


13. Compute the area of a triangle on a sphere of radius 1.8 in., the 
angles being 136°, 117°, 98°. 


Solution. The spherical excess of the given A 


= 186° + 117° + 93° — 180° = 166°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 166°, or 83°. § 695 
But the area of such a lune = 483, of the spherical surface § 694 
= $3, x 4 ar? Ax. 9 
as BE SG Ife tip Ax. 9 

= 83 x 1.87 

= .83 x 3.67 

== O)S3oil 


Therefore the area of the given spherical A is 9.387 sq. in. Q.£.F. 


14. Compute the area of a triangle on a sphere of circumference 
31.416 in., the angles being 93°, 94°, 120°. 


Solution. The spherical excess of the given A 


= 938° + 94° + 120° — 180° = 127°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 127°, or 634°. 633 § 695 
But the area of such a lune = 566 2 of the spherical surface § 694 
= 43% x 4a? Ax. 9 
4 (<)= Ax. 9 
720 27 
Ue oe 
Si 
_ 127. 31.416? 
~ 790 * 7 


= #37 x 814.16, or 55.414. 
Therefore the area of the given spherical A is 55.414 sq. in. @.E.F. 
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15. Compute the area of a triangle on a sphere of circumference 
62.832 in., the angles being 82°, 105°, 98°. 


Solution. The spherical excess of the given A 


= 82° + 105° + 98° — 180° = 105°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 105°, or 523°. 52} § 695 
But the area of such a lune = oan of the spherical surface § 694 
= 7g X 4a Ax. 9 
ey (<)= Ax. 9 
48 2 7, 
pei ye 
~ 48 
7 _ 62.8322 
48 7 


= zy X 1256.64, or 183.26. 
Therefore the area of the given spherical A is 183.26 sq. in. @.5.F. 


16. Compute the area of a triangle on a sphere of circumference 
15.708 in., the angles being 148°, 27°, 125°. 


Solution. The spherical excess of the given A 


= 148° + 27° + 125° — 180° = 120°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 120°, or 60°. § 695 
But the area of such a lune = ,6%, of the spherical surface § 694 
Sh K Ch Ax. 9 
il Oe 
== xX 4 =<) wT Ax. 9 
6 2 Tr, 
aa </igi 
6% 
oe! te 7082 
=X = 
76 7 


=} x 78.54, or 13.09. 
Therefore the area of the given spherical A is 18.09 sq. in. .5.F. 


17. Compute the area of a triangle on a sphere of circumference 
78.54 in., the angles being 162°, 39°, 120°. 


Solution. The spherical excess of the given A 
= 162° + 39° + 120° — 180° = 141°, § 693 
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Therefore the given spherical A is equivalent to a lune whose angle 


is half 141°, or 703°. 704 § 695 


But the area of such a lune = B80 of the spherical surface § 694 


= ty x 407° Ax. 9 
2 
2 ia (<) 7 Ax. 9 
240 
47 s Ce 
240 7 
47 78.542 
= — X 
240 T 
= 5 X 1963.5, or 384.52. 
Therefore the area of the given spherical A is 384.52 sq. in. Q.5.F. 


18. Compute the area of a triangle on a sphere of circumference 
89.27 in., the angles being 149°, 41°, 116°. 


Solution. The spherical excess of the given A 


= 149° + 41° + 116° — 180° = 126°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 126°, or 63°. 63 § 695 
But the area of sucha lane a5 of the spherical surface § 694 
=qy X 407 Ax. 9 
2 
gee! (<) 7 Ax. 9 
40 2% 
ho @ 
=— x — 
40 
t SOB 
=— xX 
40 7 


= zy X 490.875, or 85.903. 
Therefore the area of the given spherical A is 85.903 sq. in. Q.=.F. 


19. Compute the area of a triangle on a sphere of circumference 
314.16 in., the angles being 126° 30’ 42”, 105° 26’ 15”, 63° 15’ 3”. 
Solution. The spherical excess of the given A 
= 126° 30’ 42” + 105° 26’ 15” + 68° 15’ 3” — 180° 
eo iliias IY, § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 115° 12’, or 57° 36’. § 695 
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57° 36’ 
360° 
= 3458, of the spherical surface § 694 
0.16 x 47r? Ax. 9 
=={0) 


c \2 
16x 4(2) x Ax. 9 
2 7, 


But the area of such a lune = 


II 


2 

= 0,16 % = 
Tv 
314.162 


= OnlGuy 


= 0.16 x 31,416, or 5026.56. 
Therefore the area of the given spherical A is 5026.56 sq. in. Q..F. 


20. What is the area of a triangle on the earth’s surface the vertices 
of which are the north pole and two points on the equator, one at 37° W. 
and the other at 16° E., the earth being considered a sphere with a radius 
of 4000 mi. ? North Pole 

Given the spherical A ABO on the earth’s g 
surface, the vertex C being at the north pole 
and the vertices A and B being on the equator 
at 387° W. and 16° E. longitude respectively ; 
also the radius of the earth = 4000 mi. 


Required to find the area of the spherical 4 B 
A ABC. sw. ce 
Solution. The arcs 4C and BO are quadrants. § 639 
-. Cis a pole of the arc of a great © AB. § 641 
«. ZC is measured by the are AB. § 654 
Since the arc AB = 87° + 16°, or 53°, Ax, 1 
> £G= Be Ax. 8 
The 4 A and B each equal 90°. § 656 

Therefore the spherical excess of the A ABC 

= 53° + 90° + 90° — 180°, or 53°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 58°, or 264°. 261 § 695 
But the area of such a lune = oa of the earth’s surface § 694 
= pos X 4ar? Ax. 9 
= 73; x 4000? 3 Ax. 9 


: 


7 X 16,000,000 x 3.1416 
= *3 x 800,000 x 1.0472 
= ay 800,426.67. 
Therefore the area of the spherical A ABC is 14,800,426.67 sq. mi. 
Q.E.F, 
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21. If the radii of two spheres are 6 in. and 4 in. respectively, and the 
distance between the centers is 5 in., what is the area of the circle of inter- 
section of the spheres ? A 

Given the two spheres whose centers are O 
and O’, intersecting in the © MN, their radii ix 


being OB = 4in. and O’A=6in.; alsoOO’=5in. Ve / B 
Required to find the area of the © MN. 
Solution. Draw the radii OM and O'M. By 
Also draw the diameter MN of the © MN. 
The line OO’ is | to the © MN at its center L. § 652 
-. OO’ is 1 to MN. § 430 
That is, ME is 1 to OO’. 
In the rt. A OEM, OM? — OE” = ME”. § 338 
Inthe rt. \O’EM, OM?— OE’ = ME’. § 338 
=. OM’ — OB” = OM’ — OF’. Ax. 8 
Oh — OF = OM — OM. Axs. 1,2 
.. OB’ — (00 — O’E)? = OM” — OM”. Ax. 9 
-. WE’ — (5— OE)? = 6 — 42. Ax. 9 


. OE*—(25—10x O'E+ OE’) = 86— 16. 
OE’ —264+10x OF — OE’ = 20. 


-. 10 x O'H = 20 + 25 Io il 
—, 45. 
Go CHE eat hbiy. Ax. 4 
Since ME’ = OM’ — OF % Proved 
». ME? = 6? — 4,52 Ax. 9 
= 36 — 20.25 
= 15; 
.. the area of the © MN, which is equal to 7 - ME’, § 389 
= 15.75 x 3.1416 
= 49.4802. 


Therefore the area of the © MN is 49.4802 sq. in. Q.E.F. 


22. Find the radius of the circle determined ona sphere of 5in. diameter 
by a plane 1 in. from the center. 

Given the sphere whose center is O and 
diameter 5in., cut by a plane in the circular 
section CD, 1 in. from the center O. 

Required to find the radius of the © CD, 

Solution. Draw the diameter AB to the 
plane of the © CD, cutting the © CD in its 
center E. 
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Draw the radius #D of the OCD. 
Also draw the radius OD of the sphere. A 
Now OF is 1 to the planeof theO OD. § 623 
« OFislLtoED.  § 430 Pies 
In the rt. AOED, ED? = OD?— OE’ § 338 = 
=(§)?-1 Ax.9 
= 4p —1, or 4. 


Sue 
a 


by nik plete et 


 ED=V#B_ Ax. 5 
=1V21. uf 
Therefore the radius of the © CD is iV21 in. Q.E.F. 


23. If the radii of two concentric spheres are r and r’, and if a plane 
is passed tangent to the interior sphere, what is the area of the section 
made in the other sphere? 


‘Given O, the common center of the two concen- 
tric spheres, r and 7’ being the radii of the exterior 
and interior spheres respectively ; also a plane 
cutting the exterior sphere in the circular section 
AB, which is tangent to the interior sphere at LE. 

Required to find the area of the © AB in terms of r and 7”. 


Solution. Draw the radius OF of the interior sphere. 
Also draw HA and OA. 


Now OF is 1 to the plane of the © AB. § 646 
-. OH is 1 to AB. § 430 

In the rt. A OEA, EA’ = 0A*— OF? § 338 
Sane Ax. 9 

.. the area of the © AB, which is equal to 7- BA’, § 889 


= 7 (7? — r’?), by Ax. 9. Q.E.F. 


24. Two points A and B are 8 in. apart. Find the locus in space of 
a point 5 in. from A and 7 in. from B. 

Given the points A and B 8 in. apart. 

Required to find the locus in space of a point 
5in. from A and 7 in. from B. 

Construction. Draw AB. 

Construct the A ACB, so that AC =5 in., 
and BO = 7 in. 


Let fall CO 1 to AB at O. § 227 
Revolve the A ACB about AB as an axis. 
Then point C will describe the © CE, whose center is O. 
Therefore the © CE is the locus required. Q.E.F. 
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Proof. Every point in the © CH is 5in. from A and 7 in. from B. 
Const. 

Every point without the circumference of the © CE is not 5 in. 
from A and 7 in. from B. Ax. 11 
Therefore the circumference of the © CH is the locus of a point 

5 in. from A and 7 in. from B. Q.E.D. 


25. Two points A and B are 10 in. apart. Find the locus in space of 
a point 7 in. from A and 8 in. from B. 

Solution. Obviously there is but one point fulfilling the required 
condition. That point lies in the line AB 3 in. from B. Q.E.F. 


26. The radii of two parallel sections of the same sphere are a and b 
respectively, and the distance between the sections isd. Find the radius 
of the sphere. 

Given the sphere whose center is O cut by 
parallel planes in the sections AB and CD, the 
radii of the © AB and CD being a and 6 re- 
spectively, and the distance between the © AB 
and CD being d. 

Required to find r, the radius of the given 
sphere, in terms of a, b, and d. 

Solution. Draw OZ to the plane of the © AB at its center EL. 

Produce HO to meet the plane of the © CD in F. 
The line OZ is 1 to the plane of the © AB. § 623 
.. HF is | to the plane of the © CD. § 456 
.. Fis the center of the © CD. 
Draw the radii OA and OC of the sphere. 
Also draw AE and CF. 


The line HF is 1 to AE and CF. § 480 

In the rt. A OFA, OE’ = OA? — AE” § 338 
= 72 — @?. Ax. 9 

s OB =Vr— a. Ax. 5 

In the rt. A OFC, OF? =\00*= CF" § 338 
=r? — D2, Ax. 9 

2 OF = Vr? — B2. Ax. 5 

But OL ORS EE =a Ax. 11 
o VP Ha 4+ Vr — WP = dd. Ax. 9 

+ 7% — a2 + 7? — D2 + 2V (r? — a2)(r? — B?) = a. Ax. 5 


1 2V(P— 2)(PF—W) =24+024@2—2r%, Axs.1,2 


2 2 2 
. V(r? — a?) (r? — 67) = gee ily Fe Ax. 4 


2 
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oe (r? — a?) (7? at b*) 


24 p2 2\2 24. p2 2 
= (SEE) — ane (FE) 
Ax. 5 
a rt — 72 (a2 + b2) + ab? 
24 pe 2\2 
-(— = +° *e) — 72 (a2 + b2 4 a2) + rt. 
2 2 2\2 
-, 72d? -(45**) — arb? WS ERI 
_ at + b4 + dt + 207? + 207d? 4+ 267d? 4 .a?b? 
4 4 
_ at + UE + dt — 20%? + 2a?d? + 20a? 
r ; 
yo et tt dt — 2 070? + 2 0?d? + 2020? uns 
4 qd? 
fe 2 a2d? + 2b2d2 
= AXES 
4 d? 
1 


=5,V0 + bt + d* — 2a7b? + 2 a2d? + 2022. 


By analogous reasoning the same result may be obtained for the 
case in which the parallel planes lie on the same side. of the center 
of the sphere. Q.E.F. 

27. The diameter of a certain sphere is V2. The chords of the arcs 
that form the sides of a triangle on the surface of the sphere are respec- 
tively 1,1, and V2. Find the area of the spherical triangle. 

Given the spherical A ABC on the surface of c 
the sphere whose center is O and diameter V2, 
the chords of the arcs of great © AC, BC, and 
AB being 1, 1, and v2 respectively. 

Required to find the area of the spherical 
AABC. 

Solution. Draw the radii OA, OB, and OC. 


Ea 


Oe 


Then OA = OB = 00 = 3 V2. § 621 
Since the chord AB = 4 v2, Given 

.. the A AOB is equilateral. 
.. the A AOB is equiangular. § 75 
-. ZAOB = 60°. § 107 
.. the arc AB = 60°. § 2138 

Since G V2)" + G v2)? == ils 

e. OAl F 0C? = AC" Ax. 9 


and OB’? + 007 = BC’. Ax. 9 


TEACHERS’ EDITION 503 


. AAOC and BOC are right-angled at O. § 337, Converse 


*. the arcs AC and BC are quadrants. § 213 

. Cisa pole of the arc AB. § 641 

-. ZC is measured by the arc AB § 654 

8 ZC G02, IE, SE 

Moreover 4A and B each = 90°. § 656 


-. thespherical excess of A.A BO=60°+ 90°+ 90°— 180°, or 60°. § 698 
Therefore the spherical A ABC is equivalent to a lune whose angle 


isvhallifs602 01302 .es me § 695 
But the area of such a lune = ,3°, of the spherical surface § 694 
= yh x 4a? Ax. 9 
=1x GV2)?x Ax. 9 

= fare 
Therefore the area of the given spherical A ABC is } 7. Q.E.F. 


Exercise 109. Page 420 


1. Find the area of a spherical polygon on a sphere whose area 
is 2 sq. ft., the angles being 30°, 90°, 120°, 180°. 
Solution. The spherical excess of the polygon 


= 80° + 90° + 120° + 180° — 2 x 180°, or 10°. ' § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 10°, or 5°. § 699 
But the area of such a lune = ,2, of the spherical surface § 694 
= 7a IY) 
Esc ae INGE NY) 

= 7, 8q. ft., or 4 sq. in. 
Therefore the area of the spherical Ai eee is 4 sq. in. Q.E.F. 


2. Find the area of a spherical polygon on a sphere whose area is 
288 sq. in., the angles being 45°, 60°, 100°, 165°. 
Solution. The spherical excess of the polygon 


= 45° + 60° + 100° + 165° — 2 x 180°, or 10°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 10°, or 5°. § 699 
But the area of such a lune = 53, of the spherical surface § 694 
= iu a Ax. 9 
iy X 288 sq. in. ASK, Y) 

= ey sq. in. 


Therefore the area of the spherical polygon is 4 sq. in. Q.E.F 
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3. Find the area of a spherical polygon on a sphere whose area is 
500 sq. in., the angles being 70°, 168°, 92°, 120°. 
Solution. The spherical excess of the polygon 


= 70° + 168° + 92° + 120° — 2 x 180°, or 902. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 90°, or 45°. § 699 
But the area of such a lune = 43, of the spherical surface § 694 
= + a Ax. 9 
= + x 500 sq. in. Ax. 9 

= 621 sq. in. 
Therefore the area of the spherical polygon is 624 sq. in. Q.E.F. 


4. Find the area of a spherical polygon on a sphere whose area is 
750 sq. in., the angles being 68° 30’, 149° 50’, 96° 54’, 136° 52”. 
Solution. The spherical excess of the polygon 
= 68° 30’ + 149° 50’+ 96° 54’ + 136° 52’ — 2 x 180°, or 92°6’. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 92° 6’, or 46° 3’. 6°97 § 699 

But the area of such a lune = 560° of the spherical surface § 694 
= 745%) of the spherical surface 

= Pists's a AX. 9 

= #535 X 750 sq. in. Ax. 9 


= 1334 sq. in., or 9523 sq. in. 
Therefore the area of the spherical polygon is 9518 sq.in. Q.E.F. 


5. Find the area of a spherical polygon on a sphere whose area is 
600 sq. in., the angles being 122° 27’ 40’, 130° 32’ 50”, 98° 31’ 30”, 96° 48’. 
Solution. The spherical excess of the polygon = 122°27’ 40” + 130° 
32’ 50” + 98° 31’ 30” + 96° 48’ — 2 x 180°, or 88° 20’. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 88° 20’, or 44° 10’. § 699 


° 7 
But the area of such a lune = poe of the spherical surface § 694 


60° 
= 82, of the spherical surface 
= wfP5 @ Ax. 9 
= i825 X 600 sq. in. Ax. 9 


21 
= 1225 sq. in., or 7314 sq. in. 
Therefore the area of the spherical polygon is 7313 sq.in. .E.¥. 
6. Find the area of a spherical polygon on a sphere whose area is 
8 sq. ft. 120 sq. in., the angles being 132°, 96°, 154°, 120°, 150°. 
Solution. The spherical excess of the polygon 
= 132° + 96° + 154° + 120° + 150° — 3 x 180°, or 112°. § 698 
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Therefore the spherical polygon is equivalent to a lune whose angle 


is half 112°, or 56°. § 699 
But the area of such a lune = 338, of the spherical surface § 694 
— qs a Ax. 9 

= a x 8 sq. ft. 120 sq. in. INGA!) 


= 75 X 562 sq. in., or 854% sq. in. 
Therefore the area of the spherical polygon is 8512 sq.in. Q.5.F. 


7. Find the area of a spherical polygon on a sphere whose area is 
157.2 sq. in., the angles being 130°, 156°, 172°, 95°, 120°, 100°. 
Solution. The spherical excess of the polygon 
=130° + 156° + 172° + 95° + 120° + 100° — 4 x 180°, or 53°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 58°, or 262°. 264 § 699 
But the area of such a lune = 360 2 of the spherical surface § 694 


= py a Ax. 9 
= 75 X 157.2 sq. in. INE 


= D1 b717 sq.in. 
Therefore the area of the spherical polygon is 11.5717 sq. in. Q.x.F. 


8. Find the area of a spherical polygon on a sphere of radius 10 in., 
the angles being 130°, 150°, 80°, 90°. 
Solution. The spherical excess of the polygon 


= 130° + 150° + 80° + 90°— 2 x 180°, or 90°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 90°, or 45°. Ape § 699 
But the area of such a lune = 360 = oe the spherical surface. § 694 
Now the area of the sphere = 4 77? § 689 
= 4 x 10?7 sq. in. Ax. 9 

= 400 7 sq. in. 

Then the area of a lune whose angle is 45° 
=4+ x 4007 sq. in. Ax. 9 


= 507 sq. in., or 157.08 sq. in. 
Therefore the area of the spherical polygon is 157.08 sq. in. Q.£.F. 


9. Find the area of a spherical polygon on a sphere of radius 20 in., 
the angles being 148°, 157°, 90°, 100°, 120°. 
Solution. The spherical excess of the polygon 
= 148° + 157° + 90° + 100° + 120°— 3 x 180°, or 75°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 75°, or 874°. § 699 
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But the area of such a lune = at = Zot the spherical surface. § 649 
Now the area of the sphere = 4 ar? § 689 
SSP Solan Ax, 9 


= 16007 sq. in. 

Then the area of a lune whose angle is 374° 
= 72, X 16007 sq. in. Ax. 9 
_ 6007 


sq. in., or 523.6 sq. in. 
Therefore the area of the spherical polygon is 523.6 sq. in. Q.E.F. 


10. Find the area of a spherical polygon on a sphere of radius 24 in., 
the angles being 172°, 169°, 86°, 141°, 100°, 90°. 
Solution. The spherical excess of the polygon 
= 172° + 169° + 86° + 141° + 100° + 90°— 4 x 180°, or 388°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 38°, or 19°. § 699 
But the area of such a lune = 51% of the spherical surface. § 694 
Now the area of the sphere = 4 mr? : § 689 

=4 x 2427 sq. in. ISSEY) 


= 2304 7 sq. in. 
Then the area of a lune whose angle is 19° 
= gy X 23047 sq. in. Ax. 9 
=19 x 6.47 sq. in., or 382.01856 sq. in. 
Therefore the area of the spherical polygon is 382.01856 sq. in. @.5.F. 


11. Find the area of a spherical polygon on a sphere of radius 10 in., 
the angles being 135° 30’, 148° 42’, 96° 37’, 102°11’. 
Solution. The spherical excess of the polygon 
= 135° 30’ + 148° 42’ + 96° 37’+ 102°11’— 2 x 180°, or 128°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 123°, or 614°. 61441 § 699 
But the area of such a lune = B60 F240 of the spherical surface. § 694 
Now the area of the sphere = 4 zr? § 689 
= 4 x 10?7 sq. in. Ax. 9 
= 400 7 sq. in. 

Then the area of a lune whose angle is 613° 
=y'45 X 4007 sq. in. Ax. 9 


_ 2057 


sq. in., or 214.676 sq. in. 


Therefore the area of the spherical polygon is 214.676 sq. in. @.5.F. 
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12. Find the area of a spherical polygon on a sphere of diameter 10 in., 
the angles being 148°, 92°, 60°, 120°. 
Solution. The spherical excess of the polygon 


= 148° + 92° + 60° + 120°— 2 x 180°, or 60°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 60°, or 30°. § 699 
But the area of sucha lune = 33%, = ;4 of the spherical surface. § 694 
Now the area of the sphere = 2 7rd § 688 
2 
== ole 


= 10? 7 sq. in., or 1007 sq. in. Ax. 9 
Then the area of a lune whose angle is 30° 

= yy X 1007 sq. in. Ax. 9 

=; x 814.16 sq. in., or 26.18 sq. in. 
Therefore the area of the spherical polygon is 26.18 sq. in. Q.=.F. 


13. Find the area of a spherical polygon on a sphere of diameter 22 in., 
the angles being 172°, 168°, 98°, 37°, 100°. 
Solution. The spherical excess of the polygon 
= 172° + 168° + 98° + 37° + 100°— 3 x 180°, or 30°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 30°, or 15°. § 699 
But the area of such a lune = 33, = #4 of the spherical surface. § 694 
Now the area of the sphere = 2 rrd § 688 

=27 (5) d Ax. 9 
2 
Sqr 


= 222 @ sq. in., or 484 7 sq. in. Ax. 9 
Then the area of a lune whose angle is 15° 
= yy x 4847 sq. in. Ax. 9 


= 201 7 sq. in., or 63.8556 sq. in. 
Therefore the area of the spherical polygon is 63.3556 sq. in. Q.E.F. 


14. Find the area of a spherical polygon on a sphere of diameter 20 in., 
the angles being 102°, 162°, 189°, 141°, 188°, 126°. 
Solution. The spherical excess of the polygon 
= 102° + 162° + 139° + 141° + 138° + 126°— 4 x 180°, or 88°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 
is half 88°, or 44°. § 699 
But the area of such a lune = 44, = 14 of the spherical surface. § 694 
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Now the area of the sphere = 2 rd § 688 
= 2or (5) d Ax. 9 
2 
= 7rd? 


= 20? m sq. in., or 4007 sq. in. Ax. 9 
Then the area of a lune whose angle is 44° 
= 44 x 4007 sq. in. Ax. 9 
= 449 sq. in., or 153.589 sq. in. 
Therefore the area of the spherical polygon is 153.589 sq. in. q.z.F. 
15. Find the area of a spherical polygon on a sphere of diameter 20 in., 
the angles being 82° 50’ 42”, 120° 29’ 18”, 98° 37’ 15”, 141° 22’ 45”. 
Solution. The spherical excess of the polygon = 82° 50’ 42” + 
120° 29’ 18” + 98° 37/15” + 141° 22’ 45” — 2 x 180°, or 88°20’. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 83° 20’, or 41° 40’. 699 
But the area of such a lune = abeee = oe, ; 
360° 21600 
= 37°; of the spherical surface. § 649 
Now the area of the sphere = 2 rd § 688 
= 2or 5) d Ax. 9 
= 7d? 


= 20? 7 sq. in., or 4007 sq. in. Ax. 9 
Then the area of a lune whose angle is 41° 40’ 
= 333, x 4007 sq. in. Ax. 9 
= 23997 sq. in., or 145.44 sq. in. 
Therefore the area of the spherical polygon is 145.44 sq. in. Q.5.F. 
16. Find the area of a spherical polygon on a sphere of circumference 
3.1416 in., the angles being 39°, 148°, 172°, 168°. 
Solution. The spherical excess of the polygon 
= 89° + 148° + 172° + 168° — 2 x 180°, or 167°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 167°, or 833°. 833 167 § 699 
But the area of such a lune = 360 720 of the spherical surface. § 694 
Now the area of the sphere = 4 rr? § 689 

 \2 
SiAogr (<) Ax. 9 
2 2 7. 
PE: 
3.1416? : 
= 84, in Ax. 9 


= 3.1416 sq. in. 
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Then the area of a lune whose angle is 833° 
= +§7 x 3.1416 sq. in., or 0.7287 sq. in. Ax. 9 
Therefore the area of the spherical polygon is 0.7287 sq. in. @.5.F. 
17. Find the area of a spherical polygon on a sphere of circumference 
31.416 in., the angles being 128°, 92°, 168°, 109°. 
Solution. The spherical excess of the polygon 
= 128° + 92° + 168° + 109° — 2 x 180°, or 187°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 137°, or 684°. 68} 137 § 699 
But the area of such a lune = oe Bie the spherical surface. § 694 
7 
Now the area of the sphere = 4 mr? § 689 
2 
=49 (<<) Ax. 9 
2 2 7 
9 


_ 81,416? 


sq. in., or 314.16 sq. in. Ax. 9 
Then the area of a lune whose angle is 683° 
= 437 x 314.16 sq. in., or 59.778 sq. in. Ax. 9 
Therefore the area of the spherical polygon is 59.778 sq. in. Q.5.F. 
18. Find the area of a spherical polygon on a sphere of circumference 
6.2832 in., the angles being 146°, 129°, 102°, 137°, 100°. 
Solution. The spherical excess of the polygon 
= 146° + 129° + 102° + 137° + 100° — 3 x 180°, or 74°. § 698 
Therefore the spherical polygon is equivalent to a lune whose angle 


is half 74°, or 87°. § 699 
But the area of such a lune = 34 of the spherical surface. § 694 
Now the area of the sphere = 4 arr? § 689 

2 
=49 (=) Ax. 9 
2 2 7, 
ae 


B 2 
= 62882 sq. in., or 12.5664 sq. in. Ax. 9 


Then the area of a lune whose angle is 37° 
= gs X 12.5664 sq. in., or 1.2915 sq. in. Ax. 9 
Therefore the area of the spherical polygon is 1.2915 sq. in. @.8.¥F. 
19. Find the area of a spherical polygon on a sphere of circumference 
18.8496 in., the angles being 128°, 145°, 189°, 82°, 161°, 187°. 


Solution. The spherical excess of the polygon 
= 128° + 145°+ 139° + 82° 4+ 161° + 187° — 4 x 180°, or 72°. § 698 
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Therefore the spherical polygon is equivalent to a lune whose angle 


is half 72°, or 36°. § 699 
But the area of such a lune = 35, = 7, of the spherical surface. § 694 
Now the area of the sphere = 4 mr § 689 

=4n nl) Ax. 9 
2 3, 
~ Fr 
2 
s fe sq. in., or 118.0976 sq.in. Ax.9 


Then the area of a lune whose angle is 36° 
= jy x 118.0976 sq. in., or 11.80976 sq. in. Ax. 9 
Therefore the area of the eel erieal polygon is 11.30976 sq. in. Q.E.F. 


Exercise 110. Page 424 


1. Find the volume of a sphere whose radius is 3 in. 
Solution. OS sire § 706 
oS Dis oS Gees Axi 9 
= 367, or 113.0976. 
+. the volume of the given sphere is 113.0976 cu.in. Q.5.F. 


2. Find the volume of a sphere whose radius is 5 in. 


Solution. Ce § 706 
S OS Sar INSEAD 

= 599 7, or 523.6. 
+. the volume of the given sphere is 523.6 cu. in. Q.E.F, 


3. Find the volume of a sphere whose radius is 7 in. 
Solution. v=4ar, § 706 
C5 (eS eS TOs Woe) 

= 13727, or 1436.7584. 
-. the volume of the given sphere is 1436.7584 cu.in. Q.E.F. 


4. Find the volume of a sphere whose radius is 24 in. 


Solution. OS eid § 706 
v= $(23)8 3 Ax. 9 
—4 x 123 7 


= 125 7, or 65.45. 
.. the volume of the given sphere is 65.45 cu. in. Q.E.F, 
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5. Find the volume of a sphere whose radius is 43 in. 
Solution. O— 5 Te: 
: — 4 3 
“. v= 4 (48)8 ar 
— 4 42875 
=5 Xx hii 
4 


6. Find the volume of a sphere whose radius is 9f in. 
Solution. Ce ane. 
v= $(9})*r 
= ne gan 
= 498989 a, or 4038.675. 
«. the volume of the given sphere is 4033.675 cu. in. 


7. Find the volume of a sphere whose radius is 20.7 ft. 
Solution. v= tar, 
6 Dek? SM 
= 4 x 8869.743 3 


511 


§ 706 
Ax. 9 


Q.E.F. 


§ 706 
Ax. 9 


Q.E.F. 


§ 706 
Ax. 9 


= 11,826.324 7, or 37,153.579. 


.. the volume of the given sphere is 37,153.579 cu. ft. 


8. Find the volume of a sphere whose radius is 2 ft. 3 in. 


Solution. 2 ft. 8 in. = 27 ft. 
Now OS Sar 
.v=4(2))38r 
=x Pr 


= 248 7, or 47.718. 
.. the volume of the given sphere is 47.718 cu. ft. 


9. Find the volume of a sphere whose radius is 4000 mi. 
Solution. OS ure 
v= 4 x 4000? 7 
= 25,600,000 x 10,472 
= 268,083,200,000. 


-. the volume of the given sphere is 268,083,200,000 cu. mi. 


10. Find the volume of a sphere whose diameter is 24 in. 
Solution. Qa eh 
Po, eran Ox 248 a 
= 2804 7, or 7238.2464. 


.. the volume of the given sphere is 7238.2464 cu. in. 


Q.E.F. 
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11. Find the volume of a sphere whose diameter is 36 in. 
Solution. Y= i705. 
v=1 x 867 
= 77767, or 24,429.0816. 


-, the volume of the given sphere is 24,429.0816 cu. in. 


12. Find the volume of a sphere whose diameter is 48 in. 
Solution. v= 47d. 
vo Ul 4 x 483 a3 
= [8,432 7, or 57,905.9712. 


-. the volume of the given sphere is 57,905.9712 cu. in. 


13. Find the volume of a sphere whose diameter is 2.8 in. 


Solution. Or RTA 
v=4 x 2.8 7 
= 4% 21.952 7 


= ~ 21, 952 x 0.5236, or 11.494. 
+. the volume of the given sphere is 11.494 cu. in. 


14. Find the volume of a sphere whose diameter is 3.4 in. 


Solution. y=) ard®. 
eae Ors 
=} x 39.304 9 


= 89.304 x 0.5236, or 20.5796. 
+, the volume of the given sphere is 20.5796 cu. in. 


15. Find the volume of a sphere whose diameter is 4.5 in. 


Solution. Bs ak 
v=1x4.8r 
=} x 91.1254 


= 91.125 x 0.5236, or 47.718. 
*. the volume of the given sphere is 47.713 cu. in. 


16. Find the volume of a sphere whose diameter is 2 ft. 1 in. 


Solution. 2 ft. lin. = 2,4 ft. 
Now O= 4 5 ad, 
* 0 =4(27,)2r 


= 3 x Ae aw 
= 15622 x 0.5236, or 4.7345. 
.. the volume of the given sphere is 4.7845 cu. ft. 


§ 706 
Ax. 9 


Q.E.F. 


Q.E.F. 
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17. Find the volume of a sphere whose diameter is 3 ft. 4 in. 


Solution. 3 ft.4 in. = 32 ft. 

Now v= 17d. § 706 
== 3 (34 8a Ax 9 
=} x 1990 9 
= 1999 x 0.5236, or 19.3926. 


-. the volume of the given sphere is 19.8926 cu. ft. @.E.Fr. 


18. Find the volume of a sphere whose diameter is 8 ft. 6 in. 


Solution. 8 ft. 6 in. = 83 ft. 
Now v=i47d. § 706 
o Ui=="A(84)2 ar Ax. 9 
=1 x 491387 


= 4913 x 0.5236, or 821.5559. 
.. the volume of the given sphere is 321.5559 cu. ft. @. E.F. 


19. Find the volume of a sphere whose circumference is 6.2832 in. 


Solution. v=} 7d. § 706 
But Wee § 384 
Tv 
3 
0=5n(2) Ax. 9 
6 T 
3 
69 
3 
= 6.2882 » or 4.1888. Ax..9 
Tv 
.. the volume of the given sphere is 4.1888 cu. in. Q.E.F. 


20. Find the volume of a sphere whose circumference is 12.5664 in. 


Solution. Ohare. § 706 
But d= = § 384 
OF a7 (2) Ax. 9 
c3 
~ 62 
ie ae or 88.5104, Ax.9 


.. the volume of the given sphere is 33.5104 cu. in, =. 5. F. 
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21. Find the volume of a sphere whose circumference is 18.8496 in. 


Solution. v= 37d}. § 706 
But da § 384 
T 
3 
os v=in(2) Ax. 9 
6 \r 
C3 
6 7 
3 
v= es or 113.0976. Ax. 9 
6 7? 


«. the volume of the given sphere is 113.0976 cu. in. Q.£.F. 


22. Find the volume of a sphere whose surface area is 12.5664 sq. in. 


Solution. SS isi § 706 
But 4 arr? = a. § 689 
9, s= hee Ax. 4 
T 
Whence r= Ee Ax. 5 
T 
= Le V7. 
27 
ips a (aay Ax. 5 
ae 
= ae V Ta 
Svea 
a 
Se 
4m a 
Ce es TO Ax. 9 
a 
=—V 39d. 
67 
i ey 12.5664 3 Ax. 9 
7 


=%xX 27 = 47, or 4.1888. 
.. the volume of the given sphere is 4.1888 cu. in. ..F. 


23. Find the volume of a sphere whose surface area is 50.2656 sq. in. 


Solution. = ris § 706 
But Aart? 1. § 689 
ee Ax. 4 
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Whence r= 4 /— 


ah OAMMEN arena a 
67 


=& x 47 = 327, or 33.5104. 


.. the volume of the given sphere is 33.5104 cu. in. 


515 


Ax. 6 


Ax. 5 


Ax. 9 


Ax. 9 


Q. E. F. 


24. Find the volume of a sphere whose surface area is 113.0976 sq. in. 


Solution, 0 Scie 
But 4nr2 =a. 
a 
72 = —_ 
4m 
Whence r= me 
7 
ak 
27 
1 NS 
(i eS Vara 
gaa (Va) 
era 
873 
Eo Wea, 
8 7? 
4m a 
v= —- V 7 
3 87? 
= 7 4) 
T 
= EO 118.0976 a 
67 
=6 x67 


= 367, or 113.0976. 


«. the volume of the given sphere is 113.0976 cu. in. 


§ 706 
§ 689 


Ax. 4 


Ax. 5 
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25. Find the radius of a sphere whose volume is 4.1888 cu. in. 


Solution. C=" ire § 706 
Ba Ax. 4 
4am 
30) 
4 
& PS oe Ax. 5 
4a 
= eA V6 120 
27 
ora Ven. 41888 Ax. 9 
27 
= s-V 6x2. ihe 
Tv 
= sey 87, or 1. 
27 
Therefore the radius of the given sphere is 1 in. Q.E.F. 


26. Find the radius of a sphere whose volume is 33.5104 cu. in. 


Solution. v= 477, § 706 
2 e=o Ax. 4 
4a 
mck 
- 4a 
pene Ax.5 
4a 
= na v6 720 
274 
«r= Ven? 38.5104 Ax. 9 
27 
me / Gat 1096 
27 
ey Gitar a, 
27 
Therefore the radius of the given sphere is 2 in. Q.E.F. 
27. Find the radius of a sphere whose volume is 113.0976 cu. in. 
Solution. 0 = $77. § 706 
ere de Ax. 4 
ia 
3v 
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Oe SSN Ax. 5 
4a i 
Sy v 6 720. 
Qa 
Py er ls 0076 Ax. 9 
27 


ee 
27 
==4 2167, or.3. 


7 
Therefore the radius of the given sphere is 3 in. Q.E.F. 


28. The circumference of a hemispherical dome is 66 ft. How many 
square feet of lead are required to cover it? 


Solution. Gerda 2 § 689 
But pie Bee § 885 
274 
c \2 
-a=4n(<) Ax. 9 
m a5 
c 
sie 
Since C= O6tiss Given 
66? 
Gi Oe kbs Ax. 9 
Tv 
662 
oy Ohi a sq. {t., or 693.277 sq. ft. Ax. 4 
T 


Therefore the number of square feet of lead required is 693.277. 
Q.E.F. 


29. If the ball on the top of St. Paul’s Cathedral in London is 6 ft. in 
diameter, how much would it cost to gild it at 9 cents per square inch ? 


Solution. a= 477. § 689 
2 
sa=4n(5). Ax. 9 
2 
6\2 
a OSs (5) sq. ft., or 86 7 sq. ft. Ax. 9 


Therefore the cost of gilding the ball would be 367 x 144 x $0.09, 
or $1465.74. Q.E.F. 


30. The dihedral angles made by the faces of a spherical pyramid are 
80°, 100°, 120°, and 150°, and the length of a lateral edge is 42 ft. Find 
the area of the base. 
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Solution. The base of the given spherical pyramid is a spherical 


quadrilateral whose 4A are 80°, 100°, 120°, and 150°. § 655 
The spherical excess of this quadrilateral 

= 80° + 100° + 120° + 150° — 2 x 180°, or 90°. § 698 

Therefore the base of the given spherical pyramid is equivalent to 

a lune whose angle is half 90°, or 45°. § 699 

But the area of sucha lune = 43, = } of the spherical surface § 694 

= 4x 477 Ax. 9 

=X 422 3 Ax. 9 


= 882 7, or 2770.8912. 
Therefore the area of the base of the spherical pyramid is 
2770.8912 sq. ft. Qn ke: 


31. The dihedral avigles made by the faces of a spherical pyramid are 
60°, 80°, and 100°, and the area of the base is 4 m sq. ft. Find the radius. 


Solution. The base of the given spherical pyramid is a spherical A 


whose A are 60°, 80°, and 100°. § 655 
The spherical excess of this A 

= 60° 4+- 80° + 100° — 180°, or 60°. § 693 

Therefore the base of the given spherical pyramid is equivalent to 

a lune whose angle is half 60°, or 30°. § 695 


But the area of such a lune = 3°, = 7, of the spherical surface. § 694 
Therefore, since the area of the base of the given spherical pyramid 


is 4a sq. ft., Given 
7; of the spherical surface = 4 7 sq. ft. Ax. 8 
Then the area of the sphere = 12 x 47sq. ft., or 48msq.ft. Ax.3 
That is, 4 ar? = 48 7. ASK. 9 

5 PS I Ax. 4 

OF r= V12, or 2V3. Ax. 5 

Therefore the radius of the sphere is 2-V3 ft. Q.E.F. 


32. What is the area of the surface of the earth ? 


Solution. a=4nr?, § 689 
Here r = 4000 mi. Given 
Then a=A47 x 4000? Ax. 9 


= 64,000,000 x 
= 201,062,400. 
Therefore the area of the earth’s surface is 201,062,400 sq. mi. @.E.F. 


33. The altitude of the torrid zone is 3200 mi. Find its area. 
Solution. Let z denote the area of the torrid zone in square miles. 
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Then z = 3200 x 2 x 40007 § 691 
= 25,600,000 a 
= 80,424,960. 
Therefore the area of the torrid zone is 80,424,960 sq. mi. Q.E.F. 
34. What is the area of the north temperate zone if its altitude is 
1800 mi. ? 
Solution. Let z denote the area of the north temperate zone in 
square miles. 


Then z = 1800 x 2 x 40007 § 691 
= 14,400,000 
= 45,239,040. 
Therefore the area of the north temperate zone is 45,239,040 sq. mi. 
Q.E.F. 


35. Find the number of square miles of the earth’s surface that can be 
seen from an aéroplane 1500 ft. above the surface. 

Given P the position of the aéroplane 1500 ft. 
above the surface of the earth, represented by 
the sphere whose center is O; also AMWN the 
zone whose surface can be seen from P. 

Required to find the number of square miles 
in the area of the zone AMN. 

Solution. Let the © MN be the base of the 
zone AMN. 

Draw the line PO, intersecting the surface of the given sphere 
in A, and the © MN in B. 

Now P and O are each equidistant from all points in the © MN. 

Therefore the line PO, determined by the points P and O, bisects 
perpendicularly every line drawn through its foot in the plane of 
the © MN and terminated by the circumference. § 151 

«. PO is L to the © MN at its center B. § 431 
Draw PWN tangent to the sphere at N, a point in the O MN. 
Also draw ON and BN. 


Now ON is 1 to PN. § 185 
Moreover, PB is 1 to BN. § 430 
Then in the rt. A PNO, 
OB RONG ONT POs § 294, 3 
.. OB x PO= ON’. § 261 
:. OB x (PA + OA) = ON”. Ax. 11 
Since PA = 1500 ft. = 4599 mi. = 33 mi., 


and OA = ON = 4000 mi., 
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«. 400023 x OB = 40002. Ax. 9 
*, 252925 x OB = 16,000,000. 
pes 16000000 Caer 
352025 
88 
= 568 
= 399919084 
Now AB=OA—OB 
= 4000 — 399939983 Ax. 9 
— .4000 
= T4081 
Since the area of any zone 
Td Greist § 691 


.. the area of the zone A MN 
= 2 x 40007 x 34999 Ax. 9 
__ 82000000 
~ 14081 
= 7139.493. 
Therefore the area of the zone A MN is 7139.493 sq. mi. Q.E.F. 


36. How far in one direction can a man see from the deck of an ocean 
steamer if his eye is 40 ft. above the water ? P 


Given P the position of the observer’s eye 
40 ft. above the surface of the earth, represented 
by the sphere whose center is O, and PB a tan- 
gent to the given sphere at B. 

Required to find the length of PB. 


EN 


Ox---=-- = 


Solution. Draw PO and OB. 
Now OB is 1 to PB. § 185 
In the rt. A PBO, 
PB’ =P0"— OB? § 338 
= (PA + OA)? — OB? Ax. 11 
= (5$$5 + 4000)? — 40002 Ax. 9 


= (+4, + 4000)? — 40002 
= (4000;3,)2 — 40002 
= (4000;45 + 4000) (4000;4, — 4000) 
= 8000;35 X tha 
= 1,056,001 x (;3,)?. 
«. PB = 51, -V1,056,001 Ax. 5 
_ 1027.62 
> Nise 
Therefore the distance the observer can see in one direction is 
7.78 mi. QE. F, 


> or 7.78, 
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37. To what height must a man be raised above the earth in order to 
see one sixth of its surface ? BP 
A 


Given P the position of the observer from 
which the area of the zone AMN, which is 
one sixth of the surface of the earth, repre- 
sented by the sphere whose center is O, can 
be seen. 

Required to find the height of the observer 


above the earth’s surface. 


Solution. Draw the line PO, intersecting the surface of the given 
sphere in A, and the circular base MN of the zone AMN in B. 
Draw a tangent PN to the given sphere at any point N in the 


© MN. 
Draw BN and ON. 


Now P and O are each equidistant from all points in the O MN. 
Therefore the line PO, determined by the points P and OQ, bisects 
perpendicularly every line drawn through its foot in the plane of the 


© MN and terminated by the circumference. § 151 
.. PO is | to the © MN at its center B. § 431 
The area of the earth’s surface = 4 mr? § 689 
= 4 x 4000? + Ax. 9 
= 64,000,000 zr. 
Now the area of the zone AMN = } x 64,000,000 3 Given 
__ 82000000 a 
= - : 
But the area of the zone AMN = 2ar x AB. § 691 
. Qar x AB= cate Ax. 8 
7x AB = 16000000. Ax. 4 
«. 4000 x AB = 16000000, Ax. 9 
-. AB = 4900, Ax. 4 
Since OB = OA — AB, 
-. OB = 4000 — 4922 Ax. 9 
= £000, 
Now PO is 1 to BN. § 430 
Also ON is 1 to PN. § 185 
In the rt. A OBN, BN’ = ON? — OB’ § 338 
= 4000? — (8922)2 Ax. 9 


— 40002 x [1 — (3)?] 
= 16,000,000 x % 
= 80000000, 
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Since OB: BN=BN:PB, § 294,2 
.. OB x PB = BN’. § 261 

p, 2809 B= S80 09000 Ax. 9 

“. PB = 10999, Ax. 4 


Since PA = PB— AB, 
“. PA = 10900_ 4090 Ax. 9 
= 6999, or 2000. 
Therefore the height of the observer above 
the earth’s surface is 2000 mi. Q.E.F. 


38. How much of the earth’s surface would a man see if he were 


raised to the height of the radius above it? F \ 

Given P the position of the observer 4000 mi. ions 
above the surface of the earth, represented by Al A 
the sphere whose center is 0; also AMWN the | 


a4 ===. 
i 


zone whose surface can be seen from P. pf NG 
Required to find what part of the earth’s sur- 
face the area of the given zone is, 


Solution. Let the © MN be the base of the 
zone AMN. 

Draw the line PO, intersecting the surface of the given sphere in 
A, and the © MN in B. 

Now P and O are each equidistant from all points in the © MN. 

Therefore the line PO, determined by the points P and O, bisects 
perpendicularly every line drawn through its foot in the plane of the 
© MN and terminated by the circumference. § 151 

-. PO is 1 to the© MN at its center B. § 431 
Draw PN tangent to the sphere at NV, a point in the© MN. 
Also draw ON and BN. 


Now ON is | to PN. § 185 

Moreover PBis 1 to BN. § 430 
Then in the rt. A PNO, 

PN’ = PO” — ON’. § 338 
Since ON = 4000 mi., Given 
and (2X0) SILA ee OL Axe il 
= 4000 mi. + 4000 mi., or 8000 mi., Ax. 9 
.. PN” = 8000? — 40002 Ax. 9 

= 64,000,000 — 16,000,000, or 48,000,000. 
Since ROE 2 < ON, Given 
sy Z.OP IN 80>: Ex. 2, p. 80, Converse 


-. Z PNB = 60°. § 107 
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Then in the rt. A PBN, 


NTs BING Ex. 2, p. 80 
Whence BN =4PN. Ax. 4 
Also PB? = PN? — BN’. § 338 
.. PB” = PN? — (4 PN)? Ax. 9 
= PN*—}PN? 
= PN? 
= # x 48,000,000 Ax. 9 
= 36,000,000. 
-, PB = V 36000000 Ax. 5 
= 6000. 
Since AB=PB—PA, 
-. AB = 6000 — 4000 Ax. 9 
20008 
Now the area of the zone AMN 
a cigp oe AlN § 691 
= 2 x 4000 7 x 2000 Ax. 9 
= 16,000,000 zr. 
But the area of the earth’s surface 
=4 rr? § 689 
= 4 x 4000? 7 Ax. 9 
= 64,000,000 zr. 
Since 16,000,000 7 = 4 of 64,000,000 zr, 
therefore the area of the zone AMN is + of the area of the earth’s 
surface. (ADIN 


39. If the atmosphere extends 50 mi. above the surface of the earth, 
find the volume of the atmosphere. 


Solution. The volume of the atmosphere is the difference between 
the volumes of two spheres, one with the radius 4050 mi., the other 
with the radius 4000 mi. 

Therefore the volume of the atmosphere 

= 4 x 40508 2 — 4 x 400087 § 706 
= 4m x (40508 — 4000°) 
= 47 x (66430125000 — 64000000000) 
= 47 x 2,430,125,000 
= 4 x 3.1416 x 2,480,125,000 
= 4188.8 x 2,480,125 
= 10,179,307,600. 
Therefore the atmosphere contains 10,179,307,600 cu. mi. Q@.E.F. 
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40. If an iron ball 4 in. in diameter weighs 9 lb., find the weight of a 
spherical iron shell 2 in. thick, the external diameter being 20 in. 


Solution. The volume of the given spherical iron shell is the differ- 
ence between the volumes of two spheres, one with the diameter 20in., 
the other with the diameter 20 in. — 4 in., or 16 in. 
Therefore the volume of the given spherical iron shell 
= 4 x 20? 7 — 3 x 167 § 706 
= 47 x (203 — 16°) 
= }7 x (8000 — 4096) 
= 17 x 8904. 

The volume of the given iron hall 
Aa ar § 706 
= 47 x 64. 

Denoting by « the number of pounds in the weight of the given 
spherical iron shell, we have - 


47x64 9 
im x 3004 x 
Pan: Spt) 
Whence T= 149; § 261 


Therefore the weight of the given iron shell is 549 lb. @.=.F. 


41. What is the angle of a spherical wedge if its volume is 1} cu. ft. 
and the volume of the entire sphere is 83 cu. ft.? 
Solution. Let x denote the number of degrees in the angle of the 


spherical wedge. 
vol. of wedge & 


Then = : 
vol. of sphere 360 
i ¢ 
. Be =i Ax. 9 
ped Ae 
Sar 
Whence Tz = 860. § 261 
* & = 513, Ax. 4 
Therefore the angle of the given spherical wedge is 513°. a. BF. 


42. The inside of a washbasin is in the shape of the segment of a sphere. 
The distance across the top is 16 in. and its greatest depth is 8 in. How 
many pints of water will it hold, allowing 7 gal. to the cubic foot ? 


Solution. Since the greatest depth is 8 in. and the diameter is 16 in., 
the figure is a hemisphere. 
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Now Ziri= 16 in. 
and (P= abo 

Therefore the volume of the hemisphere whose dimensions are 
those of the given washbasin 


I Tl 
eolto cofto Solty Bot 
Toe, 

CO & 

C-) coe 
| 
% 


ll 


- 512 
= 3413 7, or 1072.3828. 


Therefore the number of pints the washbasin will contain 


=T7 X 8 X q7bg X 1072.3328 
= 34.7515. Q. E.R 


ll 


43. Prove that the volume of a spherical pyramid is equal to the prod- 
uct of the base by one third of the radius, and find the volume if the base is 
one eighth of the surface of a sphere of radius 10 in. 


(1) Given a spherical pyramid of radius r with volume v’ and base 
area a’, the volume and area of the given sphere of radius r being v 
and a respectively. 


To prove that v=a x tr. 
Proof. DEO SSVOIaOr. 
Now v=ax tr. § 705 
= OX Ate 10 INS LE 
Bo OI PE i ROK § 265 
25 ay odl Sang ay 
(Cl Oexes it DYES DOL, Q.E.D. 


(2) Given a spherical pyramid of radius 10 in. with base area equal 
to one eighth of the area of a sphere of radius 10 in. 
Required to find the volume of this spherical pyramid. 


Solution. The area of the given sphere 


= 47 § 689 
=47x 102 Axo 


Therefore the area of the base of the given spherical pyramid 
=} x 4007 sq. in. 
= 507 sq. in., or 157.08 sq. in. 
Therefore the volume of the given spherical pyramid 
= 157.08 x 4 x 10 cu. in. (1) 
= 623.6 cu. in. Que. 
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44. Find the volume of a spherical sector whose base is a zone of area 
z, the radius of the sphere being r, following a process of reasoning similar 
to that in § 705. 

Solution. Since the volume of a sphere is equal to the product of 
the area of its surface by one third of its radius (§ 705), by analogous 
reasoning we have the volume of the given spherical sector 

= 2% +9 
= tar, by § 708. Q.E.F. 


Exercise 111. Page 426 


1. Find the area z of the zone of a sphere of radius r, illuminated by 


a lamp placed at the height h above the surface. A 
Given EDB the zone of the sphere whose cen- 
ter is O, illuminated by a lamp placed at A. 
AD =h, OB = OD =r, and the area of the zone y Maa 
E B 
EDB=z. ean 
Required to find z in terms of r and h. 
Solution. OB is 1 to AB. § 185 
Also OA is 1 to BC. § 430 
Since OA: OB = OB: OC, § 294, 3 
(0B = 04 x00 § 261 
= (AD + OD) x OC. Ax. 11 
5 FAO banys< OGL Ax. 9 
2 
OCS: Ax. 4 
A+r 
Since CD = OD— OC, 
2 
CD=r—— Ax. 9 
A+r 
_ hr +r2— 1? 
is A+r 
Le 
her 
Now 2=277ra. § 691 
Here CCD = hens ‘ Proved 
A+yr 
2a 2a ae )r Ax. 9 
A+r 
2 ahr? 
= Q.E.F. 


h+r- 
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2. Find the volume v of a sphere 
in terms of c, the circumference. 


v=47d, § 706 
But i eee § 384 
re 
c\3s 
v=4n(<) Ax. 9 
Tv 
3 
~ 67 


3. Find the radius r of a sphere 
in terms of v, the volume. 


v=4nr. § 706 
yee Ax. 4 
47 
_ 30 
. an 
Bee 
4 


4. Find the diameter d of a sphere 
in terms of 8, the area of the surface. 


8S=2n7rd. § 688 
But Tae 
-. 27d(¢d)=s. Ax. 9 
2 Gi aes SE 
. = 5. Ax.4 
TT 
Gaal Ax S 
ue 
yen ES 
= V5 
=v 


5. Find the circumference c of a 
sphere in terms of 8, the area of the 


surface. s=2nrd. § 688 


But d=". § 384 
Tv 
Whence i ee Ax. 4 
3 s 27 
an()()=s Az 9 
2 a] \ar 
C2 
Ps == =G 
Tw 
3) (C* = 478. Ax. 3 
Ba Cu N/ 41S AO) 


6. What is the altitude a of a 
zone, if its area is z and the vol- 
ume of the sphere is v? 


b= HC: § 691 
But c= xd. § 384 
a Oe. Ax. 9 
Now v= 17d. § 706 
pS Ax. 4 
ET 
_ 60 
=> its 
Re eas 
T 
_ 3/6 2v 
a 7 
= ei 
Tv 


Substitute this value of d in the 
equation zrad = z. 


Then 
TH ( V6 7) ee Ax. 9 
- aV6 70 = 2. 
= Ax. 4 
6 120 
3| 28 
~ N6 x20 
i) te mrv2z8 
~ 216 308 
—— ¥/36rv?, 
6 7v 
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7. Show that in a spherical pyramid v=4br. Find r in terms of v 
and b; also b in terms of v and r. 


Solution. (1) For the proof that » = 1 br, see Ex. 48, p. 425. 


(2) C= Ons (1) 
eee Ax.4 

4b 

38u 
a ee Q.E.F 

(8) v= tbr. 

That is, tbr =v. 
pe SS Ax. 4 

ir 

30 
Shes Q.E.F. 


8. Find a formula for the volume of the metal in a spherical iron 
shell, the inside radius being r and the thickness of the metal being t. 


Solution. Let v denote the volume of the metal in the given spher- 
ical iron shell. 

Since the volume of the metal in the shell is the difference between 
the volumes of two spheres, the one with radius r + ¢, the other with 


radius r 
é o v= 4ar(r+ti—4m% § 706 


= $r[(r +1) — 9] 
= $r(r3 + 8r7t + 3 rt? +0 — 13) 
=4rt (+4 3rt + 37’). Q.E.F. 


9. Find a formula for the weight of a spherical shell, the inside radius 
being r, the thickness of the metal being t, and the weight of a cubic unit 
of metal being w. 


Solution. Let v denote the volume, and W the weight, of the metal 
in the given spherical shell, 

Since the volume of the metal in the shell is the difference between 
the volumes of two spheres, the one with radius r 4+ t, the other with 


radius r 
; .v=4ar(r+ ts —4ar § 706 


= $x[(r +t) — 23] 
= $7 (r? 4+ 3r%t + 8 rl? + 8 — 2) 
= 4nt (7 + 8rt + 37°). 
- W = $rut (? + 8rt + 37). Q.E.F. 
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10. If the area of a zone z equals 2 mra (§ 691), find a formula for a 
in terms of 2 and r. 


Solution. B= 20rd. § 691 
» by Ax. 4. Q.E.F. 


2 ar 


11. If the area of a zone is expressd by the formula z = 27mra, what 
is the diameter of the sphere upon which a zone z has an altitude a? 


Solution. Zi 20d. § 691 
Opiate, Ax. 4 
7a 
That is, Dae Q.E.F. 
7A 


12. Find the area z of a zone of altitude a on a sphere whose area of 
surface is s. 
Solution. s = 47r?, where r is the radius of the given sphere. § 689 


Ge y2 = —. Ax. 4 
ava 
oe p(s Ax. 5 
An 
TS 
N47? 
ey V 7S. 
27 
But Z=277ra. § 691 
eo en ae Ax. 9 
27 
== Nien Q.E.F. 


13. Find a formula for the area a of that part of the surface of a 
sphere of radius r seen from a point at a distance d above the surface. 

Given the zone A MN of area a of the sphere whose center is O and 
radius r, seen from P, a point at the distance d 
above the surface. 

Required to find a in terms of r and d. 

Solution. Draw PO intersecting the spherical 
surface in A and the circular base MW of the 
zone AMN in B, 

Also draw PN tangent to the sphere at NV 
in the © MN, and the radius ON. 

Now the A PNO isa rt. A. § 185 
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Furthermore, since P and O are each equidistant from all points in 


the © MN, 
.. PO is 1 to the plane of the © MN at its 
center B, §§ 151, 431 


 EOhisele tor Bins § 480 
Then in the rt. A PNO, 
PO:ON=ON: OB. § 294, 3 
.. ON? = PO x OB. § 261 
But ON =r,and PO=r+d. 
re (7 a) OB: Ax. 9 


v2 
Sa Nie : Ax. 4 
r+d 
Now AB = OA — OB. 
2 
AB= p= — Ax. 9 
r+d 
v2 + rd — 7? 
r+d 
2 
rtd 
Now the area of any zone is equal to the product of the circumfer- 
ence of a great © by the altitude. § 691 
ho ORSON IP Se ALTE: Ax. 9 
rd 
= 2a Ax. 9 
tf 
2 wr2d 
SS . Q.E.F. 
r+d 


Exercise 112. Page 427 


1. Find the locus of a point at a given distance from a given point. 

Given d a fixed distance and A a fixed point. 

Required to find the locus of a point at the distance d from the 
point A. 

Construction. With A as a center and d as a radius, describe a spher- 
ical surface. 

Then this spherical surface is the locus required. Q.E.F, 

Proof. Any point on the spherical surface is at the distance d from 
the point A. 

Any point either within or without the sphere is at a distance less, 
or greater, than d from the point A. 

Therefore the spherical surface constructed is the locus of a point 
at the distance d from the point A, Q. E.D. 
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2. Find the locus of a point at a given distance from a given straight line. 

Given AB a straight line, and d a fixed distance. 

Required to find the locus of a point at the distance d from the 
line AB. 

Construction. On AB as a side construct a rectangle A BCD, mak- 
ing BO= d. 

Revolve the rectangle ABCD about AB as an axis, thereby gener- 
ating a cylinder of revolution. 

Then this cylindric surface is the locus required. Q.E.F. 

Proof. Any point on the cylindric surface is at the distance d 
from AB. 

Any point either within or without the cylinder of revolution is at 
a distance less, or greater, than d from AB. 

Therefore the cylindric surface constructed is the locus of a point 
at the distance d from the line AB. Q.E.D. 


3. Find the locus of a point at a given distance from a given plane. 

Given MN any plane, and d a fixed distance. 

Required to find the locus of a point at the distance d from the 
plane MN. 

Construction. At any point P in the plane MN erect a | PF=d. 

Produce FP, making PF’ = d. 

Through F and F’ pass the planes RS and T'V respectively, || to 
the plane MN. 

Then the planes RS and TV constitute the locus required. Q.45.F. 

Proof. Any point in the plane R&S or in the plane TV is at the dis- 
tance d from the plane MN. 

Any point not in the plane RS or in the plane TV is at a distance 
less, or greater, than d from the plane MN. 

Therefore the planes RS and TV constitute the locus of a point at 
the distance d from the plane MN. Q.E.D. 


4. Find the locus of a point at a given distance from a given cylindric 
surface. 

Given AB any cylindric surface, and d a fixed distance. 

Required to find the locus of a point at the distance d from the 
cylindric surface AB. 

Construction. Let CD be the directrix of the given cylindric sur- 
face AB. 

On opposite sides of the surface AB, at the distance d from AB, 
draw the lines HF and G# || to the line CD. 
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Generate two new cylindric surfaces, KL and MN, by moving the 
lines EF and GH so as to be always at the distance d from the cylin- 
dric surface ‘AB. 

Then the cylindric surfaces KL and MN constitute the locus re- 
quired. Q.E.F. 


Proof. Any point in the cylindric surface KJ or in the cylindric 
surface MN is at the distance d from the given cylindric surface AB. 

Any point not in the cylindric surface KL or in the cylindric sur- 
face MN is at a distance less, or greater, than the distance d from 
the given cylindric surface AB. 

Therefore the cylindric surfaces KZ and MN constitute the locus of 
a point at the distance d from the cylindric surface AB. Q.E.D. 


5. Find the locus of a point at a given distance from a given spherical 
surface. 


Given a spherical surface having r as a radius; also a fixed dis- 
tance d. 

Required to find the locus of a point at the distance d from the 
given spherical surface. 


Construction. Let O be the center of the given spherical surface. 
With O as a center, and with the radii r + d and r — d, describe two 
new spherical surfaces. 

Then these two spherical surfaces constitute the locus required. 

Q.E.F. 

Proof. Any point on either of the two spherical surfaces constructed 
is at the distance d from the given spherical surface. 

Any point not in either of the spherical surfaces constructed is at a 
distance less, or greater, than the distance d from the given spherical 
surface. 

Therefore the two spherical surfaces constructed constitute the locus 
of a point at the distance d from the given spherical surface. @.£.D. 


Discussion. For the case where r — d = 0, the center of the given 
spherical surface is a point fulfilling the required conditions ; for the 
case where r —d is a negative number there is obviously but one 
spherical surface fulfilling the required conditions, 


6. Find the locus of a point equidistant from two given points. 


The locus of a point equidistant from two given points is the plane 
L to the line joining the given points at its mid-point. 
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7. Find the locus of a point equidistant from two given planes. 

Given the planes MN and PQ. 

Required to find the locus of a point equidistant from the planes 
MN and PQ. 

(1) When the given planes are Il. 


Construction. Erect a 1 to the plane MW at any point H in MN. 
Produce this L to meet the plane PQ in K. 
Bisect the line HK in A. 
Through A pass the plane RS |I to the plane MN. 
Then the plane RS is the locus required. Q.E.F. 

Proof. The plane KS is || to the plane PQ. 

Then any point in RS is equidistant from the planes MN and PQ, 
and any point without the plane RS is unequally distant from the 
planes MN and PQ. 

Therefore the plane RS is the locus of points equidistant from the 
ll planes MN and PQ. Q.E.D. 

(2) When the given planes are not Il. 

Construction. Produce the given planes MN and PQ to intersect in 
the line EF. 

Draw the plane TV bisecting the dihedral 2 LF. 
Then the plane TV is the locus required. Q.E.F. 

Proof. Any point in the plane TV is equidistant from the planes 
MN and PQ, and any point without the plane TV is unequally dis- 
tant from the planes MN and PQ. 

Therefore the plane TV is the locus of a point equidistant from the 
nonparallel planes MN and PQ. Q.E.D. 


8. Find the locus of a point at a given distance from a given point 
and at another given distance from a given straight line. 

Given the point A, the straight line BO, and the fixed distances d 
and d’. 

Required to find the locus of a point at the distance d from the 
point A and at the distance d’ from the line BC. 

Construction. With A as a center and a radius equal to d describe 
a spherical surface. 

On BC as a side construct a rectangle BCDE, making BE = dd’, 

Revolve the rectangle BCDE about BC as an axis, thereby generat- 
ing a cylinder of revolution. 

Then the intersection of the spherical and cylindric surfaces is the 
locus required. Q.E.F. 
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Proof. Any point in the intersection of the spherical and cylindric 
surfaces is at the distance d from the point A and at the distance qd’ 
from the line BC. 

Any point not in the intersection of the spherical and cylindric sur- 
faces is at a distance less, or greater, than d from the point A, or at 
a distance less, or greater, than d’ from the line BC. 

Therefore the intersection of the spherical and cylindric surfaces 
is the locus of a point at the distance d from the point A and at the 
distance d’ from the line BC. Q.E.D. 


9. Find the locus of a point at a given distance from a given point 
and at another given distance from a given plane. 
Given the point A, the plane MN, and the fixed distances d and d’. 
Required to find the locus of a point at the distance d from the 
point A and at the distance d’ from the plane MN. 


Construction. With A asa center and d as a radius describe a spher- 
ical surface. 

At any point Pin the plane MN erect PF 1 to the plane MN, 
making PF = d’. 

Produce FP to F’, making PF’ = d’. 

Through Fand F’ pass the planes RS and TV respectively, Il to the 
plane MN. 

Let the planes RS and TV intersect the spherical surface in the 
© CD and GH. 

Then the © CD and GH constitute the locus required. @.5.F. 

Proof. Any point in the © CD or in the © Gd is at the distance d 
from the point A and at the distance d’ from the plane MW. 

Any point not in the © CD or in the © GH is at a distance less, or 
greater, than d from the point A, or at a distance less, or greater, 
than d’ from the plane MN. 

Therefore the © CD and GH constitute the locus of a point at 
the distance d from the point A and at the distance d’ from the 
plane MN. Q.E.D, 


10. Find the locus of a point at a given distance from a given point 
and equidistant from two other given points. 

Given the points A, B, and C; also the fixed distance d. 

Required to find the locus of a point at the distance d@ from the 
point A and equidistant from the points B and C. 

Construction. With A asa center and a radius equal to d describe 
a spherical surface. 
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Draw the line BC. 
Bisect the line BC in H. 
Through H pass the plane MW | to the line BC. 
Let the plane MN intersect the spherical surface in the © DE. 
Then the © DE is the locus required. Q.E.F. 


Proof. Any point in the © DE is at the distance d from the point 
A and equidistant from the points B and C. 

Any point not in the © DE is at a distance less, or greater, than d 
from the point A, or unequally distant from the points B and C. 

Therefore the © DE is the locus of a point at the distance d from 
the point A and equidistant from the points B and C. Q.E.D. 


11. Find the locus of a point at a given distance from a given point 
and equidistant from two given planes. 


Given the point A, the planes IN and PQ, and the fixed distance d. 

Required to find the locus of a point at the distance d from the 
point A and equidistant from the planes MN and PQ. 

(1) When the two given planes are Il. 


Construction. With A asa centerand a radius equal to d describe 
a spherical surface. 
Erect a L at any point Bin the plane MN, and produce it to meet 
the plane PQ in C. 
Bisect the line BC in D. 


Through D pass the plane RS || to the plane MN. 
Let the plane RS intersect the spherical surface in the © EF. 
Then the © HF is the locus required. Q. ELF. 


Proof. Any point in the © HF is at the distance d from the point A 
and equidistant from the planes MN and PQ. 

Any point not in the © EHF is at a distance less, or greater, than d 
from the point A, or unequally distant from the planes MN and PQ. 

Therefore the © LF is the locus of a poinu at the distance d from 
the point A and equidistant from the || planes MN and PQ. Q.E.D. 

(2) When the two given planes are not |I. 


Construction. With A as a center and a radius equal to d describe 
a spherical surface. 
Produce the planes MN and PQ to intersect in the line BC, 
Bisect the dihedral Z BC by the plane TV. 
Produce the plane 7'V to intersect the spherical surface in the © DE. 
Then the © D# is the locus required. Q. EF. 
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Proof. Any point in the © DE is at the distance d from the point 
A and equidistant from the planes MN and PQ. 

Any point not in the © DE is at a distance less, or greater, than d 
from the point A, or unequally distant from the planes MN and PQ. 

Therefore the © DE is the locus of a point at the distance d from 
the point A and equidistant from the nonparallel planes MN and 
IPA). Q.E.D. 

12. Find oneor more points at a distance d, from a given point, at a dis- 
tance d, from a given straight line, and at a distance d, from a given plane. 

Given the point A, the straight line BC, and the plane MN; also 
the fixed distances d,, d,, and d,. 

Required to find the points which are at the distance d, from the 
point A, at the distance d, from the line BC, and at the distance d, 
from the plane MN, 

Construction. With A as a center and with a radius equal to d, de- 
scribe a spherical surface. 

On the line BC as a side construct the rectangle BCDE, making 
BEd. 

Revolve the rectangle BCDE about the line BC as an axis, thereby 
generating a cylindric surface. 

Let this cylindric surface intersect the spherical surface in the 
closed-curved line KL. 

Erect a 1 PF to the plane MN at any point P in MN, making 


PF = 4,. Produce FP to F’, making PF’ = d,. 

Through F and F’ pass the planes RS and TV respectively, || to the 
plane MN. 

Let the planes RS and TV intersect the closed curve KZ in the 
points U and W, and X and Y respectively. 

Then the points U, W, X, and Y fulfill the required conditions. @.5.F. 

Proof. The points U, W, X, and Y lie in the surface of the sphere 
whose center is A ; they lie in the cylindric surface generated by the 
rectangle BCDE revolving about BC as an axis; and they lie in the 
planes RS and TY, the first two being in RS, the last two in TV. 

Therefore the points U, W, X, and Y are at the distance d, from 
the point A, at the distance d, from the line BC, and at the distance 
d, from the plane MN. Q.E.D. 

13. Find one or more points at a distance d, from a given point, at a dis- 
tance d, from a given plane, and equidistant from two other given planes. 

Given the point A, the planes MN, PQ, and RS, and the fixed 
distances d, and d,. 


TEACHERS’ EDITION 537 


Required to find the points which are at the distance d, from the 
point A, at the distance d, from the plane MN, and equidistant from 
the planes PQ and PS. 


Construction. With A as a center and with a radius equal to d, de- 
scribe a spherical surface. 
Erect the | GF to the plane MN at any point G in MN, making 


oes Produce FG to F’, making GF’ = d,. 

Through F and F’ pass the planes TV and WX respectively, || to 
the plane MN. 

Let the planes TV and WX intersect the spherical surface in the 
© BC and DE respectively. 

Next construct a plane YZ equidistant from the given planes PQ 
and RS as follows : 

For the case where PQ and RS are || planes, erect a L to the plane 
PQ at H and produce it to intersect the plane RS in K. 

Bisect the line HK in L. 
Through L pass the plane YZ || to the plane PQ. 

For the case where PQ and RS are nonparallel planes produce 

these planes to intersect in the line A’B’. 
Bisect the dihedral 2 A’B’ by the plane YZ. 

Let the plane YZ intersect the © BC and DE# in the points B and 
C, and D and £ respectively. , 

Then the points B, C, D, and £ fulfill the required conditions. @.£.F. 


Proof. The points B, C, D, and # lie-in the surface of the sphere 
whose center is 4; they lie in the planes TV and WX, the first twe 
being in TV, the last two in WX; and they lie in the plane YZ. 

Therefore the points B, C, D, and H are at the distance d, from 
the point A, at the distance d, from the plane MN, and equidistant 
from the planes PQ and RS. Q.E.D. 


14. Find one or more points equidistant from two given points, equi- 
distant from two given planes, and at a distance r from a given point. 

Given the points A, B, and C, the planes MN and PQ, and the 
fixed distance r, 

Required to find the points which are equidistant from the points 
A and B, equidistant from the planes MN and PQ, and at the dis- 
tance r from the point C. 

Construction. Draw the line AB. 

Bisect AB in E. 
Through £ pass the plane RS 1 to AB. 


538 BOOK VIII. SOLID GEOMETRY 


Then construct a plane TV equidistant from the given planes MN 
and PQ as follows: 
For the case where MN and P@ are || planes, erect a _L to the plane 
MN at D and produce it to intersect the plane PQ in F. 
Bisect the line DF in G. 
Through G pass the plane TV || to the plane MN. 
For the case where MN and PQ are nonparallel planes, produce 
the planes MN and PQ to intersect in the line A’D’. 
Bisect the dihedral 7 A’B’ by the plane TV. 
Let the plane TV intersect the plane RS in the line KL. 
About the given point C, with r as a radius, describe a spherical 
surface. 
Let this spherical surface be intersected by the line KL in the 
points K and L. 
Then the points K and LZ fulfill the required conditions. @.£.F. 
Proof. The points K and ZL lie in the plane RS, also in the plane 
TV, and in the surface of the sphere whose center is C. 
Therefore the points K and L are equidistant from the points 4 
and B, they are equidistant from the planes MN and PQ, and they 
are at the distance r from the point C. Q.E.D. 


15. Find the locus of the center of a sphere whose surface touches two 
given planes and passes through two given points that lie between the planes. 

Given the points A and B, which lie between the planes MN and PQ. 

Required to find the locus of the center of a sphere whose surface 
touches the planes MN and PQ and passes through the points A and B. 

Construction. Construct a plane RS equidistant from the given planes 
MN and PQ as follows: 

For the case where MN and PQ are |l planes, erect a 1 to the plane 
MN at C and produce it to intersect the plane PQ in D. 

Bisect the line CD in E, 
Through £# pass the plane RS || to the plane MN. 

For the case where MN and PQ are nonparallel planes, produce 

the planes MN and PQ to intersect in the line GH. 
Bisect the dihedral Z GH by the plane RS. 
Draw the line AB and bisect AB in K. 
Through K pass the plane TV 1 to AB. 
Let the plane TV intersect the plane RS in the line XY. 
Then the line XY is the locus required. Q.E.F. 

Proof. Any point in the line XY is equidistant from the planes MN 

and PQ and the points A and B, 
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Any point not in the line XY is unequally distant from the planes 
MN and PQ and the points A and B. 

Therefore the line XY is the locus of the center of a sphere whose 
surface touches the planes MN and PQ and passes through the points 
A and B. Q.E.D. 


Exercise 113. Page 428 


1. The volume of a sphere is to the volume of the inscribed cube as 
nm is to3V3. B 
Proof. Let O be the mid-point of the diagonal AB 
of the cube AB. 
Since the diagonals of a cube are equal concurrent 
lines which bisect one another, 
Ex. 4, p. 325; Ex. 2, p. 327 
.. Ois equidistant from the vertices of the cube. 
.. O is the center of the sphere of which AB is the inscribed cube. 
§§ 621, 648 


AS D 


Then OA is the radius of that sphere. 


Hence 4-0OA* =the volume of the sphere. § 706 
Draw AC, a diagonal of the face AC of the cube AB. 

The line BC is L to AC. § 480 
In the rt. A ACB, AB SAC + BC, § 337 
In the rt. A ADO, AC AD + -CD™ § 337 
Ape A Det CD BC Ax. 9 

But FID) (CIB) ad XG F 
Whence AD? = CD? = BO’. Ax. 5 
-. AB? =8 AD". Ax. 9 
Now OA =4AB. Hyp. 
be OV ex AIey Ax. 3 
Whence 40A*= AB’, Ax. 5 
-- 440A? =3 AD’. Ax. 8 
AD’ = $ 0A’. Ad 
pe =in/ 4 OA: Ax. 5 

= 2V3.0A4 
ts AD® =3V/3.0A’- Ax. 5 
That is, 8-V3.0A* =the volume of the cube. —§ 534 
Therefore the ratio of the volumes of the sphere and the inscribed cube 

4m. 0A® 

§V3.0A° 
=e ,or m:2 V3, Q.E.D. 


3Vv3 
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2. The volume of a sphere is to the volume of the circumscribed cube 
as 7 is to 6. 


Proof. Let r be the radius of the given sphere. 
Then 2r is an edge of the cube circumscribed about the given 
sphere. 
Now the volume of the sphere = 4 7r?, § 706 
and the volume of the circumscribed cube 
= (HP = Se § 534 
Therefore the ratio of the volumes of the sphere and the circum- 
scribed cube _ $a 
Use 
=F or 7: 6. Q.E.D. 


3. Find the ratio of the volume of a cube inscribed in a sphere to that 
of a circumscribed cube. 


Solution. It is obvious that the diagonal of the in- 
scribed cube of a sphere is equal to the diameter of 
the sphere and also to an edge of the circumscribed 
cube. 

Let AB be a diagonal of the cube AB inscribed in 


a sphere. 
Draw AC, a diagonal of the face AC of the cube AB. 

The line BC is 1 to AC. § 430 
In the rt. A ACB, ABR AO ERC. § 337 
In the rt. A ADC, AC? = AD +-0D. § 337 
~AB = AD*2OD 4-BO Ax.9 

But Tals Dye (OP ON TENGE. 
Whence AD’ = CD? = BO”. Ax. 5 
». AB? =3 AD’. Ax.9 
-. AD? =1 AB’, Ax. 4 
-, AD = V4 AB Ax. 5 

=}4V3. AB. 
» AD> =14V3.AB*. * Ax. 5 

That is, the volume of the cube AB inscribed in a sphere 

=1V3. AB’. § 534 


The volume of the circumscribed cube of the sphere 
= AB*. § 534 


TEACHERS’ EDITION 541 
Therefore the ratio of the volumes of the inscribed and circum- 
scribed cubes of a sphere ae V/3.AB? 
A 
: , or 1:3-V3. Q.E.F. 
3 


4, Find the difference between the volumes of two cubes, one inscribed 
in a sphere of radius 10 in. and the other circumscribed about it. 


Solution. It is obvious that the diagonal of the in- 
scribed cube of a sphere is equal to the diameter of the 
sphere and also to an edge of the circumscribed cube. 

Let AB be a diagonal of the cube AB inscribed in 
a sphere whose radius is 10 in. 

Then AB=2 x 10 in., or 20 in. 

Draw AC, a diagonal of the face AC of the cube AB. 

The line BC is 1 to AC. 

In the rt. AACB, AB’ = AQ? + BO’, 

In the rt. AADC, AC? = AD? + CD’. 

pias = aD OD + BC. 

But AID ODi—oB Op 


Whence AD* = CD° = BO". Ax. 5 
AB’ =3 AD’, Ax. 9 
AD* = 1AB". Ax. 4 
AD = V/34AB? Ax. 5 
ie WeoA BP 
AD® =4V8-.AB* Ax. 5 
= 1 V3 - 208 Ax.9 
= £000 V3 
That is, the volume of the cube AB inscribed in the given sphere 
= £000 V3 cu. in. § 534 
The volume of the circumscribed cube of the given sphere 
= AB® § 534 
= 202 cunin. Ax. 9 


= 8000 cu. in. 
Therefore the difference between the volumes of the inscribed and 
circumscribed cubes of the given sphere 
= 8000 cu. in. — 89,09 V8 cu. in. 
= 8000 cu. in. — 1539.6 cu. in. 
= 6460.4 cu. in. Q.E.F. 
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5. The planes perpendicular to the three faces of a trihedral angle, 
and bisecting the face angles, meet in a straight line. 


Given in the trihedral 2 O-ABC the Oo 
planes OFH, OGE, and OHE 1 to the 
faces AOB, BOC, and AOC, and bisect- 
ing the face A AOB, BOC, and AOC 
respectively. 

To prove that the planes OFE, OGE, 
and OHE meet in a straight line. 


Proof. The plane OFE is the locus of a 
point equidistant from the edges OA and 
OB. Ex. 1, p. 314 

Also the plane OGE is the locus of a point equidistant from the 
edges OB and OC. 

Therefore OH, the line of intersection of the planes OFF and OGE, 
is equidistant from the edges OA and OC. 

But the plane OHE is the locus of a point equidistant from the 
edges OA and OC. 

Therefore the plane OHE contains OF; that is, the plane OF 
passes through OL. 

Therefore the planes OF EH, OGE, and OHE meet in the straight 
line OE. Q.E.D. 


6. The planes that pass through the edges of a trihedral angle, and 
are perpendicular to the opposite faces, meet in a straight line. 


Given, in the trihedral ZV-A BC, planes 
passed through the edges VA, VB, and 
VC, 1 to the opposite faces VBC, VAC, 
and V AB respectively. 

To prove that these planes meet in a 
straight line. 


Proof. Let the planes VAH and VBF, 
1 to thefaces VBC and V AC respectively, 
intersect in the straight line VO. = § 429 

Through O, any point in VO, pass a 
plane 1 to VO, and let this plane intersect 
the faces of the trihedral Z in the lines AB, AC, and BC, and the 
planes VAH and V BF in the lines AH and BF respectively. § 429 

Through VC pass the plane VCD 1to AB, cutting ABC inCD. § 488 
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The planes VAE, VBF, and VCD are each 1 to the plane 


ABC, and the plane VCD is also | to the plane VAB. § 477 
Since the planes VBC and ABC are each L to the plane VAZ, 
.. BC is 1 to the plane VALE. § 478 
.. BC is 1 to the line AZ. § 480 
That is, AE is 1 to BC. 


Similarly, it may be shown that the lines BF and CD are L to the 
lines AC and AB respectively. 
Now O is the point of intersection of the lines AH and BF. 
Since the lines AH, BF, and CD are concurrent, Ex. 4, p. 78 
.. the line CD passes through O. 
That is, O lies in the plane VCD. 
Then the line VO lies in the plane VCD. § 422 
That is, the plane VCD passes through VO. 
Therefore the planes VAH, VBF, and VCD meet in the straight 
line VO. Q.E.D. 


7. The altitude of a regular tetrahedron is equal to the sum of four 
perpendiculars let fall from any point within the tetrahedron upon the 
four faces. 


Given O, any point within the regular tetrahedron V-ABC; also 
the four 1s from C upon the four faces of 
the tetrahedron V-A BC, and the altitude 
of the tetrahedron V-ABC. 

To prove that the sum of the four Js 
from O upon the four faces of the tetra- 
hedron V-ABC is equal to the altitude 
of the tetrahedron V-ABC. 


Proof. Through O pass the plane A’B’C’ 
|| to the face ABC of the tetrahedron 
V-ABC. § 457 

Through O pass the plane A” V’B” || to the face A’V B’ of the tet- 
rahedron V-A’B’C’. 

Finally, through O pass the plane OV”’C” || to the face A” V’C’ of 
the tetrahedron V’-A” B’C’, 

The tetrahedrons V-A’B’C’, V’-A”’B’O’, and V’-OB’C”, formed 
in succession, are regular tetrahedrons. § 567 

Then the altitude of the tetrahedron V’-OB’C”, plus the L from O 
upon the face VAC of the given tetrahedron, is equal to the altitude 
of the tetrahedron V’-A”B’C’, 
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Furthermore the altitude of the tetrahedron V’-A”B”C’, plus the 
1 from O upon the face VAB of the given tetrahedron, is equal to 
the altitude of the tetrahedron V-A’B’C’. 

And the altitude of the tetrahedron 
V-A’B’C’, plus the L from O upon the 
face ABC of the given tetrahedron, is 
equal to the altitude of the given tetra- 
hedron. 

Therefore the sum of the four Js from 
O upon the four faces of the tetrahedron 
V-ABC is equal to the altitude of the 
tetrahedron V-ABC. Q.E.D. 


8. To cut a given tetrahedral angle by a plane so that the section shall 
be a parallelogram. 


Given the tetrahedral Z V-A BCD. 


by a plane so that the section shall be a (7. 


Solution. Let the planes of the opposite 
faces AVB and CVD of the given tetrahe- 
dral angle intersect in the line MN. = § 429 

Also let the planes of the opposite faces 
AVD and BVC of the given tetrahedral 
angle intersect in the line RS. 

The two intersecting lines MN and RS 
determine the plane RVM. § 425 

Through £, a point on the edge VA of the 
given tetrahedral angle, pass a plane || to the plane RVM (§ 457), 


forming the section #FGH. § 429 
Then EFGH is the 1 required. QE}. 
Proof. EF is || to MN. § 453 
Also HG is || to MN. 
.. EF is || to HG. § 446 
Likewise, EH is || to FG. 


Therefore the section EFGH is a C7, by $118. Q.E.D. 


Discussion. The cutting plane may be made to pass through any 
point on the side of the plane RVM on which the given tetrahedral 
angle lies. Consequently there is an indefinite number of solutions 
to this problem. 
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9. Compare the volumes of the solids generated by the revolution of a 
rectangle successively about two adjacent sides, the sides being a and b 
respectively. 


Solution. The revolution of the given rectangle about its side a 
as an axis generates a right circular cylinder with altitude a and 


radius 0. § 576 
Therefore the volume of this cylinder = zrab?. § 590 

The revolution of the given rectangle about its side b as an axis gen- 
erates a right circular cylinder with altitude 6 and radius a. § 576 


Therefore the volume of this second cylinder = wa*b. § 590 
Therefore the ratio of the volumes of the two right circular cylin- 
ders generated by the revolution of the given rectangle successively 
ee b? 
about its sides a and b as axes = =” » Or e. Q.E.F. 
mab a 


10. Find the difference between the volume of a frustum of a pyramid 
and the volume of a prism each 24 ft. high, if the bases of the frustum 
are squares with sides 20 ft. and 16 ft. respectively, and the base of the 
prism is the section of the frustum parallel to the bases and midway 
between them. 


Solution. The volume of a frustum of a pyramid is 
expressed by the formulav = 1a(b+4 0/4 V bb’). § 565 
Therefore, for the given frustum A BCD-EFGH, 
v=1 x 24 (20? + 162 + V20? x 162) Ax. 9 
= 8 (400 + 256 + 820) 
=O OO 
= 7808. 

Let MNRS be the section of the given frustum 
ABCD-EFGH || to the bases and midway between 
them. 

From F let fall the  FK upon the base ABCD, 


cutting the mid-section MNRS in O. § 437 
Draw BK and NO. C 
The lines VO and BK are ll. § 453 
4, ITI 9 JH} = TNO) 2 IOI EG § 278 
But IOVS LORS ==) 173-2: Given 
i, SEIN, 3 1848) ena oe Ax. 8 
That is, N is the mid-point of BF. 


Similarly, it may be shown that R, S, and M are the mid-points of 
CG, DH, and AE respectively. 
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Then each side of the mid-section MNRS equals half the sum of a 


side of square ABCD and a side of square EFGH. § 187 
That is, a side of MNRS = 3(AB + EF) 
= $(20 + 16) Ax. 9 
=} x 36, or 18. 
Moreover, the 4 of MNRS are rt. 4. § 461 


.. MNRS is a square 18 ft. on a side. 

Now the volume of a prism is expressed by the 
formula v = ba. § 5389 

Therefore, for the given prism whose base is the 
mid-section MNRS, 

» = 18? x 24 Ax. 9 
= 824 x 24 
= UHH. 

Therefore the difference between the volumes 
of the given frustum of a pyramid and the given 
prism 

= 7808 cu. ft. — 7776 cu. ft. 
= 32 cu. ft. Q. ELF. 


11. To draw a line through the vertex of any trihedral angle, making 
equal angles with its edges. 


Given any trihedral Z V-ABC whose edges are 
VA, VB, and VC. 

Required to draw through V a line, making with 
the edges VA, VB, and VC equal angles. 


Construction. Take VA, VB, and VC all equal. 

Through the points A, B,and C passa plane. § 427 

From V let fall VO 1 to the plane ABC. § 487 

Then the line VO makes equal angles with the 
edges VA, VB, and VC. 


Proof. Draw the lines 40, BO, and CO. 
The line VO is 1 to the plane ABC. Const. 
.. VO is 1 to the lines AO, BO, and CO. § 430 
In the rt. A VOA, VOB, and VOC, 
YO SW O = vO. Iden. 
and ZARB AG Const. 
“, the rt. & VOA, VOB, and VOC are congruent. § 89 


Hence the 4 AVO, BVO, and CVO are equal, by § 67. 9.z.D. 
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12. The lines drawn from each vertex of a tetrahedron to the point of 
intersection of the medians of the opposite face all meet in a point called 
the center of gravity of the tetrahedron, which divides each line so that 
the ratio of the shorter segment to the whole line is 1: 4. 


Given in the tetrahedron V-A BC the lines drawn from the vertices 
to the points of intersection of the medians of the opposite faces. 

To prove that these lines are concurrent and divide each other so 
that the ratio of the shorter segment to the whole line is 1: 4. 


Proof. Let the medians AH and CD of the face A ABC intersect 
in Q; also let the medians BF and V# of the face A VBC intersect 
in R. 

Let VQ and AR be two of the given lines, 
drawn to Qand R from V and A respectively. 
Draw the line QR. 

Now the lines A# and VE determine the 
plane AFY. § 425 

Then QR liesin the plane AEV. § 422 

Also the lines AR and VQ lie in the plane 
AEYV. § 422 

Therefore the lines AR and VQ intersect 
in some point O. 


Since QE=}1 AEF, 
and RE=1VE, 
QR isllto AV. 


Therefore in the A QOR and VOA, 
ELOY — AOI 


and ZORQ=ZOAYV. § 100 
Therefore the A QOR and VOA are similar. § 286 
=, (QRS WA = ODS OW == Oligs Oval § 282 
Since | QR isllto AV, Proved 
= LO Ri ZA: 
and ZERQ=ZEVA. § 102 
Therefore the A QER and ALFYP are similar. § 286 
» QR: AV=RE: VE. § 282 
But TRIBIR NT) = Ress § 264 
0, iy S ZY = al ay PASEO 
OO e OW =i ah, 
and OfnOAR—iisis. Ax. 8 
Whence OV =3 0Q, 


and OA =3 OR. § 261 
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.. OV + 0Q, or VQ, = 4 0Q, 


and OA + OR, or AR, = 4 OR. Axeek 
ice JOEVG = 4: 
and OR RAR = dearae § 264 


In like manner it may be shown that the lines drawn to the points 
of intersection of the medians in the face A AVC and AVB from B 
and C respectively, divide AR so that the 
ratio of the shorter segment to the whole 
line is 1:4; that is, that these lines also pass 
through O. 

Moreover, it may be shown that AR divides 
each of these lines so that the ratio of the 
shorter segment to the whole line is 1: 4. 

Hence the lines drawn to the points of in- 
tersection of the medians of the face A of the 
given tetrahedron V-A BC from the opposite 
verticesare concurrent lines whose point of in- 
tersection, called the center of gravity of the tetrahedron, divideseach of 
themso that the ratio of the shortersegment tothe wholelineis1:4. @.E.p. 


13. The lines joining the mid-points of the opposite edges of a tetrahe- 
dron all pass through the center of gravity and are bisected by it. 

Given in the tetrahedron V-A BC the lines 
joining the mid-points of the opposite edges. 

To prove that these lines are concur- 
rent, and that their point of intersection 
bisects each of them. 

Proof. Let DG be one of the given lines 
joining the mid-points D and G of the op- 
posite edges AB and VC respectively. 

Draw the medians CD and AZ of the 
face A ABC, letting them intersect in F. 

Also draw VF. 
The lines CD and CV determine the plane DCYV. § 425 


The lines DG and VF lie in the plane DCYV. § 422 
Therefore the lines DG and VF intersect in some point O. 
Draw GH || to VF, cutting CD in H. § 233 
Then GH bisects CF in H. § 185 
That is, CHehH. 
Since CF = 2 CD, Ex. 5, p. 78 


. FH=} CD. Ax. 4 
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But DF=1CD. Ex. 5, p. 78 
og JOUR = IRL, Ax. 8 

Since OF is |l to GH and bisects DH, 
«. OF bisects DG. § 135 
5 ONG 28 CHEE. § 136 
But Cre iV Be. § 136 
. OF =4XiVF=1 VF. Ax. 9 


In like manner it may be shown that the point O, which divides 
the line VF so that the ratio of the shorter segment to the whole line 
is 1:4, bisects each of the other given lines joining the mid-points 
of the opposite edges of the tetrahedron V-A BC. 

Therefore the lines joining the mid-points of the opposite edges of 
the tetrahedron V-ABC are concurrent, and O, their point of inter- 
section, bisects each of them. Q.E.D. 


14. The plane which bisects a dihedral angle of a tetrahedron divides 
the opposite edge into segments proportional to the areas of the faces that 
include the dihedral angle. 


Given the plane V AE bisecting the dihe- 
dral 2 B-V A-C of the tetrahedron V-A BC 
and cutting the opposite edge BC in £. 

BE AAVB 


To prove that CE AAVC 


Proof. The tetrahedrons V-ABE and 
V-ACE have the same altitude. E 
Therefore weer = ads eM § 562 B 
V-ACE AACE 
Now the A ABE and ACE have the same altitude on their bases 


BE and CE respectively. 


V 


AABE_ BE 


heref — ta 27 
Therefore AACE CE §3 
V-ABE BE 
h f a SS A . 8 
Therefore V-ACE CE x 


Take EF as the common vertex of the tetrahedrons V-ABH and 

V-ACE 
Then v- ABE and V-ACE have equal altitudes. § 479 
V-ABE _AQAVB § 562 
V-ACE AAVC 
BE NAVB 


H — by Ax. 8. .E.D. 
ence Gh aA AAVC’ y Ax. Q.E.D 


Therefore 
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15. To cut a given cube by a plane so that the section shall be a regu- 
lar hexagon. 

Given the cube AB. 

Required to cut the cube by a plane so 
that the section shall be a regular hexagon. 


Construction. Bisect the edge AC of the 


i F § 229 
cube in E Draw OE, § 


About O as a center, with OF as a radius, 
describe a sphere. 

Let the surface of this sphere cut the 
three edges AC, CD, and BD of the cube in #, F, and & respec- 
tively, and the edges diagonally opposite these edges in H, K, and L 
respectively. 

Draw the lines HF, FG, GH, HK, KL, and LE. 
Then the figure HFGHKL is the section of the cube AB required. 


Proof. Draw the radii OH, OF, OG, OH, OK,and OL. 
Since OOF = OG = Ole = OU = Ok. § 621 
and OA OD 00, § 517 
therefore the rt. AOAEH, ODF, ODG, OQH, OQK, and OAL are 
congruent. § 89 
20 =I DIF = IDE. = OE ONC = AI, § 67 
Since AE=}3A0C, Const. 

3 DE = + DC; 

DG =4tDB, 

QH = + QB, 

QK = + QM, 
and AL=}4AM. Ax. 4 
as Al = (OH = Ol = Di DG =) BG = BH Obi Oke Mike 
ML = AL. Ax. 8 
Therefore the isosceles rt. A HAL, ECF, FDG, GBH, HQK, and 
KML are congruent. § 69 
5 DONG 3 ITNT aes IE se (CNG rs TEE OG, § 67 

Therefore the figure HFGHKL is equilateral. 
Draw the lines CL, FL, QG, and KG. 

The rt. 4 CAL and QBG are congruent. § 69 
CL © Gre § 67 
Now CF and QK are 1 to CL and QG respectively. § 480 
Therefore the rt. A FCL and KQG are congruent. § 69 


. FL = @K. § 67 
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S. PGIGEN Ss a i. § 129 
.. the points F, G, K, and L lie in the same plane. § 117 
Draw GZ and BM. 


Since BG and ML are equal and ll, 
1 GLAS apa. § 130 
-. GL is ll to BM. § 118 
Moreover HK is \|lto BM. § 1386 
$5 CARS WO JEW § 446 


-. the points G, L, H, and K lie in the same plane. § 428 

Similarly, it may be shown that the points F, K, H, and L lie in the 
same plane. 

«. the vertices of the figure HFGHKL lie in the same plane. 
«. EFGHKL is an equilateral hexagon. 

Now a certain point within the hexagon HFGHKL is equidistant 

from its vertices. § 440 

Therefore EFGHKL may be inscribed ina ©. § 162 

Therefore EFGHKL is a regular hexagon, by § 365. Q.x.p. 


16. The volume of a right circular cylinder is equal to the product of 
the lateral area by half the radius. 


Given any right circular cylinder whose radius is 7, altitude a, 
lateral area /, and volume v. 


To prove that 0= LX tr. 
Proof. OST. § 590 
Now b= 2orrar § 588 
Then C= pala. Ax. 4 
Qar 
Therefore ie —— Ax. 9 
277 
SU Le Q.E.D. 


17. The volume of a right circular cylinder is equal to the product of 
the area of the rectangle which generates it, by the length of the circum- 
ference generated by the point of intersection of the diagonals of the 
rectangle. 

Given the right circular cylinder ABFE generated 
by the revolution of the rectangle ABCD about CD 
nisl Buoy edits (OUD) == 01, AUD) 77, (OXE? AL wo, OUD) Ghote a7 
and the volume of the cylinder ABFE = v. 

To prove that DE GUE SE PAC 

Proof. OG is || to AD. 

O is the mid-point of CA, 
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-. OG bisects CD. 


pO Gi AND) 
That is, Gf at ae 
Peep eek 
Now v= ara 
= ar X Tr. 


ACEP SS Aerie OK) Ie ED 


18. If the altitude of a right circular cylinder is equal to the diameter 
of the base, the volume is equal to the total area multiplied by a third of 
the radius. 

Given a right circular cylinder with its altitude a@ equal to its diam- 
eter d, with the radius r, total area ¢, and volume v. 


To prove that OG Xara Ne 
Proof. t=2ar(a+r). § 588 
Since a=d Given 
=i 
“ t=2ar(2r+r) Ax. 9 
SNP OX OWR 
= 6.arr™, 
BGS SNe Se Gp Ax. 3 
= arr. 
Now OT Oe § 590 
But C= 27. Proved 
25) Sea 36 ir LOR, 
=27r, 
Therefore v=tx tr, by Ax. 8. Q.E.D. 


19. The surface of a sphere is two thirds the total surface of the cir- 
cumscribed cylinder. 

Given a sphere and its circumscribed cylinder. 

To prove that the surface of the given sphere is two thirds the total 
surface of the circumscribed cylinder. 

Proof. Denote by r the radius of the given sphere. 

Then the radius of the circumscribed cylinder is r and its height 
is 2r. 


The surface of the given sphere = 4 7r?. § 689 
The total surface of the circumscribed cylinder 
=2ar-2r+ 2ar? § 588 


= 4ar? + 2 ar? 
= 6 wr; 
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Since Aart=% x 6 ar, Iden. 


therefore the surface of the given sphere is two thirds the total 
surface of the circumscribed cylinder. Q.E.D. 


20. The volume of a sphere is two thirds the volume of the circumscribed 
cylinder. 

Given v and v’, the volumes of a sphere of radius r and its circum- 
scribed cylinder respectively. 


To prove that v= iv’. 
Proof. v = $7. § 706 
Also Oh = rs) mtb § 590 
But a= 2H. 
83 Ue GaloiAlp Ax. 9 
— 2Q7r, 
D0) i tate eit Pats Ax. 4 
ext Saal 
* v= 20’, by § 261. Q.E.D. 


21. Given a sphere, a cylinder circumscribed about the sphere, and a 
cone of two nappes inscribed in the cylinder. If any two planes are drawn 
perpendicular to the axis of the three figures, the spherical segment between 
the planes is equivalent to the difference between the corresponding cylindric 
and conic segments. 


Given the sphere whose center is O, the 
right circular cylinder ABCD circumscribed 
about the given sphere, and the cone of two 
nappes DOC-AOB inscribed in the cylinder 
ABCD. Let the accompanying figure repre- 
sent a section of the given solids made by 
passing the plane 4 BCD through their com- 
mon axis LG; let TV and XY be the lines of intersection of the 
plane ABCD with the two planes each _L to the axis LG. 

To prove that the spherical segment MFHN is equivalent to the dif- 
ference between the cylinder TXYV and the frustum REKS of the 
cone. 


A G B 


Proof. Let OG 7500 and«O R10; 

Then PQ, the altitude of the segment MFHN of the given sphere, 
= 0Q— OP 
=a—b. Ax. 9 


Draw OF and OM. 
OF =r; alsoOM=r. § 621 
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In the rt. A OQF, 


Se ON Nir? — a. 
In the rt. A OPM, 
PM” — OM*— OP” 
= 72 — 2. 
o PM =Vr2— 02. 
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QF’ = OF” — 0Q? § 338 
= 72 — Q?. Ax. 9 
Ax.5 D L Cc 
a 
— Waals 
Ax. 9 
Ax. 5 


Now the volume of any spherical segment of 

two bases is expressed by the formula 
v= 4a (nr? + ar”) +3703. §726 A’ 
Therefore the volume of the spherical segment MFHN 
=i(a—b)[mr(r? — a) + (7? — 0) ] + 4 7 (a—D)®? Ax. 9 

jm (a—b) [272 a — 0) + 3 (a—)?] 
4 (a — b) (2 7? — a? — 0? + 4 a? + 1b? — 2 ab) 
ha (a — b) (2 r? — 2 a® — 2? — 2 ab) 
a (a —b) [r? — 3 (a? + ab 4 0?)). 
The volume of any right circular cylinder is expressed by the 


G 


formula O) ee § 590 
Therefore the volume of the right circular cylinder TXYV 
= mr? (a —D). Ax. 9 
Furthermore, Z OAG= 45°. § 368 
OH Oe 450% § 102 
eZ HOQ = 452. § 107 
QE = OQ! § 76 
But OO= a Given 
5 (dis Oe Ax. 8 
Similarly, lee 


Now the volume of any frustum of a right circular cone is expressed 
by the formula v=tra(r?+r24 rr). § 618 
Therefore the volume of the frustum REIS of the given cone 
= 1m (a — b) (a? + ab + 0?) Ax. 9 
a (a— b) x 4 (a? + ab + D?). 
+ ab + b?)} 
mr? (a — b) — r(a—b) x 3 (a? + ab + dD), 
since r2—1 (a2 + ab + 0?) = 7? —1 (a? + ab + 0). Iden. 
Therefore the spherical segment MFHN is equivalent to the differ- 
ence between the cylinder TX YV and the frustum RHLKS of the cone. 
When the given planes are on opposite sides of the center O, as 
TV’ and XY, it may be proved in a similar manner that the spheri- 
cal segment M’FHWN’ is equivalent to the difference between the 
cylinder T’X Y V’ and the sum of the cones OF K and OR’S’. Q.x.p. 


Now a (a— b) [r? — 3 (a? 
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Exercise 115. Page 437 


1. Find the volume of a truncated triangular prism, given the base 
b = 8 sq. in., and the distances of the three vertices p, q, and r from the 
plane of the base = 3 in., 4 in., and 5 in. respectively. 
Solution. Let v be the volume of the given truncated triangular 
prism. 
Then v= 1b(p+qty7). § 711 
¢ 4x 8(8 + 4 +4 5) Ax. 9 
Sax 6 6 12, 0132. 
Therefore the volume of the given truncated triangular prism is 
82 cu. in. Q.E.F. 


2. Find the volume of a truncated triangular prism, given the base 
b= 9 sq. in., and the distances of the three vertices p, g, and r from the 
plane of the base = 6in., 3 in., and 43 in. respectively. 

Solution. Let v be the volume of the given truncated triangular 
prism. 

Then v=i1b(p+qtr). § 711 

.v=1%x 96413 + 43) Ax. 9 
= 3 x 138}, or 40}. 

_Therefore the volume of the given truncated triangular prism is 

403 cu. in. Q.E.F. 


3. Find the volume of a truncated triangular prism, given the base 
6 =165 sq. in., and the distances of the three vertices p, q, and r from the 
plane of the base = 7 in., 9 in., and 8.1 in. respectively. 

Solution. Let v be the volume of the given truncated triangular 
prism. s 

Then b(p+q+y7). § 711 
x 15(7 + 9 + 8.1) ASO 

= 5 x 24.1, or 120.5. 

Therefore the volume of the given truncated triangular prism is 

120.5 cu. in. Q.E.F. 
555 
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4. Find the volume of a truncated triangular prism, given the base 
b = 82 sq. in., and the distances of the three vertices p, q, and r from the 
plane of the base = 9 in., 12 in., and 9.8 in. respectively. 


Solution. Let v be the volume of the given truncated triangular prism. 


Then v=1b(p+qtr). § 711 
. v=} x 82(9 + 12 + 9.3) Ax. 9 
= x 82 x 30.3 
= 323.2. 
Therefore the volume of the given truncated triangular prism is 
323.2 cu. in. Q.E.F. 


5. Find the volume of a truncated triangular prism, given the base 
b = 48 sq. in., and the distances of the three vertices p, gq, and r from the 

plane of the base = 16 in., 15 in., and 18 in. respectively. 
Solution. Let v be the volume of the given truncated triangular prism. 
Then v=4tb0(pt+qtnr). § 711 
* v=1 x 48(16 + 15 4 18) Ax. 9 

= 16 x 49, or 784. 

Therefore the volume of the given truncated triangular prism is 
784 cu. in. Q.E.F. 


6. A triangular rod of iron is cut square off (i.e. in right section) at 
one end, and slanting at the other end. The right section is an equi- 
lateral triangle 13 in. on a side. The edges of the rod are 3 ft. 2 in., 
3 ft. 3 in., and 3 ft.3 in. Find the weight of the rod, allowing 0.28 lb. 
per cubic inch. 

Solution. Let v denote the volume of the given rod, p = 3 ft. 2 in. 
= OS 1. g) = oitt.oun. = SON. and oo 10.3 IN. =) O90) ile 

Now v=4b(p+qty”). § 712 

But b = Vs(s — a)(s — b) (s —c) Ex, 1, p. 211 

= V3s(s—a)8 
= V3 x 14 x (3 Ax. 9 
= 9, V3. 

Therefore v=1 x V3 x (88 + 39 + 39) Ax. 9 

= {V3 x 116 
= arV/3, 
Therefore the weight of the given rod 
= §-V3 x 0.28 Ib. 
= 6.09 V3 Ib., or 10.548 Ib. Q.E.F. 
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7. Two triangular pyramids with a trihedral angle of the one equal 
to a trihedral angle of the other have the edges of these angles 3 in., 4 in., 
34 in., and 5in., 5} in., 6 in. respectively. Find the ratio of the volumes. 

Solution. Let v and v’ denote the volumes of the two given tri- 


angular pyramids respectively. 
: uy vy _38x4x 3h 


Ge ets Med OR 714 
Hue v 5x 5x6 : 
hoy 
Therefore the ratio required is 34. Q.E.F. 


8. Make a table giving the number of edges, vertices, and faces of each 
of the five regular polyhedrons, showing that in every case the number 
conforms to Euler’s theorem (§ 715). 

Number of Number of Number of 


edges vertices faces 
Tetrahedron 6 4 4 
Hexahedron 12 8 6 
Octahedron 12 6 8 
Dodecahedron 30 20 12 
Icosahedron 30 12 20 
In accord with Euler’s theorem (§ 715) we find that : 
6+2= 444. 
12-9 = 8-46. 


124+2= 648. 
380 + 2 = 20 4 12. 
30 + 2 = 12 + 20. 


9. Make a table similar to that of Ex. 8, giving the sum of the face 
angles in each of the five regular polyhedrons, showing that in every 
case 8 = (v — 2) 4rt. A (§ 716). 


Sum of the 4 in Sum of the face 4 


one face 
Tetrahedron 2rt.A 4x 2rt.A, or 8 rt. 4 
Hexahedron 4rt.4 6x 4 rt. A, or 24 rt. A 
Octahedron 2rt.4 8 x 2 rt. 4, or 16 rt. 4 
Dodecahedron 6 rt.4 12 x 6 rt. 4, or 72 rt. 4 
Icosahedron 2rt.4 20 x 2 rt. 4, or 40 rt. A 


In accord with the theorem of § 716 we find that: 
8 rt. 4 = (4— 2) x 4rt.J, 
24 rt. A =(8— 2) x 4rt. 4. 
16 rt. 4 = (6— 2) x 4 rt. 4. 
72 rt. 4 = (20 — 2) x 41rt. 4. 
40 rt. 4 = (12 — 2) x 4 rt. &. 
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10. There can be no seven-edged polyhedron. 


Proof. We know thate+2=v+4/. § 715 

A polyhedron must have at least four faces, and hence four vertices. 

In such a polyhedron, e+ 2=4+4 4 Ax, 9 
== 3h 

2 Gop Ax. 2 


Consider a polyhedron with five faces, and hence with at least five 
vertices, 
In such a polyhedron, e+ 2=—5+4+5=10. Axo 
Oe Axe 2 
Therefore there can be no seven-edged polyhedron. Q.5.D 
11. Can there be a nine-edged polyhedron ? 
Taking the discussion in Ex. 10 a step further, we see that e can- 
not have the value 9 in the formula 


e+2=v4f. § 715 
Therefore there can be no nine-edged polyhedron. 


12. What is the swum of the face angles of a six-edged polyhedron ? 


Solution. A six-edged polyhedron is a tetrahedron. § 715 
Therefore the sum of the face A of a six-edged polyhedron equals 
(4— 2) x 4 rt. G, or 8 rt. A, by § 716. Q.E.F. 


13. What is the sum of the face angles of a polyhedron with five 
vertices? with four vertices? Consider the possibility of a polyhedron 
with three vertices. 


Solution. 8 = (v— 2) 4 rt. J. § 716 
- 8=(5—2) x 4rt.4 Ax. 9 

SO) 59 Coren, v5 

al antey/oe 

Also s=(4—2)x4rt.A Ax. 9 

=2x4rt.a 
=O Ty. Q.E.F. 
Clearly there can be no polyhedron with three vertices, for three 
points determine only one plane. § 427 


Exercise 116. Page 443 


1. Deduce from the formula for the volume of a prismatoid, 
v=4a(b+ b'+ 4m), the formula for the volume of a cube, v= a5. 
Solution. v=ta(tb++4m). Given 
In any cube, C20 [Te 
Substitute for 0’ and m their equal b in the given formula. 
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Then v=tax 6), or ab. Ax. 9 
But b=a?, § 320 
Ol G107 Ax. 9 

= (es Q.E.F. 


2. Deduce from the formula for the volume of a prismatoid, 
v=4a(b+b’+ 4m), the formula for the volume of a prism, v = ba. 


Solution. v= hta(b++ 4m). Given 
In any prism, OS = i70 
Substitute for b’ and m their equal b in the given formula. 
Then v=tax 6b Ax. 9 
= ba. Q.E.F. 


3. Deduce from the formula for the volume of a prismatoid, 
v=ta(b+b’+ 4m), the formula for the volume of a pyramid, v = tba. 


Solution. v= ta(b4+b’'+ 4m). Given 
In any pyramid, v’, the sah Pie base, is zero. 
Also ROI were § 556 
Salgeh 
4 =b- § 261 


Substitute for 0’ its value zero, and for 4m its value b, in the given 

formula, 
Then = Fax 20 Ax. 9 
= tha. Q.E.F, 


4. Deduce from the formula for the volume of a prismatoid, 
v=ta(b+b'+4m), the formula for the volume of a parallelepiped, 
v = ba. 

Solution. v=ta(b+b’+ 4m). Given 

In any parallelepiped, DSW S70, 

Substitute for b’ and m their equal b in the given formula, 

Then v= tax 6b 

= 0s 

5. Deduce from the formula for the volume of a pris- 
matoid, v= 1a(b +’ 4+ 4m), the formula for the vol- 
ume of bein of a pyramid, v=ta (b +0'4+ V bb’ )s 

Solution. Let ABCD-EFGH be a frustum of any 
pyramid. Let fall the 1 FS to the base ABCD, 
meeting ABCD in S. § 437 

Bisect FS in R. § 229 

Through R pass the plane KLMN || to ABCD, 
cutting the edges of the given frustum in K, L, 
M,N. § 457 B 
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Then HB) See EDs 


But TONGS SLAPS sd De 
Dy SIG I Ras es IRV. 

Ky Aw Cries Vo § 261 

eo Db 3 IM oy Ax.4 


That is, Z is the mid-point of the edge FB. 
Likewise is the mid-point of the edge HA. 
« KL =}(AB + EF). § 137 


Similarly, LM = 1(BC + FG), etc. 
Moreover KL is || to AB, 
and IM is || to BC. § 453 
BS, PA AEGIG NS as AI ATBXER, § 461 
Likewise ZLMN = Z BCD, ete. B Cc 
.. the polygons KLMN and ABOD are similar. § 282 


.. the polygons ALMN and EFGH are similar. 
Now let the bases ABCD and EFGH and the mid-section KLMN 
be denoted by 0, b’, and m respectively, and the corresponding sides A B 
and HF of the base polygons by s and s’ respectively, and FS by a. 


Then KL=}(s+s8’). Ax. 9 
O sa 
m  i(s+s8’)2 
fe 12 
and SpA § 334 
mete? 
Whence vib = aes ’ 
Vm 3 (8 +8") 
and NE PrN: Ax. 5 


Vm Fete) 
_vVo+vy sts’ 


a ad eR SOG, 
vin : ($+ 8°) 
o Vb + Vie = 2Vm. Ax. 3 
2 D0 +2-Vb0b'=4 m. Ax. 5 
Add 6 + 0’ to both members of this equation. 
Then 20420 42Vbdv'=b+b'4+4m. Ax.1 
1 2(64+0 4+ Vbb’)=b4 044m. 

Multiply both members of this equation by } a. 
Then ta(b+ 0’ + Vbb’) =fa(b+ 0’ 4+ 4m). Ax.3 
In any prismatoid v=ta(b+b'+ 4m). Given 


Therefore v=had+l + Vod’), by Ax.8. aE. 
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6. A prismatoid has an upper base 8 sq. in., a lower base 7 sq. in., an 
altitude 3 in., and a mid-section 4 sq. in. What is the volume ? 


Solution. v=ta(b+b'+ 4m). § 725 
* v=4 x 8(7+4+ 3 + 16) INO 
= 4 x 26, or 18. 


Therefore the volume of the given prismatoid is 138 cu. in. Q.5.F. 


7. A wedge has for its base a rectangle lin. long and w in. wide. 
The cutting edge is e in. long, and is parallel to the base. The distance 
from e to the base is d in. Deducea formula for the volume of the wedge. 
Apply this formula to the case in which |= 6, w=1,e =5,d=3. 


Given the wedge HF-A BCD whose base A BCD 
is a rectangle / in. long and w in. wide, and whose 
cutting edge HF, ll to the base A BCD, ise in. long, 
the L distance HM of HF from ABCD being din. 

Required to find the volume v of HF-ABCD in 
terms of l, w, e, and d. 


Solution. Bisect HM in P. § 229 
Through P pass the plane GH KL || to the base 
ABCD, cutting the faces in the lines GH, HK, KL, and LG. § 457 


Then GH is || to AB, 
and KL is || to CD. § 453 
But AB is || to CD. § 118 
.. GH is ll to KL. § 446 
For like reason HK is |l to LG. 
- GHKLisaQ. § 118 
Moreover ZGHK =ZABC; § 461 
Since fe, Js XG = EV itl, JZ. § 119 
iG Kean tbe ae Ax. 8 
For like reason the remaining angles of the (7 GH KL are rt. A. 
.. the 7 GHKL is a rectangle. § 119 
Draw HP and BM. 
HP is \| to BM. § 453 
Bey VAIN EME PASO EI i 
and ZEPH = Z EMB. § 102 
-. A EPH and EMB are similar § 286 
Ss JOEL 3 1018) IIE BION § 282 
But IPE 1B AVE = Ve OX. Const. 
By JME SIB3} = WE OR, Ax. 8 


-. 2 EH= EB. § 261 
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Whence EH =4E£B. Ax. 4 
.. H is the mid-point of EB. 
Likewise G and K are the mid-points of HA and FC respectively. 
Now EF is || to ABCD. Given 
.. LF is |l to BC. 
. HK =}(£F+ BC) § 187 
=t(e+ J), Ax. 9 
and GH =i4AB § 136 
= 4 Ww. Ax. 9 
.. the area of the rectangle GHKL 
=4t(e+l) x 4w § 320 
= fw(et J). 
Also the area of the rectangle ABCD 
3 SCUINE 
For any prismatoid, v= fa(b4+¥+4m). 
Herea=d,b=1x w, b’=0, andm=4w(e+ l). 


. v=itd(lxw+4xiw(et)] Ax. 9 
=tid{lxw+w(e+t+)] 
_ wd (e + 21) 
a re 
Therefore the volume of the given wedge is expressed by the formula 
aides wd (e + 21) 
6 
Whenll=(6,1w = le — dv and d= 13, 
v=4x1x3(642 x 6) Ax. 9 
= 4 4 aly) 
= 41, or 83. Q.E.F. 


Exercise 117. Page 445 


1. Find the volume of a spherical segment having the bases b = 4 and 
b’ = 5, and the altitude a = 1. 


Solution. v=ta(b+ db) + 47a’. § 726 
“ v=3(44 5) 447 Ax. 9 

= 4.5 + 0.5236 
= 5.02386. Q.E. F. 


2. Find the volume of a spherical segment having the bases b = 4 and 
bv’ = 6, and the altitude a = 1}. 


Solution. v=fa(b+v) +4703. § 726 
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=}x 1444 6)4+4 x (1) x Ax. 9 
=%+iiie 

= 6.25 + 1.0227 

Seine Q.E.F. 


3. Find the volume of a spherical segment naving the bases b = 5 and 
b’ = 7, and the altitude a = 21. 


JaQ+0) +47. § 726 
4 x 21 (5 + 7) + 4 (2))3 2 Ax.9 
5A 4 4913 x 0.5236 

= 12.75 + 5.0243 

as ATES Q.E.F. 


Solution. v 
aD) 


4. Find the volume of a spherical segment having the bases b = 6 and 
b’ = 8, and the altitude a = 1}. 


Solution. =t@ : + 0’) + 47a’. § 726 
pats 14(6 + 8) 4+ 4(14)?z Ax. 9 

= 10.5 + 1.76715 
= 12.26715. Q. EF. 


5. Find the volume of a spherical segment having the bases b = 8 and 
b’ = 12, and the altitude a = 2. 


Solution. v=ta(b4+ 0) +470. § 726 
o. V=4X 2(84 12) 4+ 4(2)3 x Ax. 9 

= 20 + 4.1888 
= 24.1888. Q.E.F. 


6. Find the volume of a spherical segment having the bases b = 12 and 
b’ = 15, and the altitude a = 383. 


Solution. — v=ta(b+v)+ina. § 726 
=1 x 84(124+ 15) +4(3})3 7 Ax.9 
= 47.25 + 22.44935} 
= 69.69935. Q.E.F. 


7. Find the volume of a spherical segment having the bases b = 27 sq. 
in. and W’ = 82 sq. in., and the altitude a = 2.38 in. 
Solution. =ta(b4+ 0’) + iza’. § 726 
aire aaa Ax. 9 
= 68.735 + 6.62382 
= 75.3582. 
-. the volume of the given spherical segment is 75.3582 cu. in. Q.E.F. 
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8. Find the volume of a spherical segment having the radii of the bases 
r, =38 andr, = 4, and the altitude a = 2. 


Solution. v= 4a(ar? + mrz) + 373. § 726 
.V=4 xX 2(8?r4+ ar) +4 x 237 Ax. 9 

= 257 + 4a 
= 261 7, or 82.7288. Q.E.F. 


9. Find the volume of a spherical segment having the radii of the bases 
r, =4and r, = 7, and the altitude a = 3. 


Solution. v = La(arf + mr?) + 3 7a’. § 726 
~v=hx 38(P7r+ Prt 4 x 8r Ax. 9 
=1ginr423r 
= 204 Tv 
= 102 7, or 820.4432. Q.E.F. 


10. Find the volume of a spherical segment having the radii of the bases 
r, =8 andr, = 5, and the altitude a = 4}. 
Solution. v= ha(mrp + mf) + 3 7a. § 726 
o D= 4x 44(B2 0 + Br) + 4(4))8 0 Ax. 9 
=x 897 4 448 3 
= 8404 4 AAS 
= 8441 7, or 676.81845. Q.E.F. 


11. Find the volume of a spherical segment having the radii of the bases 
r,=5and r, =3, and the altitude a = 1}. 


Solution. v= ha(mr? + mr?) + ha’. § 726 
0=4EX 1A (2a 432m) 44 (1))8 a Ax. 9 

=Yrtayn 
= 441 a, or 81.87795. Q.E.F. 


12. Find the volume of a spherical segment having the radii of the bases 
r, =6and r, = 5, and the altitude a = 1}. 
Solution. v= ha(mr? + wr?) + 73. § 726 
v= tx 1b(@Ors+ &r)4+4(1)) 37 Ax. 9 
= Sgt Yah 
119.7785 + 1.02266 
= 120.7962. Q.E.F. 


13. Find the volume of a spherical segment having the radii of the bases 
r, = 9 and rz = 10, and the altitude a = 23. 


Solution. 0 = fa(mrp? + mr?) + dra’, § 726 
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e 
ll 


3 x 28 (9? 3 + 10? 1) + 3 (23)3 ar Ax. 9 
=a gee 
= 781.8657 + 10.88924 
= 792.7549. Q.E.F. 
14. Find the volume of a spherical segment having the radii of the bases 
r,=9in. andr, = 7 in., and the altitude a = 4.75 in. 
Solution. v= ha(ary + mr2) + 32a’. § 726 
~U=4 x 4.75(R r+ Par) t+ x 4.7538 3 Ax. 9 
=e 1285 w+ £850 17 
= 125412 7, or 1026.0842. 
.. the volume of the spherical segment is 1026.0842 cu. in. .x.¥F. 


ll 


Exercise 118. Page 446 


1. A pyramid 6 ft. high is cut by a plane parallel to the base, the 
area of the section being 4 that of the base. How far from the vertex is 
the cutting plane ? Vv 

Given the pyramid V-ABCDE, 
whose altitude VO is 6 ft., cut by 
the plane MN'|| to the base ABCDE 
so that the section A’B’C’D’E’ is 
4 of the base ABCDE, and VO’ is 
the altitude of the pyramid cut off. 

Required to find the length of 
VO. 

Solution. A’B’C’D’E’ : ABCDE 

=V0": V0". § 556 

But A’B’C’D’'E’: ABCDE 


She), Given 
- VO”: VO'= 129. Ax. 8 
so WACO) == IL SCY. Ax. 5 
Ss WACK 3 eal! s3}, Ax. 9 
oO a=10. § 261 
Oe. Ax.4 
Therefore the length of VO’ is 2 ft. Q.E.F. 


2. Find the area of a spherical triangle whose angles are 100°, 120°, 
and 140°, the diameter of the sphere being 16 in. 
Solution. The spherical excess of the given A 
= 100° + 120° + 140° — 180°, or 180°. § 693 
Therefore the given spherical A is equivalent to a lune whose angle 
is half 180°, or 90°. § 695 
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But the area ofsuchalune = %% of the spherical surface § 694 
=4%x 4ar* Ax. 9 
2 
= Le x4 (5) T Ax. 9 
4 2 
= (48)2a Ax. 9 


= 647, or 201.0624. 

Therefore the area of the given spherical A is 201.0624 sq. in. Q.E.F. 

3. Two angles of a spherical triangle are 80° and 120°. Find the 
limits of the third angle and prove that the greatest possible area of the 
triangle is four times the least possible area, the sphere on which tt is 
drawn being given. 

Given the spherical A ABC on the sphere whose 
center is O, with the 4 A and B equal to 80° and 
120° respectively. 

Required (1) to find the limits of the ZC ; (2) to 
prove that the greatest possible area of the spheri- 
cal A ABC is four times the least possible area. 

Solution. (1) Let A’B’C’ be the polar triangle of spherical A ABC 


In polar A A’B’C’, a’ = 100°, and b’ = 60°. § 667 
Then <a +0’ < 100° + 60° < 160°. § 663 
. C >180° — 160° > 20°. § 667 

Since +c’ >a (§ 663), it follows that c’>a’— 6b’. Ax.6 
c’ > 100° — 60° > 40°. Ax.9 

. OC < 180° — 40° < 140°. § 667 

Therefore the limits of the ZC are 20° and 140°. Q.E.F. 
(2) Assuming that ZC has its minimum value, the spherical excess 
of the A A BC = 80° + 120° + 20° — 180°, or 40°. § 693 
.. the A ABC is equivalent to a lune whose angle is 20°. § 695 
.. the area of A ABC is 3%, of the spherical surface. § 694 
Assuming that Z C has its maximum value, the spherical excess of 
the A ABC = 80° + 120° + 140° — 180°, or 160°. § 693 
.. the A ABC is equivalent to a lune whose angle is 80°. § 695 
.. the area of A ABC is $9 of the spherical surface. § 694 
Therefore the greatest possible area of the spherical A ABC is four 
times the least possible area. Q. B.D. 


4. An irregular portion, less than half, of a material sphere is .given. 
Show how the radius can be found, compasses and ruler being allowed. 

Given ABC an irregular portion of a sphere less than a hemisphere. 

Required to find the radius of the sphere of which ABC is an 
irregular portion. 
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Construction. With any convenient point P (Fig. 1) on the surface 
of the given portion ABO of the sphere as a pole, and any convenient 
radius arc, describe by means of the compasses a small ©. 

Take the points D, £, and F on the circumference of this ©, and 
with the compasses measure the chords DE, EF, and DF which in- 
clude the plane A DEF. 

Construct the A D’E’F’ (Fig. 2) congruent to the A DEF. 
Circumscribe a © about the A D’E’F’. § 240 
Draw O’D’ the radius of the © D’EH’F’. 

Construct the rt. A GHK (Fig. 3) so that the hypotenuse GK = the 

chord PD (Fig. 1), and the side HK = O’D’ (Fig. 2). 


At i draw the line KM 1 to GK. § 228 
Produce KM and GH to meet in M. 
Finally, bisect GM in N. § 229 
wl Then MN is the radius required. Q.E.F. 


K 
a 
Go aaa ae 
HYG Fie. 2 Fie. 3 


Proof. Assume the diameter PP’ of the sphere, of which ABC is 
a portion, to be drawn, intersecting the © DEF in its center O; also 
assume the lines PD, P’D, and the radius OD to be drawn. 

The diameter PP’ is | to the plane of the © DEF. § 623 


, IFIP“ IG AL Ko (OUD). § 430 

ee AOD NS atts Ze 
In the rt. AGHK and POD, GK = PD, Const. 
and ike OAD 4 Const. 
.. the rt. A GHK and POD are congruent. § 89 
-. the 4HGK and OPD are equal. § 67 
-. inthert. AGK Mand PDP’, GK = PD, Const. 
and LINGHE SZ OJEID), Proved 
.. the rt. A GK M and PDP’ are congruent. § 72 
so GUI lated OY 2s § 67 
But MN =4GM. Const. 
5 AEN See Ax. 9 


That is, MN is the radius of the sphere of which ABC is the given 
irregular portion less than a hemisphere. Q.E.D. 


568 APPENDIX TO SOLID GEOMETRY 


5. Find the volume of a cone of revolution, the area of the total surface 
of which is 200 m sq. ft., and the altitude of which is 16 ft. 


Given VA an element, and VO the altitude, of the cone of revolu- 
tion V-AB; also the total area of the cone of 
revolution V-AB= 2007 sq. ft.,and VO = 16ft. 

Required to find the volume of the cone of 
revolution V-AB. 


Solution. Draw the radius OA. 
The line VO is | to the radius OA. § 480 
AOA staat GZ. 
Denote OA by r, and VA by s. 
In the rt. AVOA, VA?— 0A” =VO?. 
2 ie IG 


= 256. 
Since t= mrs + mr, 
-. 2007 = mrs + mr?. 
Whence r? + rs = 200. (2) Ax. 4 
Now solve the simultaneous quadratic equations for r?: 
( 5? — 7? = 256, (1) 
2 + rs = 200. (2) 
Let Sino Ie Hyp. 
Substitute this value of s in (1) and (2). 
vy? — 72 = 256, (8) 
en { 7? + vr? = 200. (4) Ax. 9 
256 
From (8), pS aah Ax. 4 
From (4), po ee at (5) Ax. 4 
ax _ 200 regs 
v’—1 i+ 
-. 256 = 200 v — 200. Ax. 3 
*, 200 v = 256 4 200 Ax. I 
= 456. 
Se OS PI (6) Ax. 4 
Substitute this value of v in (5). 200 
Then y2 = —____ Ax. 9 
1+ 2.28 
_ 200 
$88 
= 2390, 
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The volume of a cone of revolution 


= fara. § 612 
Therefore the volume of the cone V-AB 
= 4x 16 x 23997 Ax. 9 


= 49990 x 1.0472 
= 4 x 10,472, or 1021.659. 
Therefore the volume of the cone of revolution V-AB is 1021.659 
Cue it, Q.E.F. 
6. The volumes of two similar polyhedrons are 64 cu. ft. and 216 cu. ft. 
respectively. If the area of the surface of the first polyhedron is 112 sq. ft., 
Jind the area of the surface of the second polyhedron. 
Solution. Let s and s’ denote any two corresponding edges of the 
given similar polyhedrons, and a and a’ their surface areas respectively. 


Then SoS G4i 216; § 723 
eu Sa—=146 Ax. 5 
= 9158, 
Bo CEOs Chay § 270 
But G3 OF SP GP § 721 
5 OES GY = LE Ax. 8 
Avy IDS oh oe oo Ax. 9 
-. 4a = 1008. § 261 
"d= 202. Ax. 4 
Therefore the area of the surface of the second polyhedron is 
252 sq. ft. Q.E.F. 


7. A solid sphere of metal of radius 12 in. is recast into a hollow 
sphere. If the cavity is spherical, of the same radius as the original 
sphere, find the thickness of the shell. 

Solution. Clearly the volume of the shell and cavity is twice the vol- 
ume of the given solid sphere of metal. 

Let « denote the number of inches in the thickness of the shell. 

Then the radius of the shell and cavity considered as a sphere is 


(x + 12) in. INS, II 
Therefore the volume of the shell and cavity 
= 4(e + 12)? 7. § 706 
The volume of the solid sphere of metal 
= 4 x 123g, or 23047. § 706 
o. 4(@@ 4 12)§7 = 2 x 23047 
= 4608 zr. 
w. (& + 12)3 = 3466. Ax. 4 


e412 —12V2. Ax. 5 
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2. @=12-V9— 12 Ax. 2 
= 12(V2—1) 


= 12 (1.2599 — 1) 
= 12 x 0.2599, or 3.1188. 
Therefore the thickness of the shell is 3.1188 in. Q.E.F. 


8. The stone spire of a church is a regular pyramid 50 ft. high on a 
hexagonal base each side of which is 10 ft. There is a hollow part which 
is also a regular pyramid 45 ft. high, on a hexagonal base of which each 
side is 9 ft. Find the nwmber of cubic feet of stone in the spire. 

Solution. The volume of stone in the church 
spire equals the difference between the volumes 
of two regular hexagonal pyramids, one with alti- 
tude 50 ft. and side of base 10 ft., the other with A D 
altitude 45 ft. and side of base 9 ft. 

Let ABCDEF represent the regular hexagonal 
base of the larger pyramid. 

Draw OB and OH, the radius and apothem of A BCDEF respectively. 


E 


BRL ASE, 


Now Z ABO =120°. § 145 
.. ZOBH = 60°. § 363 
.. ZBOH = 80°. § 107 
Furthermore in the rt. A OHB, 

OH’ = OB’ — BH’. § 338 
But BH =} OB. Ex. 2, p. 80 
‘Whence 2 BH or BC = OB. Ax. 3 
0He= OB —LOB Ax. 9 

=30B 
=i BO. Ax. 9 
OH 1 VS. BC Ax. 5 
= 4-3 x 10, or 5 V3. Ax. 9 


Therefore the area of ABCDEF, the base of the larger pyramid, 
=}4x 60 x 5V3, or 150V3. § 886 
Denote by A’B’C’D’E’F’ the regular hexagonal base of the smaller 


fees area of ABCDEF 102 
°n area of A’B’/O'D'E’F’ 92 22 
' 150 V3 _ 10 or 
area of A’B’O’D’E’F” 9? ; 
— 100 
«100 x area of A‘B’C’D’E’F’ = 81 x 150-V3. § 261 
. the area of A’B’C’D’E’F’ = 0.81 x 150 V3 Ax. 4 


= 121.5-V3. 
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Since the volume of any pyramid = 1 ba, § 561 
*. the volume of the larger regular hexagonal pyramid 
=1 x 150-V3 x 50 Ax. 9 
= 2500 V3 ; 
and the volume of the smaller regular hexagonal pyramid 
=} x 121.5-V8 x 45 Ax. 9 
= 40.5 x 45-V3 
= 1822.5 -V3. 
Therefore the number of cubic feet of stone in the church spire 
= 2500 V3 — 1822.5-V3 
= 677.5 V3, or 1173.46. Q.E.F. 


9. The volumes of a hemisphere, right circular cone, and right circular 
cylinder are equal. Their bases are also equal, each being a circle of 
radius 10 in. Find the altitude of each. 

Solution. Let r denote the radius of the base of the hemisphere, of 
the right circular cone, and of the right circular cylinder; a, the 
altitude of the right circular cone; and a, the altitude of the right 
circular cylinder ; also v the volume of each. 


Then v=4 x a7, or 277%, § 706 
v=1r'a,, § 612 

and OS usiatihy § 590 
So Beni SS % ih = corte Ax. 8 

55 PPS OE Nile Ax, 4 

But A— Ohm: Given 
ed — 2 xe Oline vor. 20/10, Ax. 9 

and 38 d2 = 2 x 10 in., or 20 in. Ax. 9 
Whence Q, = 62 in. Ax. 4 


Therefore the altitudes of the given hemisphere, right circular 
cone, and right circular cylinder are 10 in., 20 in., and 62 in. respec- 
tively. Q.E.F. 


10. A sphere of radius 5 ft. and a right circular cone also of radius 
5 ft. stand on a plane. If the height of the cone is equal to a diameter 
of the sphere, find the 
position of the plane 
that cuts the two solids 
in equal circular sections. 

Solution. Let CH’D 
and AGH be sections 
of the given sphere and 
right circular cone respectively, made by passing a plane through the 
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diameter CD of the sphere, which is L to the plane on which it rests, 
and the axis AB of the right circular cone, which is Il to CD. 

Let the plane which cuts the sphere and right circular cone in equal 
circular sections || to the plane on which the given solids rest, intersect 
she sections CE’D and AGH in the lines E’N’ and EW respectively, 
and CD and AB in F’ 
and F respectively. 

Draw DE’, CE’, and 
BE. 

Now CD and AB are 
each Lto GD. § 430 

But #’N’ and EN are 
ll to @D. § 453 

«. CDand AB are 1 to E’N’ and EW respectively. § 97 

Moreover F’ and F are the mid-points of the diameters H’N’ 
and EW of the equal circular sections respectively. 

Then in the rt.A H’F’D and EFB, 


E’F’= EF, § 162 
and JOY Ge 123 § 455 
.. the rt. A H’F’D and EFB are congruent. § 69 


», DE’ = BE,andZF’DE’=ZFBE. § 67 
Then in the ACDE’ and ABE, 


CD=AB; Given 
DE’ = BE, Proved 
and Z CDH’ =ZABE. Proved 
.. the A CDE’ and ABE are congruent. § 68 
» LCED = ZAEB, § 67 
But YEON BT DN, Vy AL § 215 
By CE ald OBS ENA hey A Ax. 8 

In the rt. A ABG, AB (CDi 2a bite, Orl0 tts, 
and 1B Goby tts Given 
Since AG? = AB’ + BG’, § 337 
- AG? = 108 + 8? Ax. 9 
» AG = V125, or5 V5. Ax. 5 
Now AG:AB=AB:AE. § 294, 3 
.. AB? = AG x AE, § 261 
-. 100=5V5 x AE. Ax. 9 
TAD = 5VE Ax. 4 


—4V5. 
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Since EG = AG— AE, 

» EG =5V5—4V5, or V5. Ax. 9 
Furthermore AEH: BE = BE: EG. § 294, 2 
.. BE? = AE x EG § 261 
=4V5 x V5 Ax. 9 

= 4 x 5, or 20. 
But in the rt. A AEB, AB: BE = BE: BF. § 294, 3 
.. BE” = AB x BF. § 261 
. 20=10 x BF. Ax. 9 
« BF=2. Ax. 4 


Hence the plane cutting the given sphere and right circular cone 
in equal circular sections, and the plane on which these solids rest are 
2 ft. distant from each other. Q.E.F. 


11. The vertices of one regular tetrahedron are at the centers of the 
faces of another regular tetrahedron. Find the ratio of the volumes. 


Given the regular tetrahedron HFGH 
whose vertices ZH, Ff, G, and H are the cen- 
ters of the faces ABC, BCD, ACD, and 
ABD respectively of the regular tetrahedron 
ABCD. 

Required to determine the ratio of the 
volumes of the regular tetrahedrons EFGH 
and ABCD. 

Solution. Through the points A, #, and G 
pass a plane (§ 427) cutting the faces ABC, 
ACD, and BCD in the lines AM, AN, and MN respectively. § 429 

An edge HG of the regular tetrahedron HFG# lies in the plane 


AMN. § 422 

The lines AM and AN bisect BC and CD perpendicularly in M and 

N respectively. § 151 

Moreover AM and AW are equal, being altitudes of the congruent 

equilateral A ABC and ACD. § 67 

Also A# and AG are equal, being radii of the congruent A ABC 

and ACD. § 358 

Then A AEG and AMN are similar. § 288 

. HG:MN= AE: AM. (1) § 282 

But MN = BD. § 136 
Denote an edge of the regular tetrahedron ABCD by e. 

Then MN =ie. Ax. 9 


Draw the radius EC of the face A ABC, § 858 
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Now ZAC —1602% § 145 
Then Z ECM = 30°. § 363 
5 AA OHO ESO. § 107 
os SHO IIE Ex. 2, p. 80 
But AE = EC. § 162 
ty AUB VION Ax. 8 
. AH + EM=3 EM. 7Se 1 
That is, AM=3EM. Ax. 11 
non wAH PAM = 2s oe Ax. 4 
Therefore (1) becomes 
EL GAN = 2 sie Ax. 8 
‘Whence 8 HG =e. § 261 
Ay DORE S ey Ax. 4 
ee vol. of BFGH _ EG” § 722 
vol.of ABCD 4G? 
z vol. of EFGH = (Fe)? KAD 
vol. of ABCD 8 
_i@ 
E 
= yr Q.E.F. 


12. Find the area of a spherical triangle if the perimeter of its polar 
triangle is 297° and the radius of the sphere is 10 centimeters. 

Given the perimeter of the spherical 
A A’B’O’, the polar A of the spherical 
A ABC, equal to 297°, both A being 
drawn on a sphere whose radius is 10 
centimeters. 

Required to find the area of the 
spherical A ABC. 


Solution. Denote by a, 6, and c the sides of the A A’B’C’ opposite 
the 4 A, B, and C, respectively, of the A ABC. 


Then a+ A =180°, 
b+ B= 180°, 
and - c+ C=180°. § 667 
Adding, a+b+c+A+B+C= 540°. Ax.1 


But a@+6+c= 297°. Given 
-. A+ B+ C= 540° — 297°, or 248°. Ax. 2 

Therefore the spherical excess of the A ABC 
= 243° — 180°, or 68°. § 693 
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Therefore the spherical A ABC is equivalent to a lune whose angle 


is half 68°, or 314°. 311 § 695 
But the area of suchalune = aay of the spherical surface § 694 
= gy X 407? § 689 

= ay x 10? 7 } Ax. 9 


= 857, or 109.956. 
Therefore the area of the spherical A A BC is 109.956 sq. cm. Q.£.F. 


13. The radii of two spheres are 18 in. and 15 in. respectively, and 
the distance between the centers is 14 in. Find the volume of the solid 
common to both spheres, — a spherical lens. 


; A 
Given the two spheres whose centers 
are O and O’ intersecting each other, (IN 


thus forming the spherical lens AMCN ; 


also OO’=14 in., OM=18 in., and 

ODF Ney aii, 
Required to find the volume of the 

spherical lens AMCN. 6} 
Solution. Draw AO and AO’. 


Also draw AC, cutting OO’ in B. 
The line OO’ is L to the circular section AC at its center B. § 652 


.. OO’ is 1 to AB. -§ 430 
In the rt. A ABO, AO?— OB? = AB’. § 338 
And in the rt. A ABO’, 
AO’ = 0B = AB* § 338 
AO ~OB SAV — OB, Ax. 8 
‘OB — OB = A077 — A0* Axs. 1,2 
:. (OB + OB) (O'B— OB) = AO’ — AO’. 
That is, 00'(O’B — OB) = AO”? — AO”. 
But AO ON abin ands OOM 13 in: § 162 
.. 14(0’B — OB) = 15? — 13? Ax. 9 
= 225 — 169 
= 7505 
. OB— OB=4. Ax. 4 
But OB+ OB=14. Given 
Adding the last two equations, we have 
20'B = 18. Amend 
Whence ; OB=9, Ax. 4 
Then OB 55 Ax. 2 
Now ON = ON — 00° 


=15—14, orl. Ax, 9 
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Also O’M = 00’ — OM 
= 14-18, orl. Ax. 9 
Since BN = OB+ ON, Ax. 11 


. BN =5+1,or6. Ax.9 
And Bince BM = O'B— O'M, 
. BM=9-—1, or 8. Ax.9 
The eee ea lens AMCN is com- 
posed of two segments of the given 
spheres, having the common circular 
base AC whose radius is AB. 
Since, in the rt. AABO, AB? = 407— OB, § 338 
-, AB® = 13? — 52 Ax. 9 
= 169 — 25, or 144. 
The volume of a spherical segment of one base is expressed by the 
formula v= trra+t7a3. § 726 
Therefore the volume of the spherical segment ANC 
=4x144x67r+1ix6ar Ax.9 
= 482 7 + 367 
= 4687; 
and the volume of the spherical segment AMC 
=4x144x 8741x887 Ax. 9 
= 6614 7 
Therefore the volume of the spherical lens AMCN 
= 4687 + 66117 Ax. 11 
= 112947, or 3547.9136. 
Therefore the volume of the spherical lens is 8547.9136 cu. in. 
Q.E.F. 


14. The radius of the base of a right circular cylinder is r and the 
altitude of the cylinder is a. Find the radius and the volume of a sphere 
whose surface is equivalent to the lateral surface of the cylinder. 

Solution. Let be the length of the radius of the sphere whose sur- 
face is equivalent to the lateral surface of the given cylinder. 


Then the surface of the sphere = 4722. § 689 
Now the lateral surface of the given cylinder = 2 mra. § 588 
=. 47a" = Yarra. 
= tra. Ax. 4 
~ ©= VETa Ax. 5 
=4v2ra. 


The volume of the given sphere = 472°. § 706 
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Therefore the volume of the sphere 
=4x (}V2ra)*.o Ax. 9 
=¢x tra V2ra +7 
=47ra V2ra. 
Therefore the sphere whose surface is equivalent to the lateral 
surface of the given cylinder has its radius equal to $V 2ra, and its 
volume equal to 47ra V2ra. Q.E.F. 


15. If the polyhedral angle at the vertex of a triangular pyramid is 
trirectangular, and the areas of the lateral faces are a, b, and ¢ respec- 
tively, and the area of the base is d, then a? + b? + c? = d?. 


Given in the pyramid A-BCD the ZA, a A 
trirectangular Z; also the areas of the lateral 
faces ABC, ACD, and ABD equal to a, b, and ie g 
c respectively, and the area of the base BCD 
equal to d. B D 
To prove that a + 6 +c? = d?, 
Proof. Let e, f, and g denote the lateral 
edges AB, AC, and AD respectively. Cc 
Then a=eéf, 
b=3/9, 
and c=heg. § 325 
a = 1 ef, 
Ps 479", 
and Cs AEP, Ax, 5 
‘Adding, a? + 0? + c? = 1 (e2f? + f2g? + e%g?). Ax. 1 
Furthermore BO? = + f?, 
OD’ = f? + 9°, 
and BD’ = +492. § 337 
Therefore BC = Ve + f?, 
CD = vf? + 9, 
and BD =vVe + g?. Ax. 5 
Now let s denote the semiperimeter of the A BCD. 
Then d = Vs(s — BC)(s— CD)(s— BD). Ex.1,p. 211 
-. d? = s(s — BC)(s — CD)(s — BD). Ax. 5 
But s=i[V@+fi4+vVP+ e+ Ve +o7], Ax.9 


(s— BC) =3[—Ve +f? + Vf 4 + Vet 97], 
(s— CD) =}4[ Ve +f? —(Vf2 + 9? + Ve + g®)], 
and (s — BD) =34 [Ve + 72 + (Vf? + g@@ — Ve + g?)]. Ax. 2 
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For convenience find first the product of the values of s and (s— BC) ; 
then find the product of the values of (s —OD) and (s — BD) ; finally, 
multiply the first product obtained by the sec- 
ond. The resultant product is the value of d?. 


Therefore oo g 
@=3[ (vt P+ Vet Fy (VEtP)’] 
xtl(Ve+ 72) (VP#+9e—-Ve+g) ] B D 


=t+V(74+ 97)(2+9)] 
x $[- 9? + VF? + (2 + 9?) ] 
Sa (= gertociy = tf 4g" te e7g> ge) 
= 4(ef? + f?9? + €79%). 
Therefore a? + b? + c? = d?, by Ax. 8. Q.E.D. 


16. [f the earth is a sphere with a diameter of 8000 mi., find the area 
of the zone bounded by the parallels 30° north latitude and 30° south lati- 
tude. Show that this zone and the planes of the N 
circles include 44 of the volume of the earth. 

Solution. Let ABDC represent a section of 46 
the earth made by a plane passed through its py 
axis VS. Let the section ABDC cut the plane 
of the equator in the line WE, and the planesof 2X 
the small © at 30° north latitude and 30° south 
latitude in the lines AC and BD respectively. 
Join A and B by the lines OA and OB to the center of the great 
© ABDC, and draw the chord AB, 


Are WA =are WB = 30°. Given 
Ss LZANOA = A Vile BO § 213 
eA —=10025 INS S111 
Now in the A AOB, OA — OB; § 162 
8, A JB VAN ON, 4 A3UISXO) § 74 
But ZBAO+ ZABO+4 ZAOB=180°. § 107 
Whence ZBAO+ ZABO =180°—ZAOB, Ax, 2 
.. 2Z BAO = 180° — 60°, or 120°. Axs9 
aD A O==1602% Ax. 4 
nA BO 602 Ax. 8 
Therefore the A AOB is equilateral. $77 

But OA = } x 8000 mi., or 4000 mi. 
«. AB = 4000 mi. Axa) 
Since the area of any zone is equal to 2 7ra, § 691 
.. the area of the zone ABDC = 2 x 4000 x 40007 Ax. 9 


= 32,000,000 z, or 100,531,200. 
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That is, the area of the zone A BCD = 100,531,200 sq. mi. 
Furthermore, since VS is 1 to the plane of the equator at O, 
NS is L to WE. § 430 
For like reason NS is 1 to AR and BT. 
Arc AN = are BS = 90° — 30°, or 60°. 


By PANO eZ ISOS =, § 213 
Then in the rt. A ARO and BTO, 

OA = OB, § 162 

and Je, Da ON Fi ZIBOIN Proved 

.. the rt. A ARO and BTO are congruent. § 91 

pomeA hi Beln § 67 


Therefore the circular bases of the spherical segment ABDC of 
the earth have equal radii. 
In the rt. AARO, 


ZO Aiz 30>) since 2-4 Oy —= 1602; § 107 
pO Ri OAr Ex. 2, p. 80 
«. OR =4 x 4000 mi. Ax. 9 
= 2000 mi. 
But AR? = 0A” — OR” § 338 
= 40002 — 2000? BSCS 
= 16,000,000 — 4,000,000 
= 12,000,000. 
Now the volume of a spherical segment of two bases is expressed 
by the formula vo =$a(ar{ + wry) + 3 7a’. § 726 
In the spherical segment A BDC, 
1 = 1. Proved 
Hence, for the spherical segment A BDC, 
» = fa(2mr{) +4 708 Ax. 9 


= trjfa + 4703 
= 12,000,000 x 40007 4+ 4 x 4000? Ax. 9 
= 48,000,000,000 + + 10,666,666,6662 7 


= 58,666,666, 6662 7. 
But the volume of the earth is expressed by the formula 
= fal. § 706 
Hence, for the earth, 
v =} x 80002 7 Ax. 9 
= 4 x 512,000,000,000 a 
= 85,333,333,3332 7. 
vol. of segment ABDC __ 58,666,666,6662 7 11 
Therefore -: aes 
vol. of earth 85,333,333,3331 7 16 


Q. E. F. 
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17. The altitude of a cone of revolution is 12 centimeters and the 
radius of its base is 5 centimeters. Compute the radius of the sector of 
paper which, when rolled up, will just cover the convex surface of the 
cone, and compute the size of the central angle of this sector in degrees, 
minutes, and seconds. 


V VW 
Given the cone of revolution 
V-AB with the altitude VO= A B’ 
12 centimeters, and the radius OA 
of the base = 5 centimeters; also 4 B 


the circular sector V’A’B’, whose , 

radius V’A’ equals the slant height VA of the cone V-AB, and whose 

arc A’B’ equals the circumference of the base AB of the cone V-AB. 
Required to find (1) the length of V’A’; (2) the size of the Z V’. 


Solution. (1) VO is 1 to the base AB of the given cone. 


a WO te ILA OA § 430 
Inthert. A VOA, VA°?=V0?+0A’. § 837 
-. VA? =12? + 8 Ax. 9 
= 144 + 25, or 169. 
Asa S. Ax. 5 
That is, the length of V’A’is 13 centimeters, by Ax. 8. Q.E.F. 
(2) The circumference of the base of the given cone 
= 27r centimeters § 885 
= 107 centimeters. Ax. 9 
«. the arc A’B’= 10 7 centimeters. Ax. 8 
But the circumference of the © of which V’A’ is a radius 
= 26 7 centimeters. § 385 
arc A’B’ 10e 8 
“entire circumference 267 13. 
Be: 
"360° «13 
Bs MES SPE WO SN Se Cs UNOS § 261 
BZ 1 a STROSS ona ogse Q.E.F. 


18. The volume of any regular pyramid is equal to one third of its lat- 
eral area multiplied by the perpendicular distance from the center of its 
base to any lateral face. 

Given V-ABCDE any regular pyramid with altitude VO =a; with 
the line OH to the lateral face AV Band = h; with slant height = s, 
perimeter of base =p, apothem of base =m, area of lateral sur- 
face = l, area of base = 6, and volume = v. 

To prove that v= Al. 
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Proof. Through the lines VO and OH pass the plane VOH, cutting 
the face A AVB in VF and the base in OF. §§ 425, 429 

Then the plane V OZ is | to the planes A VB Vv 
and ABCDE. § 477 
., ABis 1 tothe plane VOH. § 478 
-. AB is 1 to the lines VF and OF. § 480 

ta V Ha) ANNO =o. 
The lines VO and OH are 1 to the lines OF 
and VF respectively. § 480 
The ZFVO is common to the rt. AVOF 
and VHO. 

.. thert.&VOF and VHO are similar. § 287 
18th mn. § 282 


*. As=am. § 261 
hs 
.m=—. Ax. 4 
a 
Moreover U= 4 sp. § 553 
l 
+ re Ax. 4 
BY 
=>: 
Now 7 w=. 00, 5 S561 
But b=4mp. § 386 
.v=tximp-a Ax. 9 
=4mpa. 
Substitute in this equation the values of m and p already found. 
Then ee eG ISD 
© @ 8 
=thl. 


19. If the area of a zone of one base is n 
times the area of the circle which forms its base, 


the altitude of the zone is : (n — 1) times the 


diameter of the sphere. Discuss the special case 
when n= 1. 

Given in the sphere whose center is O the 
zone C_AD, whose area is n times the area of 
its circular base OD, and whose altitude is AH. Let AH =a, CH=r’, 
OA =r, and AB=d. 

1 
- To prove that He (n—1)-d. 
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Proof. The area of the zone CAD = 27ra. 


The area of the small © CD = mr, 
Near = 2 70d. 
Whence a ee Ax. 4 


Moreover, since a@:7” =” :2r— a, § 294, 2 
r2—=a(2r—a). § 261 


25 Clip (1) aS IO, {3) 
oe pina Ax, 4 
n vy 
Ht FOr eek Axs. 1 2 
nN 
= d 
Sore 
nd — da 
n 
== (n—1). d. Q.E.D. 


Discussion. For the case in which n = 1, the formula a =e 7 —l1)-d 
clearly reduces to the formula a = 0. 

That is, there is no zone of one base whose area is equal to the area 
of its base. 


20. Lf the four sides of a spherical quadrilateral are equal, its diago- 
nals are perpendicular to each other. 


D 
Given AC and BD the diagonals of the spher- 
ical quadrilateral A BCD whose sides are equal. 
To prove that AC and BD are | to each other. A C 
Proof. The spherical A ABC and ADC are 
isosceles, 
In the isosceles spherical A ABC and ADO, B 
FAN PAu) 
BOr= DC; Given 
and AiG =FAlGs Iden. 
Therefore the isosceles spherical A ABC and ADC are con- 
gruent. § 673 
% AIBN Ss ZIDANO, § 67 
In the spherical A AOB and AOD, 
ZA = AND) Given 
Jal Oks ANG), Iden. 


and VA ABING: S32, IDANG!, Proved 
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But the equal parts occur in the reverse order. 
Therefore the spherical A AOB and AOD are symmetric. § 675 


Bs LE IMON ES eZ AMONDY, § 67 
By, SOV Sen hs Ae 
Therefore AC and BD are | to each other. Q.E.D. 


21. Find the volume of a pyramid whose base contains 80 square centi- 
meters if one lateral edge is 5 centimeters and the angle formed by this 


edge and the plane of the base is 45°. Vv 


Given the pyramid V-ABCDE whose base 
ABCDE has an area of 80 square centimeters 
and whose lateral edge V_A, which makes with 
the plane ABCDE an Z of 45°, has a length of 
5 centimeters. 

Required to find the volume of the pyramid 
V-ABCDE. 


Solution. Draw VO, the altitude of the pyra- 
mid V-ABCDE. 

Through VA and VO pass a plane, § 425 
cutting the base ABCDE#intheline OA. § 429 


B 


Since VO is | to the plane A BCDE, Const. 
Be WAOIS ME Hoy OZU. § 430 
©, ZV Oval = 00", 
But ZVAO = 45°. § 485 
.. in the rt. AVOA, LAV OAS § 107 
B WO OAs § 76 
Moreover VO’ + OA’ = VA’. § 337 
2» 2V0' = VA’. Ax. 9 
« VO=4VA" Ax. 4 
=} x 8 Ax. 9 
= oo 
o VO= V4 Ax. & 
=3 v2. 
Now the volume of any pyramid = } ba. § 561 
Therefore the volume of the pyramid V-ABCDE  .- 
=1x 80 x §V2 Ax. 9 
= 25 V2. 


Therefore the volume of the pyramid V-ABCDE is 25 V2 cubic 
centimeters. Q.E.F. 
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22. On the base of a right circular cone a hemisphere is constructed 
outside the cone. The surface of the hemisphere equals the surface of the 
cone. If r is the radius of the hemisphere, find the slant height of the cone, 
the inclination of the slant height to the base, and 
the volume of the entire solid. 


Vv 


Given the right circular cone V-AB and the 
hemisphere AMB, having equal surfaces and 
constructed on opposite sides of the base AB, 
whose radius OA =r. 

Required to find (1) the length of VA, the 
slant height of the cone V-AB; (2) the Z of 
inclination of V.A with the base AB; and (8) the 
volume of the entire solid V-AMB. 


Solution. (1) The lateral surface of the cone V-AB 


=48c § 609 
=+4 X 277s Ax. 9 
= is 
=ar x VA. Ax. 9 
But the lateral surface of the hemisphere A MB 
=x 4mr § 689 
= 2 ar?, 
arx VA =2 ar, 
> sl SOT lh Wee Q.E.F. 
(2) Draw VO, the axis of the cone V-AB. 
Then VO is 1 to OA. § 480 
In the rt. A VOA, VA =27r=20A. Ax. 9 
- ZVAO=2ZAVO. Ex. 2, p. 80, Converse 
But ZVA0+ ZAVO=90°. § 107 
2 BZA VO =O Ax. 9 
65 LIV OS RU Ax.4 
Hence LZVAO ='602. Ax. 8 
That is, the Z of inclination of VA with the base AB is 60°, 
by § 485. Q.E.F. 
(3) In the rt. A VOA, VO = VA = Oa). § 338 
« VO? = (2r)?— 92 Ax.9 
= 47? — 77, or 372, 
“ VO=rve. Ax. 5 
Since the volume of any circular cone 
=t7r"a, § 612 


therefore the volume of the cone V-AB = } x wr? x rV3 
aes V3 7, 
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Furthermore the volume of the hemisphere 4 MB 


=} x ¢ar8 § 706 
= gars, 

Therefore the volume of the entire solid V-AMB 
= 4V380r + 22r8 Azo 
= jar? (V3 + 2), Q.E.F. 


23. Find the total surface and the volume of a regular tetrahedron 
whose edge equals 8 centimeters. 


Given the regular tetrahedron V-ABC 
with its edge equal to 8 centimeters. 

Required to find (1) the total area of 
V-ABC; (2) the volume of V-ABC. 


Solution. (1) Draw VD, the slant height 
of V-ABC, to the edge AB. 


Then DA = DB. 
That is, DB AB: 
DB = F1xX28,0r 4, Ax. 9 
In the rt. A VDB, VD’ = VB? — DB’ § 338 
= 8? 4 Ax. 9 
= 64 — 16, or 48. 
 VD=V48 Ax.5 
=4V3. 
Now the area of the AAVB=1AB x VD. § 825 
.. the area of the AAVB=1x8x4V3 Ax. 9 
= 16 V3. 
But the four faces of the given tetrahedron V-ABC are con- 
gruent. § 567 
Therefore the total area of V-ABC my 
= 4 x 16 V3, or 64 V3. Ax. 11 
Hence the total area of V-ABC is 64-V3 sq. cm. Q.E.F. 


(2) Draw VO, the altitude of V-ABC, to the base ABC. 
Also draw OD and OB. 
The point O is the center of the equilateral AABC. § 546 


in the A ABC, OB = th. Ex. 5, p. 78 
h=4sVv38. Ex. 14, p. 206 
eo Bee Ax. 9 


 OB=%x 4V3 Ax. 9 
8 
3 
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In the rt. A ABC, VO’ =VB*— OB’ § 337 
= 8 — (3-3)? Ax. 9 
= 64 — 54 


= ae § 561 
But the AABC and AVB are con- 
gruent. § 567 
Whence b=16V3. 
. the volume of V-ABO = 1 x 16-V3 x 8-V6 Ax. 9 
= 422-2. 
Therefore the volume of V-ABC is 422 V2 cu. em. Q.E.F. 


24. If a spherical quadrilateral is inscribed in a small circle, the sum 
of two opposite angles is equal to the sum of the other two angles. 


Given the spherical quadrilateral ABCD inscribed in the small 
© ABCD. 
To prove that Z ADO + Z ABO DE Ne 
= ZBAD+Z BCD. 


Proof. Let P be the pole of the small © ABCD 
within the circumference of that ©. 
Draw the arcs of great © PA, PB, PC,and PD. A See 
The arcs PA, PB, PC, PD are allequal. § 636 
Therefore the spherical A APB, BPC, CPD, and APD are isos- 


celes A. 
LENPAD I =e ZIP AUD). 


ZPDC =ZPCD, 
ZPBA = ZPAB, 


and AP BC =Z PCB: § 679 
Adding, 7PDA+ZPDC+2ZPBA+2ZPBC 
=ZPAD+ 2ZPAB+4+2ZPCD+Z PCB. Axel 


That is, ZADC + ZABC =ZBAD+ ZBCD, by Ax. 11. a... 


25. By what number must the dimensions of a cylinder of revolution 
be multiplied to obtain a similar cylinder of revolution with surface n 
times that of the first? with volume n times that of the first ? 


Solution. (1) Let s and s’ represent the surfaces of two similar cylin- 
ders, and d and d’ any two corresponding dimensions, s being n times s’. 
Then SreS mat eae Oe § 592 
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Also GL Spe tle Given 
Po OPO == 70, Gal, Ax. 8 

rane OS d2, § 261 

oo Vn-ed =. Ax. 5 

Therefore the dimensions of s’ must be multiplied by Vn, that the 
resultant similar cylinder may have n times the area of s’. Q.E.F. 


(2) Let v and vw’ represent the volumes of two similar cylinders, 
and d and d’ any two corresponding dimensions, v being n times v’. 


Then Os Soe aur’, § 592 
Also O37 S108 Ie Given 
RCP 2Oh8 = ip, 8 Ie Ax. 8 

fo Daye =a § 261 

o Vn ed =a. Ax. 5 


Therefore the dimensions of v’ must be multiplied by Vn, that the 
resultant similar cylinder nay have n times the volume of v’.  Q.E.F. 


26. A pyramid is cut by a plane parallel to the base midway between 
the vertex and the plane of the base. Compare the volumes of the entire 
pyramid and the pyramid cut off. 


Given the pyramid V-ABCDE, 
whose altitude is VO, cut by the 
plane MW in the section A’ B’C’D’E’, 
the plane MN being Il to the base 
ABCDE midway between the ver- 
tex V and the base ABCDE. 

Required to determine the ratio 
of the volumes of the pyramids 
V-ABCDE and V-A’B’C'DE’. 

Solution. Let the plane MN cut 
VO in O”. 

Then \ViOzViO = VARaVAAg 

§ 555, 1 

Buty Om ViO sore Given) 
ten VAAN 2A ACES 
The polygons ABCDE and A’B’C’D’E’ are similar. § 555, 2 

Also, since AB and A’B’ are |l, § 453 
.. the face AV AB and VA’B’ are similar. § 285 

By a like course of reasoning the remaining corresponding face 
triangles may be proved to be similar. 

Therefore the pyramids V-ABCDE and V-A’B’C’D’E’ have their 
corresponding faces similar. 
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The polyhedral ZV is common V 
to the pyramids V-ABCDE and 
V-A’BODE’. 

Also, since 7HAB 

=ZEH’A’B’, § 461 
and ZV PAL = ay PAG BE 
and ZLVAE=ZVA’'E’, § 102 
and these corresponding 4 occur 
in the same order, 

+. the polyhedral 4 A-VEB and 
A’-VE’B’ are equal. § 493 

For like reason the remaining cor- 
responding polyhedral A are equal. 

Therefore the pyramidsV-ABCDE 
and V-A’B’C’D’E’ have their -cor- 
responding polyhedral A equal. : 

Therefore the pyramids V-ABCDE and V-A’B’C’D’E’ are similar. 


, § 710 
_ V-ABCDE _ VA § 728 
“V-ABODE Fae 

ar ee 
But Eee Poe Ax. 5 
Vas ea 
V-ABCDE 8 
fy bye ASS: LELF. 
V-A BODE 1) a 


27. The height of a regular hexagonal pyramid is 36 ft. and one side 
of the base is 6 ft. What are the dimensions of a similar pyramid whose 
volume is 4; that of the first ? 


Given VO and V’O’ the altitudes of the two similar regular hexag- 
onal pyramids V-ABCDEF and V’-A’B’C’D’E’F’ respectively, and 
AB and A’B’ any two corresponding base edges. 

V OMEGEISe LATE 6b tande ee 
V-ABCDEF 20 
Required to find the lengths of V’O’ and A’B’. 


V-A BODE AB* 


lution. = P 
Solution V_ABCDEF TR § 723 
VOC ACE 
But VO = aS. § 719 
v0 A’B!E 
Whence Le = = 3 Ax. 5 


To 7B 
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_VABODE'F VO" 


V-ABODEF o> age 
Now VEACBIC2D ER” ah 1 Gi 
V-ABCDEF 20 ns 
ae y 
Vo? 20 ! 
AB 4 ‘N 
and AS 
AB® ~ 20 - | 
Oe een | 
“ES 6tu os 00" , 
ACh eet i 
and —— Ax. 9 ' 
6 20 
ee 4 363 
oie 4 
63 : (4 i i; 
and = 4B. Ax 3 © A D 
20 B’ a’ 
W074 3 368 
= 20 Ax. 5 
3/368 x 50 3 
= /— — 3.6°/50 262; 
ae , or 13.262 ; 
33 
and ap=?|& Ax. 5 
V20 
Se 06 a0 ex 2-210! 
1000 


Therefore the approximate lengths of V’O’ and A’B’ are 18.262 ft. 
and 2.210 ft. respectively. Q. E.F. 


28. One of the lateral edges of a pyramid is 
4meters. How far from the vertex will this 
edge be cut by a plane parallel to the base, which 
divides the pyramid into two equivalent parts ? 

Given the pyramid V-ABCDE, whose 
lateral edge VA equals 4 meters, cut by 
the plane ALN || to the base ABCDE in the 
section A’B’C’D’E’, so that the pyramid 
V-A/B CDE’ cut off is equivalent to the 
frustum ABCDE-A’B’C’D’E’; also A’ the 4 
point of division of the lateral edge VA. 

Required to find the length of VA’, 
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Solution. The polygons A BCDE and A’B’C’D’E’ are similar. § 555, 2 


Also, since AB and A’B’ are \l, 


.. the face A VAB and VA’B’ are similar. 


For like reason the remaining correspond- 
ing face A are similar, 

Therefore the pyramids V-ABCDE and 
V-A’B’C'D’E’ have their corresponding faces 
similar. 

The polyhedral Z V is common to the pyr- 
amids V-ABCDE and V-A’B’C' DE’. 

Also, (since: ZHAB =)72 HA B, § 461 
and Yh WIN) em ZZ WON TEX, 
and ZVAH=ZV ACE, § 102 
and these corresponding 4 occur in the same 
order, 

.. the polyhedral 4 A-VEB and A’-V E’B’ 
are equal. § 493 


§ 453 
§ 285 


For like reason the remaining corresponding polyhedral A are equal. 
Therefore the pyramids V-ABCDE and V-A‘’B’C’D’E’ have their 


corresponding polyhedral 4 equal. 


Therefore the pyramids V-ABCDE and V-A’B’O’D’E’ are similar, 


_ _V-ABCDE _ VA° 
ake V-A BODE Va 
V-ABCDE 2 


oie V2AGB Ca ame 
VA <2 
ae A 
2VA* =VA*. 
» VAFV=1V A". 
But VA =4., 
Whence VA® = 48, or 64. 
VA =} x 64 
— 82. 
VA‘ = V32 
— 2/4, 


Therefore the length of VA’ is 2 V4 meters. 


§ 261 
Ax. 4 
Given 
Ax. 5 
Ax. 9 


Ax. 5 


Q.E.F. 
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